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Ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè

Ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè ÿâëÿåòñÿ âàæíûì ñïîñîáîì äîêàçàòåëüñòâà ïðåäëî-
æåíèé (óòâåðæäåíèé), çàâèñÿùèõ îò íàòóðàëüíîãî àðãóìåíòà.

Ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè ñîñòîèò â ñëåäóþùåì:
Ïðåäëîæåíèå (óòâåðæäåíèå) P (n), çàâèñÿùåå îò íàòóðàëüíîãî ÷èñëà n, ñïðàâåäëèâî

äëÿ ëþáîãî íàòóðàëüíîãî n, åñëè:

1. P (1) ÿâëÿåòñÿ èñòèííûì ïðåäëîæåíèåì (óòâåðæäåíèåì);

2. P (n) îñòàåòñÿ èñòèííûì ïðåäëîæåíèåì (óòâåðæäåíèåì), åñëè n óâåëè÷èòü íà åäèíè-
öó, òî åñòü P (n + 1) - èñòèííîå ïðåäëîæåíèå (óòâåðæäåíèå).

Òàêèì îáðàçîì ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè ïðåäïîëàãàåò äâà ýòàïà:

1. Ýòàï ïðîâåðêè: ïðîâåðÿåòñÿ, èñòèííî ëè ïðåäëîæåíèå (óòâåðæäåíèå) P (1).

2. Ýòàï äîêàçàòåëüñòâà: ïðåäïîëàãàåòñÿ, ÷òî ïðåäëîæåíèå P (n) èñòèííî, è äîêàçûâàåò-
ñÿ èñòèííîñòü ïðåäëîæåíèÿ P (n + 1) (n óâåëè÷åíî íà åäèíèöó).

Çàìå÷àíèå 1. Â íåêîòîðûõ ñëó÷àÿõ ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè èñïîëüçóåòñÿ â
ñëåäóþùåé ôîðìå:

Ïóñòü m - íàòóðàëüíîå ÷èñëî, m > 1 è P (n) - ïðåäëîæåíèå, çàâèñÿùåå îò n, n ≥ m.
Åñëè

1. P (m) ñïðàâåäëèâî;

2. P (n), áóäó÷è èñòèííûì ïðåäëîæåíèåì, âëå÷åò èñòèííîñòü ïðåäëîæåíèÿ P (n + 1)

äëÿ ëþáîãî íàòóðàëüíîãî n, n ≥ m, òîãäà P (n) - èñòèííîå ïðåäëîæåíèå äëÿ ëþáîãî
íàòóðàëüíîãî n, n ≥ m.

Â äàëüíåéøåì ðàññìîòðèì ïðèìåðû ïðèìåíåíèÿ ìåòîäà ìàòåìàòè÷åñêîé èíäóêöèè.
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Ïðèìåð 1. Äîêàçàòü ñëåäóþùèå ðàâåíñòâà

a) 1 + 2 + 3 + . . . + n =
n(n + 1)

2
,

b) 1 + 3 + 5 + . . . + (2n− 1) = n2,

c) 12 + 22 + 32 + . . . + n2 =
n(n + 1)(2n + 1)

6
,

d) 13 + 23 + 33 + . . . + n3 =
[

n(n + 1)
2

]2

,

e) 1 · 2 + 2 · 3 + 3 · 4 + . . . + n(n + 1) =
n(n + 1)(n + 2)

3
,

f)
1

1 · 3
+

1
3 · 5

+ . . . +
1

(2n− 1)(2n + 1)
=

n
2n + 1

,

g) ôîðìóëà áèíîìà Íüþòîíà:
(a + b)n = an + C1

na
n−1b + . . . + C3

na
n−3b3 + . . . + Cn−1

n abn−1 + bn, a, b ∈ R,

ãäå n ∈ N.

Ðåøåíèå. a) Ïðè n = 1 ðàâåíñòâî ïðèìåò âèä 1 =
1 · 2
2

, 1=1, ñëåäîâàòåëüíî, P (1)

èñòèííî. Ïðåäïîëîæèì, ÷òî äàííîå ðàâåíñòâî ñïðàâåäëèâî, òî åñòü, èìååò ìåñòî

1 + 2 + 3 + . . . + n =
n(n + 1)

2
.

Ñëåäóåò ïðîâåðèòü (äîêàçàòü), ÷òî P (n + 1), òî åñòü

1 + 2 + 3 + . . . + n + (n + 1) =
(n + 1)[(n + 1) + 1]

2
=

(n + 1)(n + 2)
2

,

èñòèííî. Ïîñêîëüêó (èñïîëüçóåòñÿ ïðåäïîëîæåíèå èíäóêöèè)

1 + 2 + 3 + . . . + n + (n + 1) =
n(n + 1)

2
+ (n + 1),

ïîëó÷èì

1 + 2 + 3 + . . . + (n + 1) =
n(n + 1)

2
+ (n + 1) = (n + 1)

(n
2

+ 1
)

=
(n + 1)(n + 2)

2
,

òî åñòü, P (n + 1) - èñòèííîå óòâåðæäåíèå.
Òàêèì îáðàçîì, ñîãëàñíî ìåòîäó ìàòåìàòè÷åñêîé èíäóêöèè, èñõîäíîå ðàâåíñòâî ñïðà-

âåäëèâî äëÿ ëþáîãî íàòóðàëüíîãî n.
Çàìå÷àíèå 2. Ýòîò ïðèìåð ìîæíî áûëî ðåøèòü è èíà÷å. Äåéñòâèòåëüíî, ñóììà

1 + 2 + 3 + . . . + n åñòü ñóììà ïåðâûõ n ÷ëåíîâ àðèôìåòè÷åñêîé ïðîãðåññèè ñ ïåðâûì
÷ëåíîì a1 = 1 è ðàçíîñòüþ d = 1. Â ñèëó èçâåñòíîé ôîðìóëû

(

Sn =
a1 + an

2
· n

)

, ïîëó÷èì

Sn =
1 + n

2
· n.
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b) Ïðè n = 1 ðàâåíñòâî ïðèìåò âèä: 2 · 1 − 1 = 12 èëè 1=1, òî åñòü, P (1) èñòèííî.
Äîïóñòèì, ÷òî èìååò ìåñòî ðàâåíñòâî

1 + 3 + 5 + . . . + (2n− 1) = n2,

è äîêàæåì, ÷òî èìååò ìåñòî P (n + 1):

1 + 3 + 5 + . . . + (2n− 1) + (2(n + 1)− 1) = (n + 1)2

èëè
1 + 3 + 5 + . . . + (2n− 1) + (2n + 1) = (n + 1)2.

Èñïîëüçóÿ ïðåäïîëîæåíèå èíäóêöèè, ïîëó÷èì

1 + 3 + 5 + . . . + (2n− 1) + (2n + 1) = n2 + (2n + 1) = (n + 1)2.

Òàêèì îáðàçîì, P (n + 1) èñòèííî è, ñëåäîâàòåëüíî, òðåáóåìîå ðàâåíñòâî äîêàçàíî.
Çàìå÷àíèå 3. Ýòîò ïðèìåð ìîæíî ðåøèòü (àíàëîãè÷íî ïðåäûäóùåìó) áåç èñïîëüçî-

âàíèÿ ìåòîäà ìàòåìàòè÷åñêîé èíäóêöèè.
c) Ïðè n = 1 ðàâåíñòâî èñòèííî: 12 =

1 · 2 · 3
6

, 1=1. Äîïóñòèì, ÷òî èñòèííî ðàâåíñòâî

12 + 22 + 32 + . . . + n2 =
n(n + 1)(2n + 1)

6
,

è ïîêàæåì, ÷òî

12 + 22 + 32 + . . . + n2 + (n + 1)2 =
(n + 1)(n + 2)(2n + 3)

6
,

òî åñòü èñòèííîñòü P (n) âëå÷åò èñòèííîñòü P (n + 1). Äåéñòâèòåëüíî,

12 + 22 + 32 + . . . + n2 + (n + 1)2 =
n(n + 1)(2n + 1)

6
+ (n + 1)2 =

= (n + 1)
[

n(2n + 1)
6

+ (n + 1)
]

=
n + 1

6
[n(2n + 1) + 6(n + 1)] =

n + 1
6

(2n2 + 7n + 6),

è, òàê êàê 2n2 + 7n + 6 = (2n + 3)(n + 2), ïîëó÷èì

12 + 22 + 32 + . . . + (n + 1)2 =
(n + 1)(n + 2)(2n + 3)

6
,

è, ñëåäîâàòåëüíî, èñõîäíîå ðàâåíñòâî ñïðàâåäëèâî äëÿ ëþáîãî íàòóðàëüíîãî n.
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d) Ïðè n = 1 ðàâåíñòâî ñïðàâåäëèâî: 13 =
[1 · 2

2

]2

, 1=1. Äîïóñòèì, ÷òî èìååò ìåñòî

13 + 23 + 33 + . . . + n3 =
[

n(n + 1)
2

]2

,

è äîêàæåì, ÷òî

13 + 23 + 33 + . . . + (n + 1)3 =
[

(n + 1)(n + 2)
2

]2

.

Äåéñòâèòåëüíî,

13 + 23 + 33 + . . . + n3 + (n + 1)3 =
[

n(n + 1)
2

]2

+ (n + 1)3 = (n + 1)2

[

n2

4
+ (n + 1)

]

=

=
(n + 1)2

4
(n2 + 4n + 4) =

(n + 1)2(n + 2)2

4
=

[

(n + 1)(n + 2)
2

]2

.

e) Óòâåðæäåíèå P (1) ñïðàâåäëèâî: 1 · 2 =
1 · 2 · 3

3
, 2=2. Äîïóñòèì, ÷òî ðàâåíñòâî

1 · 2 + 2 · 3 + . . . + n(n + 1) =
n(n + 1)(n + 2)

3

ñïðàâåäëèâî, è äîêàæåì, ÷òî îíî âëå÷åò ðàâåíñòâî

1 · 2 + 2 · 3 + . . . + n(n + 1) + (n + 1)(n + 2) =
(n + 1)(n + 2)(n + 3)

3
.

Äåéñòâèòåëüíî,

1 · 2 + 2 · 3 + . . . + n(n + 1) + (n + 1)(n + 2) =
n(n + 1)(n + 2)

3
+ (n + 1)(n + 2) =

= (n + 1)(n + 2)
(n

3
+ 1

)

=
(n + 1)(n + 2)(n + 3)

3
.

Ñëåäîâàòåëüíî, èñõîäíîå ðàâåíñòâî èìååò ìåñòî äëÿ ëþáîãî íàòóðàëüíîãî n.
f) P (1) ñïðàâåäëèâî: 1

1 · 3
=

1
2 · 1 + 1

, 1
3

=
1
3
. Ïóñòü èìååò ìåñòî ðàâåíñòâî P (n):

1
1 · 3

+
1

3 · 5
+ . . . +

1
(2n− 1)(2n + 1)

=
n

2n + 1
.

Ïîêàæåì, ÷òî ïîñëåäíåå ðàâåíñòâî âëå÷åò ñëåäóþùåå:

1
1 · 3

+
1

3 · 5
+ . . . +

1
(2n− 1)(2n + 1)

+
1

(2n + 1)(2n + 3)
=

n + 1
2n + 3

.
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Äåéñòâèòåëüíî, ó÷èòûâàÿ, ÷òî P (n) èìååò ìåñòî, ïîëó÷èì

1
1 · 3

+
1

3 · 5
+ . . . +

1
(2n− 1)(2n + 1)

+
1

(2n + 1)(2n + 3)
=

n
2n + 1

+
1

(2n + 1)(2n + 3)
=

=
n(2n + 3) + 1

(2n + 1)(2n + 3)
=

2n2 + 3n + 1
(2n + 1)(2n + 3)

=
(n + 1)(2n + 1)
(2n + 1)(2n + 3)

=
n + 1
2n + 3

.

Òàêèì îáðàçîì, ðàâåíñòâî äîêàçàíî.
g) Ïðè n = 1 èìååì a + b = b + a è, ñëåäîâàòåëüíî, ðàâåíñòâî ñïðàâåäëèâî.
Ïóñòü ôîðìóëà áèíîìà Íüþòîíà ñïðàâåäëèâà ïðè n = k, òî åñòü,

(a + b)k = ak + C1
ka

k−1b + . . . + bk.

Òîãäà

(a + b)k+1 = (a + b)k(a + b) = (ak + C1
ka

k−1b + . . . + bk)(a + b) =

= ak+1 + (1 + C1
k)akb + (C1

k + C2
k)ak−1b2 + . . . + (Cs

k + Cs+1
k )ak−sbs + . . . + bk+1.

Èñïîëüçóÿ ðàâåíñòâî Cs
k + Cs+1

k = Cs+1
k+1, ïîëó÷èì

(a + b)k+1 = ak+1 + C1
k+1a

kb + C2
k+2a

k−1b2 + . . . + Cs+1
k+1a

k−sbs+1 + . . . + bk+1.

Ïðèìåð 2. Äîêàçàòü íåðàâåíñòâà

a) íåðàâåíñòâî Áåðíóëëè: (1 + α)n ≥ 1 + nα, α > −1, n ∈ N.

b) x1 + x2 + . . . + xn ≥ n, åñëè x1x2 · . . . · xn = 1 è xi > 0, i = 1, n.

c) íåðàâåíñòâî Êîøè îòíîñèòåëüíî ñðåäíåãî àðèôåìòè÷åñêîãî è ñðåäíåãî
ãåîìåòðè÷åñêîãî

x1 + x2 + . . . + xn

n
≥ n
√

x1x2 · . . . · xn, ãäå xi > 0, i = 1, n, n ≥ 2.

d) sin2n α + cos2n α ≤ 1, n ∈ N.

e)
1
1!

+
1
2!

+ . . . +
1
n!

<
5n− 2

2n
, n ∈ N.

f) 2n > n3, n ∈ N, n ≥ 10.

Ðåøåíèå. a) Ïðè n = 1 ïîëó÷àåì èñòèííîå íåðàâåíñòâî

1 + α ≥ 1 + α.
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Ïðåäïîëîæèì, ÷òî èìååò ìåñòî íåðàâåíñòâî

(1 + α)n ≥ 1 + nα (1)

è ïîêàæåì, ÷òî òîãäà èìååò ìåñòî è

(1 + α)n+1 ≥ 1 + (n + 1)α.

Äåéñòâèòåëüíî, ïîñêîëüêó α > −1 âëå÷åò α +1 > 0, òî óìíîæàÿ îáå ÷àñòè íåðàâåíñòâà
(1) íà (α + 1), ïîëó÷èì

(1 + α)n(1 + α) ≥ (1 + nα)(1 + α)

èëè
(1 + α)n+1 ≥ 1 + (n + 1)α + nα2.

Ïîñêîëüêó nα2 ≥ 0, ñëåäîâàòåëüíî,

(1 + α)n+1 ≥ 1 + (n + 1)α + nα2 ≥ 1 + (n + 1)α.

Òàêèì îáðàçîì, åñëè P (n) èñòèííî, òî è P (n + 1) èñòèííî, ñëåäîâàòåëüíî, ñîãëàñíî
ïðèíöèïó ìàòåìàòè÷åñêîé èíäóêöèè, íåðàâåíñòâî Áåðíóëëè ñïðàâåäëèâî.

b) Ïðè n = 1 ïîëó÷èì x1 = 1 è, ñëåäîâàòåëüíî, x1 ≥ 1 òî åñòü P (1) - ñïðàâåäëèâîå
óòâåðæäåíèå. Ïðåäïîëîæèì, ÷òî P (n) èñòèííî, òî åñòü, åñëè x1, x2, . . . , xn - n ïîëîæèòåëü-
íûõ ÷èñåë, ïðîèçâåäåíèå êîòîðûõ ðàâíî åäèíèöå, x1x2 · . . . · xn = 1 è x1 + x2 + . . . + xn ≥ n.

Ïîêàæåì, ÷òî ýòî ïðåäëîæåíèå âëå÷åò èñòèííîñòü ñëåäóþùåãî: åñëè x1, x2, . . . , xn, xn+1

- (n + 1) ïîëîæèòåëüíûõ ÷èñåë, òàêèõ, ÷òî x1x2 · . . . · xn · xn+1 = 1, òîãäà
x1 + x2 + . . . + xn + xn+1 ≥ n + 1.

Ðàññìîòðèì ñëåäóþùèå äâà ñëó÷àÿ:
1) x1 = x2 = . . . = xn = xn+1 = 1. Òîãäà ñóììà ýòèõ ÷èñåë ðàâíà (n + 1), è òðåáóåìîå

íåðàâåñòâî âûïîëíÿåòñÿ;
2) õîòÿ áû îäíî ÷èñëî îòëè÷íî îò åäèíèöû, ïóñòü, íàïðèìåð, áîëüøå åäèíèöû. Òîãäà,

ïîñêîëüêó x1x2 · . . . ·xn ·xn+1 = 1, ñóùåñòâóåò åùå õîòÿ áû îäíî ÷èñëî, îòëè÷íîå îò åäèíèöû
(òî÷íåå, ìåíüøå åäèíèöû). Ïóñòü xn+1 > 1 è xn < 1. Ðàññìîòðèì n ïîëîæèòåëüíûõ ÷èñåë

x1, x2, . . . , xn−1, (xn · xn+1).
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Ïðîèçâåäåíèå ýòèõ ÷èñåë ðàâíî åäèíèöå, è, ñîãëàñíî ãèïîòåçå,

x1 + x2 + . . . + xn−1 + xnxn+1 ≥ n.

Ïîñëåäíåå íåðàâåíñòâî ïåðåïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

x1 + x2 + . . . + xn−1 + xnxn+1 + xn + xn+1 ≥ n + xn + xn+1

èëè
x1 + x2 + . . . + xn−1 + xn + xn+1 ≥ n + xn + xn+1 − xnxn+1.

Ïîñêîëüêó
(1− xn)(xn+1 − 1) > 0,

òî
n + xn + xn+1 − xnxn+1 = n + 1 + xn+1(1− xn)− 1 + xn =

= n + 1 + xn+1(1− xn)− (1− xn) = n + 1 + (1− xn)(xn+1 − 1) ≥ n + 1.

Ñëåäîâàòåëüíî,
x1 + x2 + . . . + xn + xn+1 ≥ n + 1,

òî åñòü, åñëè P (n) ñïðàâåäëèâî, òî è P (n + 1) ñïðàâåäëèâî. Íåðàâåíñòâî äîêàçàíî.
Çàìå÷àíèå 4. Çíàê ðàâåíñòâà èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà x1 = x2 = . . . =

= xn = 1.
c) Ïóñòü x1, x2, . . . , xn - ïðîèçâîëüíûå ïîëîæèòåëüíûå ÷èñëà. Ðàññìîòðèì ñëåäóþùèå

n ïîëîæèòåëüíûõ ÷èñåë:

x1
n
√

x1x2 · . . . · xn
,

x2
n
√

x1x2 · . . . · xn
, . . . ,

xn
n
√

x1x2 · . . . · xn
.

Ïîñêîëüêó èõ ïðîèçâåäåíèå ðàâíî åäèíèöå:

x1
n
√

x1x2 · . . . · xn
· x2

n
√

x1x2 · . . . · xn
· . . . · xn

n
√

x1x2 · . . . · xn
=

x1x2 · . . . · xn

x1x2 · . . . · xn
= 1,

ñîãëàñíî ðàíåå äîêàçàííîìó íåðàâåíñòâó b), ñëåäóåò, ÷òî

x1
n
√

x1x2 · . . . · xn
+

x2
n
√

x1x2 · . . . · xn
+ . . . +

xn
n
√

x1x2 · . . . · xn
≥ n,

îòêóäà
x1 + x2 + . . . + xn

n
≥ n
√

x1x2 · . . . · xn.
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Çàìå÷àíèå 5. Ðàâåíñòâî âûïîëíÿåòñÿ åñëè è òîëüêî åñëè x1 = x2 = . . . = xn.
d) P (1) - ñïðàâåäëèâîå óòâåðæäåíèå: sin2 α + cos2 α = 1. Ïðåäïîëîæèì, ÷òî P (n) -

èñòèííîå óòâåðæäåíèå:
sin2n α + cos2n α ≤ 1,

è ïîêàæåì, ÷òî èìååò ìåñòî P (n + 1). Äåéñòâèòåëüíî,

sin2(n+1) α + cos2(n+1) α = sin2n α · sin2 α + cos2n α · cos2 α < sin2n α + cos2n α ≤ 1

(åñëè sin2 α ≤ 1, òî cos2 α < 1, è îáðàòíî: åñëè cos2 α ≤ 1, òî sin2 α < 1). Òàêèì îáðàçîì,
äëÿ ëþáîãî n ∈ N sin2n α + cos2n ≤ 1, è çíàê ðàâåíñòâà äîñòèãàåòñÿ ëèøü ïðè n = 1.

e) Ïðè n = 1 óòâåðæäåíèå ñïðàâåäëèâî: 1
1!

<
5− 2
2 · 1

, 1 <
3
2
.

Äîïóñòèì, ÷òî 1
1!

+
1
2!

+ . . . +
1
n!

<
5n− 2

2n
, è äîêàæåì, ÷òî

1
1!

+
1
2!

+ . . . +
1
n!

+
1

(n + 1)!
<

5n + 3
2(n + 1)

.

Ïîñêîëüêó

(n + 1)! > n(n + 1) ⇒ 1
(n + 1)!

<
1

n(n + 1)
⇒ 1

(n + 1)!
<

2
2n(n + 1)

⇒

⇒ 1
(n + 1)!

<
(5n + 3) · n− (5n− 2)(n + 1)

2(n + 1)n
⇒ 1

(n + 1)!
<

5n + 3
2(n + 1)

− 5n− 2
2n

⇒

⇒ 5n− 2
2n

+
1

(n + 1)!
<

5n + 3
2(n + 1)

,

ó÷èòûâàÿ P (n), ïîëó÷èì

1
1!

+
1
2!

+ . . . +
1
n!

+
1

(n + 1)!
<

5n− 2
2n

+
1

(n + 1)!
<

5n + 3
2(n + 1)

.

f) Ó÷èòûâàÿ çàìå÷àíèå 1, ïðîâåðèì P (10) : 210 > 103, 1024 > 1000, ñëåäîâàòåëüíî,
äëÿ n = 10 óòâåðæäåíèå ñïðàâåäëèâî. Ïðåäïîëîæèì, ÷òî 2n > n3 (n > 10) è äîêàæåì
P (n + 1), òî åñòü 2n+1 > (n + 1)3.

Ïîñêîëüêó ïðè n > 10 èìååì 2 >
( 1

n

)3

èëè 2 > 1 +
3
n

+
3
n2 +

1
n3 , ñëåäóåò, ÷òî

2n3 > n3 + 3n2 + 3n + 1 èëè n3 > 3n2 + 3n + 1.

Ó÷èòûâàÿ íåðàâåíñòâî 2n > n3, ïîëó÷èì

2n+1 = 2n · 2 = 2n + 2n > n3 + n3 > n3 + 3n2 + 3n + 1 = (n + 1)3.
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Òàêèì îáðàçîì, ñîãëàñíî ìåòîäó ìàòåìàòè÷åñêîé èíäóêöèè, äëÿ ëþáîãî íàòóðàëüíîãî
n, n ≥ 10 èìååì 2n > n3.

Ïðèìåð 3. Äîêàçàòü, ÷òî äëÿ ëþáîãî n ∈ N

a) n(2n2 − 3n + 1) äåëèòñÿ íà 6,

b) 62n−2 + 3n+1 + 3n−1 äåëèòñÿ íà 11.

Ðåøåíèå. a) P (1) - èñòèííîå óòâåðæäåíèå (0 äåëèòñÿ íà 6). Ïóñòü P (n) ñïðàâåäëèâî,
òî åñòü n(2n2 − 3n + 1) = n(n− 1)(2n− 1) äåëèòñÿ íà 6. Ïîêàæåì, ÷òî òîãäà èìååò ìåñòî
P (n + 1), òî åñòü, (n + 1)n(2n + 1) äåëèòñÿ íà 6. Äåéñòâèòåëüíî, ïîñêîëüêó

n(n + 1)(2n + 1) = n(n− 1 + 2)(2n− 1 + 2) = (n(n− 1) + 2n)(2n− 1 + 2) =

= n(n− 1)(2n− 1) + 2n(n− 1) + 2n(2n + 1) = n(n− 1)(2n− 1) + 2n · 3n =

= n(n− 1)(2n− 1) + 6n2

è, êàê n(n− 1)(2n− 1), òàê è 6n2 äåëÿòñÿ íà 6, òîãäà è èõ ñóììà n(n + 1)(2n + 1) äåëèòñÿ
6.

Òàêèì îáðàçîì, P (n+1) - ñïðàâåäëèâîå óòâåðæäåíèå, è, ñëåäîâàòåëüíî, n(2n2−3n+1)

äåëèòñÿ íà 6 äëÿ ëþáîãî n ∈ N.
b) Ïðîâåðèì P (1): 60 + 32 + 30 = 11, 11=11, ñëåäîâàòåëüíî, P (1) - ñïðàâåäëèâîå óòâåð-

æäåíèå. Ñëåäóåò äîêàçàòü, ÷òî åñëè 62n−2 + 3n+1 + 3n−1 äåëèòñÿ íà 11 (P (n)), òîãäà è
62n + 3n+2 + 3n òàêæå äåëèòñÿ íà 11 (P (n + 1)). Äåéñòâèòåëüíî, ïîñêîëüêó

62n + 3n+2 + 3n = 62n−2+2 + 3n+1+1 + 3n−1+1 =

= 62 · 62n−2 + 3 · 3n+1 + 3 · 3n−1 = 3 · (62n−2 + 3n+1 + 3n−1) + 33 · 62n−2,

è, êàê 62n−2 + 3n+1 + 3n−1, òàê è 33 · 62n−2 äåëÿòñÿ íà 11, òîãäà è èõ ñóììà 62n + 3n+2 + 3n

äåëèòñÿ íà 11. Óòâåðæäåíèå äîêàçàíî.

Èíäóêöèÿ â ãåîìåòðèè

Ïðèìåð 4. Âû÷èñëèòü ñòîðîíó a2n ïðàâèëüíîãî 2n-óãîëüíèêà, âïèñàííîãî â îêðóæ-
íîñòü ðàäèóñà R.

Ðåøåíèå. Ïðè n = 2, ïðàâèëüíûé 22-óãîëüíèê åñòü êâàäðàò, è â ýòîì ñëó÷àå a4 = R
√

2.
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Ïóñòü a2n = a′ è îïðåäåëèì a2n+1 = a′′. Åñëè AB = a′, òî AE =
a′

2
; BD = a′′. Ïî òåîðåìå

Ïèôàãîðà, èç ïðÿìîóãîëüíîãî òðåóãîëüíèêà 4DEB

a′′ =

√

(a′

2

)2

+ DE2.

Â ñâîþ î÷åðåäü DE = R− EC è

EC2 = BC2 −BE2 = R2 −
(

a′

2

)2

.

Òàêèì îáðàçîì, DE = R−
√

R2 −
(a′

2

)2

, è, ñëåäîâàòåëüíî,

a2n+1 =

√

√

√

√

(a′

2

)2

+ R−
√

R2 −
(a′

4

)2

=

√

√

√

√2R2 − 2R

√

R2 − a2
2n

4
,

ôîðìóëà ïåðåõîäà îò n ê n + 1.
Â ÷àñòíûõ ñëó÷àÿõ

a4 = R
√

2 ⇒ a8 =

√

√

√

√2R2 − 2R

√

R2 − R2 · 2
4

= R
√

2−
√

2.

a16 =

√

√

√

√2R2 − 2R

√

R2 − 1
4
R2(2−

√
2) = R

√

2−
√

2 +
√

2.

Âîçíèêàåò ãèïîòåçà

a2n = R

√

√

√

√

√

√

2−
√

2 +
√

2 + . . . +
√

2
︸ ︷︷ ︸

n−2 ðàç

. (2)

Êàê ðàíåå áûëî ïîêàçàíî ïðè n = 1, ÷òî ýòà ôîðìóëà ñïðàâåäëèâà. Ïóñòü (2) âûïîë-
íÿåòñÿ ïðè n = k. Âû÷èñëèì a2n+1 . Ñîãëàñíî ôîðìóëå ïåðåõîäà, ïîëó÷èì:
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a2n+1 =

√

√

√

√

√

√

√

√2R2 − 2R

√

√

√

√

√

√

√

R2 −R2

2−
√

2 + . . . +
√

2
︸ ︷︷ ︸

n−2 ðàç
4

= R−

√

√

√

√

√

√

2−
√

2 +
√

2 + . . . +
√

2
︸ ︷︷ ︸

n−1 ðàç

.

Çàìå÷àíèå. Èç (2) ñëåäóåò, ÷òî äëèíà îêðóæíîñòè ðàâíà

l = lim
n→∞

2nR

√

√

√

√

√

√

2−
√

2 +
√

2 + . . . +
√

2
︸ ︷︷ ︸

n−2 ðàç

,

è, ïîñêîëüêó l = 2πR, ïîëó÷èì

π = lim
n→∞

2n

√

√

√

√

√

√

2−
√

2 +
√

2 + . . . +
√

2
︸ ︷︷ ︸

n−1 ðàç

.
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Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

I. Äîêàçàòü ðàâåíñòâà

a) 12 + 32 + . . . + (2n− 1)2 =
n(4n2 − 1)

3
,

b) 1 · 22 + 2 · 32 + . . . + (n− 1)n2 =
n(n2 − 1)(3n + 2)

12
, n > 1,

c) sin x + sin(x + α) + . . . + sin(x + nα) =
sin(x + nα

2 ) sin (n+1)α
2

sin α
2

,

d)
12

1 · 3
+

22

3 · 5
+

32

5 · 7
+ . . . +

n2

(2n− 1)(2n + 1)
=

n(n + 1)
2(2n + 1)

,

e)
4

1 · 2 · 3
+

5
·2 · 3 · 4

+
6

3 · 4 · 5
+ . . . +

n + 3
n(n + 1)(n + 2)

=
5
4
− 2n + 5

2(n + 1)(n + 2)
,

f) 2 + 7 + 14 + . . . + (n2 + 2n− 1) =
n(2n2 + 9n + 1)

6
,

g) cos α · cos 2α cos 4α · · · cos 2nα =
sin(2n+1α)
2n+1 sin α

,

h) sin x + sin 2x + . . . + sin nx = sin
nx
2
·
sin n+1

2 x
sin x

2

,

i)
1
2

+ cos x + cos 2x + . . . + cos nx =
sin 2n+1

2 x
2 sin x

2

,

j) sin x + 2 sin 2x + 3 sin 3x + . . . + n sin nx =
(n + 1) sin nx− n sin(n + 1)x

4 sin2 x
2

,

k) cos x + 2 cos 2x + . . . + n cos nx =
(n + 1) cos nx− n cos(n + 1)x− 1

4 sin2 x
2

,

l)
1
2

tg
x
2

+
1
22 tg

x
22 + . . . +

1
2n tg

x
2n =

1
2n ctg

x
2n − ctg x (x 6= mπ),

m) arcctg 3 + arcctg 5 + . . . + arcctg(2n + 1) =

= arctg 2 + arctg
3
2

+ . . . + arctg
n + 1

n
− n arctg 1.
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II. Äîêàçàòü íåðàâåíñòâà

a) 2n > 2n + 1 (n ≥ 3),

b)
1
2

3
4

5
6
· . . . · 2n− 1

2n
≤ 1√

3n + 1
,

c) |a1 + a2 + . . . + an| ≤ |a1|+ |a2|+ . . . + |an|,

d) 2!4! . . . (2n)! > [(n + 1)!]n, n ≥ 2,

e)
1

n + 1
+

1
n + 2

+ . . . +
1
2n

>
13
24

, n > 1,

f)
1 · 3 · 5 · . . . · (2n− 1)

2 · 4 · 6 · . . . · 2n
<

1√
2n + 1

, n ∈ N;
1√
1

+
1√
2

+ . . . +
1√
n

>
√

n,

g)
4n

n + 1
≤ (2n)!

(n!)2 .

III. Äîêàçàòü, ÷òî ïðè ëþáîì íàòóðàëüíîì n ÷èñëî an äåëèòñÿ íà b.

a) an = 5n+3 + 113n+1, b = 17,

b) an = 11n+2 + 122n+1, b = 133,

c) an = 2n3 + 3n2 + 7n, b = 6,

d) an = 10n + 18n− 28, b = 27,

e) an = n5 − n, b = 30.

IV. Ïîêàçàòü, ÷òî 2
√

1
2

√

1
2

(

1 +
√

1
2

)

√

1
2

(

1 +
√

1
2

(

1 +
√

1
2

)

)

. . .
−→ π (Ôîðìóëà Âèåòà).

V. Âû÷èñëèòü ðàäèóñû rn, Rn âïèñàííîé è îïèñàííîé îêðóæíîñòåé ïðàâèëüíîãî 2n-
óãîëüíèêà ñ ïåðèìåòðîì p.

VI. Ïóñòü äàíû n ïðîèçâîëüíûõ êâàäðàòîâ. Äîêàçàòü, ÷òî ýòè êâàäðàòû ìîãóò áûòü
ðàçðåçàíû òàê, ÷òîáû èç ïîëó÷èâøèõñÿ ÷àñòåé ìîæíî áûëî îáðàçîâàòü êâàäðàò.


