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General form of the automorphism group

of bicyclic graphs

Somayeh Madani and | Ali Reza Ashrafi |

Abstract. In 1869, Jordan proved that the set T of all finite groups that can be repre-
sented as the automorphism group of a tree is containing the trivial group, it is closed
under taken the direct product of groups of lower orders in 7, and wreath product of a
member of 7 and the symmetric group on n symbols is again an element of 7. The aim
of this paper is to continue this work and another works by Klavik and Zeman in 2017
to present a class S of finite groups for which the automorphism group of each bicyclic

graph is a member of S and this class is minimal with this property.

1. Basic definitions

The aim of this section is to provide some introductory materials that will be
kept throughout. All graphs are assumed to be undirected, simple and finite.
The set of all vertices and edges of a graph I" are denoted by V(I') and E(T"),
respectively. A rooted graph is a graph in which one vertex is distinguished
as the root. If the graph I' is containing n vertices and m edges, then the
cyclomatic number of I' is defined asc=m —n+ 1. If c=0,1,2 then I' is
called a tree, a unicyclic and a bicyclic graph, respectively.
Suppose G and H are groups and H acts on a set X. Define:

()| f: X —G&heH}y ; (hi;fi)(he; f2) = (hiha; f12 f2),

where f2(z) = fi(z"2). This product defines a group structure and the
resulting group is called the wreath product of G with H, denoted by GV H.
The wreath product is an important tool to describe the automorphism
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group of graphs. Let the connected components of a graph I' consist of
n1 copies of G1, ng copies of Go, ..., n, copies of G,, where Gy, ..., G,
are pairwise non-isomorphic. Then by a well-known result of Jordan |?|
Aut(G) = (Aut(G1) 1Sh,) X -+ x (Aut(Gr) 1 Sy,.).

Suppose G1, G5 and (3 are graphs with disjoint vertex sets and v €
V(Gy), w1 € V(G2), va € V(G UG2) \ {v1,w1} and wy € V(G3). The
union Gy U G2 is a graph with vertex set V(G1) U V(G2) and edge set
E(G1) U E(G2). The graph union of more than two graphs can be de-
fined inductively. Following Dosli¢ [?], the splice S(G1,Ga;vi,w1) is de-
fined by identifying the vertices v; and wy in G; U Ga. In a similar way,
S(G1,Ga2,Gs;v1, w13 v2,we) = S(S(Gy,Go;v1,w1), G3; v, we) and we can
define the splice of more than two graphs with respect to a parent graph
by an inductive method. The link L(G1,G2;v,w) is defined by adding an
edge to the union graph G U G2 connecting the vertices v and w. The link
of more than two graphs can be defined similar to the splice.

Suppose I' is a simple and undirected graph and u,v € V(I'). The dis-
tance between u and v is defined as the length of a shortest path connecting
these vertices. The eccentricity e(v) is defined to be the greatest distance
between v and any other vertices of I". The center of I" is the set of all
vertices with minimum eccentricity, i.e the set of all vertices u such that the
greatest distance d(u,v) to other vertices v is minimal.

All calculations of this paper are done with the aid of GAP [?] and
Mathematica [?]. We refer to [?, ?] for basic definitions and notations not
presented here.

2. Backgrounds

Suppose C is a class of graphs and Aut(C) denotes the set of all groups that
can be presented as the automorphism group of a member in C. If C' is the
class of all trees then Aut(C) is denoted by 7. By a result of Jordan [?], T
is the class of all finite groups that can be defined inductively as follows:

1. {1} e T;
2. if G1,Go € T, then Gy x Go € T
3.ifGeT andn > 2, then G1S, € T.

One of the most interesting results after Jordan is a result of Babai [?|.
To state this result, we assume that X and Y are graphs and f: V(X) —
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V(Y) is a mapping between vertex sets of X and Y. The function f is
called a contraction if (i) y1y2 € E(Y) if and only if y; # y2 and there
is an edge x1xy € E(X) such that f(z1) = y1 and f(x2) = yo; (it) for
any y € V(Y), the induced subgraph of X on f~!(y) is connected. In the
mentioned paper, Babai proved that if C is a class of finite graphs with this
property that C is closed under contraction and forming subgraphs, and if
every finite group occurs as the automorphism group of a graph in C, then
Aut(C) contains all finite graphs up to isomorphism. In another paper [?],
he proved that if I' is planar, then the group Aut(I') has a subnormal chain
Awt(M) Y Yo - pY, =1.

Set Z = { Aut(U) | U is an interval graph}. Klavik and Zeman [?]
proved that 7 = Z. They also obtained some interesting relation between
the set of automorphism groups of some known classes of graphs. We en-
courage the interested readers to consult [?] for more information on this
problem.

The aim of this paper is to continue the interesting works of Klavik and
Zeman by computing the automorphism group of bicyclic graphs. In an
exact phrase, if S denotes the set of all groups in the form of Aut(G) with
bicyclic graph G then the set S will be determined in general.

3. Main results

The aim of this section is to compute the automorphism group of an arbi-
trary bicyclic graph. To do this, we define:

By Z{CX (DZ(ZQ X Zg)) | C,DGT},
By ={Cx[(DxDxDxDxHxHxXxKXK)x(ZyxZ)] | C,D,H,K € T},

and S = 7 U By U Bs. In this section, it will be proved that S is the set of
all groups in the form of Aut(A), when A is a bicyclic graph.

Suppose T is a tree, G is a group, X is a set and w € V(T'). A branch at
w in T is a maximal subtree containing u as an endpoint, see [?, p. 35]. If
the group G acts on X and x € X then G, denotes the stabilizer subgroup
of G at the point . An asymmetric graph is one with trivial automorphism
group.

The following simple lemma will be useful in our calculations.

Lemma 3.1. Suppose T' is a tree, G = Aut(T) and v € V(T). Then
G,eT.
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Proof. Choose an asymmetric tree A containing a pendent vertex w such
that the degree of the unique vertex u adjacent to w is different from all
vertices of T'. Define 7" = S(T, A; v, w). Now it is easy to see that Aut(7”) =
G, and so G, € T. O

Suppose A is an arbitrary bicyclic graph. Then the graph A has one of
the following forms:

There are two cycles in A with at least one common edge.

There are two cycles in A without common edges and common vertices.
There are two cycles in A with a common vertex and without common
edges.

A bicyclic graph H is said to be of type ¢ (i = 1,2,3) if H satisfies the
condition 3.

Suppose A is a graph and T3, T are two subgraphs of A such that 77,75
are trees and v; € V(T1), va € V(T3) are vertices of a cycle in A. We say
these trees satisfy the condition (%) if and only if (77, T5) and (Aut(77)y,,
Aut(Ty),,) are pairs of isomorphic graphs.

Lemma 3.2. Suppose A is a bicyclic graph depicted in Figure 7?7 and all
pairs of elements in each set {T1,T,T5,T4}, {O5,06} and {1, Lo} sat-
isfy the condition (x). We also assume that D = (Aut(T1))q = (Aut(T))y
>~ (Aut(T3))e = (Aut(Ty))a, K = (Aut(Y1))y = (Aut(Ys)), and H =
(Aut(Os))e, = (Aut(Og))e,. Then,

Aut(A) =2 (DxDxDxDxHxHxKxK)xXg(Zy x Zs).

Figure 1: The bicyclic graph of Lemma 77.
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Proof. Define ¢ : Zg X Zo — Aut(D x D x D x D x H x H x K x K) by
#(0,0) = I and ¢(0,1),¢(1,1), ¢(1,1) are defined as follows:

- ¢l : (a7ﬁ7775))‘a)‘/707 OJ) = (7)57 O[’Bv)‘) )‘/70/70)
¢(170) = ¢2 : (a7ﬁ7775))‘7 >‘/707 U/) = (ﬁ)avdr)/v)‘/u >‘707 UI)
¢(]—7 ]-) = 1/}3 : (a7/8777(57)‘7>‘/70'7 OJ) = (ﬁ)avéf‘y;)\/a)‘valva)

©

—

P

—_

SN—
|

where a € Aut(T}), B € Aut(Tr), v € Aut(T3), § € Aut(Ty), A € Aut(Yy),
N e Aut(Y3), o0 € Aut(05) and o’ € Aut(©g). Moreover, we assume that
V(Tl) = {tli’"' 7tin}v V(@J) = {5]17"' 751]0} and V(T/ﬂ) = {Tlfv"' ﬂ”g )
where 1 <7< 4,5=5,6and k=1,2.

There are three paths connecting vertices v and v. These paths have
the vertex sets V(P1) = {v,a,e1,b,u}, V(P2) = {u,d, ez, c,v} and

V(P3) _ { {UaulhulQa <o, UL, U21, U22, - - . 7u2tau} 2TZ(P3)
{U,un,ulz, <o, UL, 2, UL, U2, - - - ,u2tyu} 2 ’ l(PS)

Figure 2: A general bicyclic graph of the first type.

Suppose O1 = V(A)\(V(T1) UV (Tz) UV (T5) U V(T4) UV (O5) UV (Os)),
Oy = V(P3) \ {u,v}, 0 = (23)(14)(56) and 7 = (12)(34). For i = 1,2,3,4,
j =5,6 and k = 1,2, we define two permutations f; and f2 on V(A) and
eight sets V;, U; and V}, as follows:
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J k
s t T
= ; i x €0y,
h <87<J> (¥ x) z €01

by o o ] tf s
— A X e
Ur (i TZT(J) tzT( ) s{

Vi=A{f € Aut(A) |Vx € V(T;), f(z) =z & f( 11) :t’i}; 1=1,2,3,4,
Uj = {f € Aut(A) |V € V(0)), f(z) =z & f(s]) = s]}; j =56,
Gr={f € Aut(A) |Vz € V(Tp), f(z) =z & f(r§) =} k=1,2.

It is easy to see that f1, fo are involutions in Aut(A). Define L = {I, f1}
and M = {I, fo}. Note that |[ML| < 4 and so the group ML is abelian.
This proves that ML = LM =2 L x M. We are now ready to prove that
ViV VaVyUsUsG1 Gy < Aut(A). If feV,andg € G, 1 <i < 4 and
k=1,2, then

f(@) zeT;
fog(z) =qg(x) z€X; =gof(x)
x otherwise

Thus elements of V; and ;. are commute to each other and so V;Gy, is
a subgroup of Aut(A). A similar argument shows that each element of A
commutes with each elements of B such that

A, Bel;= {Vl, Vo, V3, Vy, Us, Ug, G, GQ}.

This proves that I's = V1V V3V,UsUsG1 G2 is a subgroup of Aut(A) and
since each element of I'; is a normal subgroup of 'y, V1 Vo V3V, UsUgG1 G4 ~
Vi x Vax Va3 xVy xUs xUgx Gy x Go. On the other hand, V; ~ (Aut(Ti))ti,
Uj ~ (Aut(@j))s{ and Gy, ~ (Aut(Tk))Tlf

We claim that if € € L, ¢ € M, and o € Aut(A), then (T1¢ 1o(x) =
o¢ ¢ (x). To prove, we know that o(0;) €{0;, 0, }, o(Tk) €{Ti, Tk}
and o(Ti) € {Ti, Toi) Tr(iys Tor(iy - 1f € = ¢ = I then our claim is clear.
We have three other cases as follows:

(a) §€=fi € Land ¢ = fo € M. Then 0(©;) = O,(;), o(Tx) = T and
o(T3) = Tyr(s)- 1t is enough to show that f3 ' fi " o(x) = o(f3 ' fi ' ().
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If x = 5{ € ©; and Q(s{) = 8{,/, then

FN elsh)) = £ (o)) = 50V = o
o(f F7M () = o(s7V)) = o).

If x = rf € Y and Q(le) = r{‘i/, then

fr (e () = £y <r;<’“ Ny =) =k
o(fy L)) = ol ™) = rf.

If v =t} € T; and o(t}) = tf:, then
) = £ty = 67 = )
oF M) = o7y = 7Y = 4.
This completes the proof of this case.

Suppose & = fi € L and ( =1 € M. Then o(0; ) O4(j), (Tk) =
T} and g( i) =Ty Itis enough to show that f; ' o(x) = o(f{ ' (x)).
If 2 =5 € ©; and Q(sl) = sl,, then

fl (S'l]) - Sl/(] ) == sl/(] ) == S'lj/

o(fi (s ))_Q(sz )_31f~
If z =rF €Yy and o(rf) = rl, , then

Itert) = AGg™) =
_ k

o(f () = olr7™) = rf.

If z =t} € T; and o(t}) = ti,, then

t):fl(l/ )—tz(l):tz/

fr 19(;
4 )) ( cr(z ) _ taa(z) _ t%/.

o(f

This completes the proof of this case.
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(c) Suppose that £ = I € L and ( = fo € M. Then Q(Gj) = 0;,
o(Tr) = YTry and o(Ti) = Tr(y). If 2 = 5/ € ©; and (s]) = s7,, then

If x = rf € Y and Q(le) = r{‘i/, then

£ otrF)) = £y = 0p 8D = ok
o(fy T ) = ol ™) = rf.

If z =t} € T; and o(t}) = ti,, then

£ et = £t = 69 =,
o5 ) = o] ) =17V =1,

Therefore, the conditions of this case also lead to our desired result.

Now we show that every o € Aut(A) can be written in the form

P1020304hs5heg1926C
in such a way that (¢;, gi, hj,&,¢) € Vi x G x U; x L x M, where 1 < i < 4,

k=1,2j=56,¢cLand ¢ € M. Define:

ou(z) = {4151@@:) =o' @) e = e TN}

x otherwise

i) = (T lo(r) = (TN 2) z=5] €0;)\ {s]} U
/ x otherwise 7
(@) = {clglg@:) =o' o) w=rfem\ ()

x otherwise

We are ready to prove that ¢; is an automorphism. To prove ¢; is one
to one, we assume that z,2’ € V(A) with x # 2 are arbitrary. We have
to show that ¢;(z) # ¢;(«’). To do this, the following two cases will be
considered:

(i) x, 2’ € T;. Since , &, ¢ are permutations of V(A), ¢;(x) = Qg—lg—l(x)
# o1 (2') = ¢4(2'), as desired.
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(ii) z € T;,2" ¢ T;. It o(T;) = T;, then will have the case (i) and there
is nothing to prove Suppose that o(T;) # T;. This implies that
o(T;) € {T z)a (i) Tm_(z)}. If 2/ € o(T;), £ € L and ¢ € M then
¢i(a’) = 2’ ¢ T; and ¢5(x) = ('€ o(x) € T; and so ¢i(z) # ¢i(a'),

as desired.

Next we prove that ¢; is homomorphism. To do this, we assume that u
and v are adjacent in A. Then one of the following cases will be occurred:

L If u,v € V(T;), then ¢;(uv) = (¢ o(uv) = ¢ o(u)( 1 o(v)
= ¢i(u)pi(v) € E(A). Since p, ¢ and £ are automorphism, they
preserve adjacency in A and so ¢; has the same property.

2. If v ¢ T; and u € Ty, then u = #} and ¢;(uv) = uv = ¢;(u)p;(v) €
E(A), as desired.

3. If u,v & T;, then ¢;(uv) = uv = ¢i(u)pi(v) € E(A).
oM (x) ==t e T/{t}
T

otherwise

homomorphism. To do this, we assume that u and v are adjacent vertices
in A. Then, one of the following three cases can be occurred:

Next, we prove that ¢; Yz) = is also graph

(I) u,v € V(T;). Since &, ¢ and g are automorphism, ¢; ! (uv) = £Co™ ! (uv)
= ¢Co N w)éCo™ (w) = ¢; Hu)p; H(v) € B(A), as desired.

(II) u 16 T; aild v ¢ T;. In this case, u = ¢ and ¢; '(uv) = uv =
¢ (w)e; (v) € E(A).
(IV) w,v ¢ T;. As similar argument as above shows that ¢; ' (uv) = uv =

¢; H(u)g; ' (v) € E(A).

To complete the proof, we note that

P1d2030ahsheg1g26C () = o¢TETIEC(H]) = olt))
$1¢20304hsheg1926C(s]) = oCTrETEC(s]) = o i)
$102030ahsheg1926C(r) = 0CT ETIEC(rE) = o(rh).

This completes the proof. ]

Define the functions &1,& : N — N by

2 2|n 24+1 2|n
2 — 2
n—1 2)“1 and 52(”)_{ %H 2)“1 :
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Corollary 3.3. Let A be an arbitrary bicyclic graph of the first type depicted
i Figure 77 and TJZ =Ty, for each i, j,r such that1 < j <k and1 <i,r <
4. Then,

Aut(A) = (Aut(T}))ay X -+ X (Aut(TE))a, x (Aut(T}))p, x - -
X (AUt(TE))o, X (Aut(T1))uy X (Aut(T2))u, X ((T7))ey X ---
X (Aut(T3))e, ¥ (Aut(T7))a, X - X (Aut(T}))a, x (Aut(©1))r,
X (Aut(©2))r, Xg Zy x Zo

in which ¢ is a homomorphism from Zs X Zg into C given by ¢(0,0) = id,

¢(07 1) = ¢17 ¢(170) = 71[}2 and ¢(171) = ¢3 HETG} C7 wl; Q;Z)Q and Q;Z)?) are

defined as follows:

€ = Aut((Aut(T]))ay 5 -+ x (AWt(T]))ay -+ x (Aut(Y1))u, X (Aut(T))u, ),
Y1 = (a1, 61). (k6 ) (Brs Y1) (Brey Vi) (11, p2) (ua, ),y (U2, Un—1) « - - (Ug, (n) Uey (n))
Yo = (a1, B1) -+ (e, Br) (71,01) - -+ (ks Ok ) (€1, €2) (w1, un ) (U2, Un—1) - - (U, (n) Ugy(n) )
Y3 = (a1,71) - (ar, k) (B1,01) - - (O, Br) (€1, €2) (b5 p2) (1, Un) - - - (Ug, (n)Ugy(n))-
Proof. The induced subgraph of UleV(Tij) is denoted by A7, 1 < j < 4.

By assumption A! =2 A2 =2 A3 = A% and all of them satisfy the condition
(%). Apply Lemma ??, we have:

Aut(A) = [(AU6A) 0y, ) X AWAZ) o, gy X AN (e, ]

X [Aut(A‘*){dl,.. iy X AUE(O7),, X At(O),, x Aut(T1),, X Aut(Tz)uw}
N ZQ X Z27

proving the result. O

Lemma 3.4. Suppose 11, Ts, ..., Tg are trees such that Ty = Ty, T3 = Ty,
T5 = Tg, Gy :Aut(Tl)al = Aut(Tz)aQ, Go :Aut(Tg)a3 = Aut(T4)a4 and
Gs = Aut(T5)q; = Aut(T6)a,, see Figure 7?. Then,

Aut(A) = (Gl X Go X Gg) L L.

Proof. Suppose V (T;) = {t},--- ,t}'ﬂ}, a; = t% and define 0 = (12)(34)(56),
o= D), L= {14} and U; = {a € Aut(A) | a(z) = o; « ¢
T & a(fi) = t’i}, 1 < i < 6. Obviously, L and U;, 1 < i < 6, are sub-
groups of Aut(A). It is easy to see that the mapping v; : Aut(T;),, — Vi
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TN /2

4 N/

Figure 3: The bicyclic graph of Lemma ?7.

given by ;(a) = & is an isomorphism in which o/(z) = z, when x = a; or
z ¢ T;, and o/ (z) = a(z), otherwise. Note that for each f € U; and h € Uj,
1<i+#j5<6, fh=~hf. This implies that U = U1Us - - - Ug is a subgroup
of Aut(A) and each subgroup U;, 1 < ¢ < 6, is a normal subgroup of U.
Since UiﬂUl---U,-_lU,-H'-‘U@ = {Zd}, U1U2‘-'U6 = Ul X o+ X U@.

To complete the proof, we show that Aut(A) = (U U ---Ug) - L. To
do this, we choose an arbitrary automorphism « in Aut(A). Suppose a €
Aut(A) and ¢ € L are arbitrary. We first show that a&~!(z) = ¢ ta(z).
If £ = I then obviously this equation is true. If £ = f, then o(T;) = T, ;.
Assume that a(t}) = t;(z). It is enough to show that af ~'(z) = f~la(x).
To do this, we note that af~1(t) = a(t?(z)) =ti, and f~la(t}) = f_l(tf,(l))
= t},. Define:

-1 — e lo(x) x =t , i
@(w):{ag (1) =€a(e) =t e T\ {1}

T otherwise

We claim that ¢; is an automorphism of A. To prove ¢; is one to one,
we assume that x # /. We have two cases as follows:

(I) z,2' € T;. Since o and ¢ are automorphism, o~ (z) # af ('), as
desired.

(Il) x € T; and o’ ¢ T;. If «(T;) = T;, then our we will have the case
(I). We assume that a(T;) # T;. Then o(T;) = T,q). If ' € o(T;)
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and £ € L, then ¢;(z') = 2’ ¢ T; and ¢;(v) = ¢ a(z) € T; and so
¢i(z') # ¢i(x). If ' ¢ a(T}), then ¢;(2’) = 2’ ¢ T; and ¢;(x) =
¢ ta(z) € T;. Again ¢;(2') # ¢i(x), as desired.

We are now ready to prove that ¢; is homomorphism. To see this, we
assume that v and v are adjacent vertices of A. Suppose u,v € V(T;).
Then, ¢;(uv) = ¢ ta(uww) = £ ta(u)éta(v). Since both of ¢ and « are
automorphism, ¢;(uv) = ¢i(u)p;(v) € E(A), as desired. If uw € T; and v ¢
T;, then u = ¢} and ¢;(uv) = uv = ¢;(u)¢;(v) € E(A), and if u,v ¢ T;, then
¢i(uv) = uv = ¢i(u)p;(v) € E(A). This proves that ¢; is homomorphism.
Next, we prove that

o () = {soﬂ(x) v =t € T\ {1}

T otherwise

is also a homomorphism. Choose adjacent vertices u,v € V(A). Suppose
u,v € V(T;). Then, ¢; (uv) = éa™ (wv) = € (u)éa™ (v) and since
both of ¢ and « are automorphism, ¢;*(uv) = ¢; '(u)d;*(v) € E(A).
We now assume that v € T; and v ¢ T;. Then, u = tzi and we have
o7 Huv) = ww = ¢; H(u)p; H(v) € E(A). If u,v ¢ Ti, then ¢; ' (wv) = uv =
¢; H(w)d; (v) € B(A).

Hence Aut(A) = UjUy---Ug - L. Since |L| = 2 and U Us---Us =
U1XU2><"'><U6, Aut(A) = (U1><U2X'-~XU6)><IL2 (G1XG2><G3)>QZQ,

proving the lemma. O

Figure 4: The graph U in Corollary ??.
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Corollary 3.5. Suppose G; = (Aut(T}))e, = (Aut(A;))p,, 1 < i < n,
H = (Aut(Y)); and K = (Aut(©)),, where t and r are shown in the graph
O depicted in Figure ?7?. Then, Aut(A) = Hx K X (G x Gy x - - X Gp) 1 Zs.

Lemma 3.6. Suppose G; = (Aut(T;))q, = (Aut(A:))p,, H = (Aut(Y)): and
K = (Aut(©)),, see Figure 7?. Then, Aut(A) = Hx K x(G1xXGaxG3)1Zs.

A\ LA

Sl o7

Figure 5: A figure for Lemma ?7?.
Proof. The proof is similar to the proof of Lemma 7?7 and so we omit it. [

Note that if a given tree T has a central vertex v then for each automor-
phism a € Aut(T), a(v) = v. For other type of trees, we will have the fol-
lowing definition.

Definition 3.7. Suppose G = Aut(T') € T, Fiz(G) = () and u, v are central
vertices of T'. It is well-known that uv € E(T). Add the vertex ur in the
middle of uwv, join vertices u,v with uy and add another vertex vy together
with the edge urvr to construct a new tree T.

Remark 3.8. By Definition ??, V(T) = V(T) U {ur,vr} and E(T)
(E(T) \ {uwv}) U {uur, urv, urvr}. Also, it is easy to see that Aut(T")
Aut(T).

i1l

Theorem 3.9. Every member of S is isomorphic to the automorphism
group of a bicyclic graph.

Proof. Suppose W is an arbitrary element of S = 7 U B; U By. We first
assume that W € T and write W=Aut(71), where T} is a tree. There are
two different cases that Fix(Th) # 0 or Fix(Ty1) = 0.
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: a, & $
o o
d s
T b ﬁ A
The graph U;. The graph €.

Figure 6: Two graphs presented in the proof of Theorem ?7.

1. Fiz(Ty) # 0. Suppose v € Fiz(Ty). In the graph U; in Figure

7?7, we choose the cycles C4 and C5 containing a common vertex O
together with four non-isomorphic asymmetric trees A1, Ao, Az and Ay
containing vertices vy, vo, v3 and vy, respectively. We also assume that
A; 22 Ty, for each natural number ¢ in {1,2,3,4}. Unify mutually the
vertices (v,a), (v1,b), (va,r), (vs,c) and (v4,d) to construct a bicyclic
graph €. Then Aut(;) = (Aut(7h)), =W, =W.

. Fiz(Ty) = (). In this case the center of T} is containing a unique edge

£. Add a vertex into the edge ¢ and connect it to the vertex a, see
Figure ??. In a similar way as in Case (1), we choose asymmetric
trees A1, Ao, A3 and A4 and form a graph §2; as in depicted in the
Figure ?7?7. From this figure one can be easily seen that Aut(;) =
Aut(Tl) =W.

Next we assume that W € B;. Then there are two trees T and ¥y such
that W = C x [D2(Za X Za)], where C1 = Aut(¥) and Dy = Aut(73).
Define the graph Q5 as follows:

(I) Fiz(Ty) # 0 and Fiz(Vy) # (. Choose wp, € Fiz(Th) and wy, €

Fix(¥y). Suppose Tgl, T22, T23, T24, T25, TQG, 757 and Ty are eight
isomorphic copies of Ty in which the image of wp, € V(Tk) under
these isomorphisms are wry, Wrg, Wrs, Wy, Wrs, Wrs, W7 and wrs,
respectively. Define Qs = S(Uq, T3, T2, T3, Ty, Ty, TS, T3, TS, Uy;
1,07y ; A2,Wr2; A3, W3} A4, W43 bl,szs; bg,ng; bg,ng; b4,wa; CWy, ).
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(IT) Fix(Ty) = 0 and Fiz(¥1) # 0. Consider the vertex wy, € Fix(¥y)
and the tree T, in Definition ??. We also assume that TQI, TQ2,
Tg3, Tz4, Tg5, TQG, T; and TQS are eight isomorphic copies of Th
and vry, U2, VT3, U, VT, Urs, U] and v are the image of vp,
under isomorphisms between Th and trees Tgl, 722, ng, TQ4, T;,
TQG, T; and TQS, respectively. Define Q9 = S(UQ,T;, T;, T;’, T;,T;,
TS,T; T;, \Ill;al,vT;;ag,ng;ag,ng;azl,va;bl,vT;; bQ,UT26; bg,UTg;
by, vys; c, Wy, ).

(IT) Fiz(D3) # 0 and Fix(Cy) = 0. Suppose wr, € Fix(Ds), ¥ and vy,
are those defined in Definition ??. Define Qy = S(Us, T4, T2, T3, T+,
T257 T267 T277 T287 @17 ai, wT21;a27 wT227 as, wT23a 7 wa7 b17 wT257 b27 wT267

b3, ng; ba, wa; ) U\I’l)'

(IV) Fiz(D3) = 0 and Fix(Cy) = (). Consider the tree Ty as in Defini-
tion 7?7 together with eight isomorphic copies of this tree named as
_ JE— —_ 74 — J— _ —_

Tgl, TQQ, TQS, T, T25, T26, T27 and TQB. Furthermore, we choose
the vertices Uy, U2, U, Urd, Urs, Vs, U] and vrs to be the im-

. . . — =1 =2

age of vy, under appropriate isomorphism between 75 and Ty, Ts",
=3 4 =5 =6 =7 =8 .

Ty, Ty, Ty, Ty, Ty and Ts , respectively. We also assume that the
tree W1 and the vertex vy, are according to Definition ??. Define {2y =

=1 =2 73 54 =5 =6 =57 =8 =
5(627 T2> T27 T2a T27 T27 T2> TQ? T27 \Pl; at, UT21 ;a42, UT22; as, UT23; Gy, ’UT‘;‘;

by, vgs; by, vrg; b3, vpys b, vps; ¢, vy ).

In all cases, Aut(2) = C1 x (D21 (Zy x Z3)), as desired.

Finally, we assume that W € By. Set W = Cy x (D3 x D3 x D3 x D3 X
H x H x K x K X (Z3 x Z2)). Hence, there are trees T3, A, T and ¥s
such that D3 = Aut(73), H =Aut(A), K =Aut(Y) and Cy =Aut(¥;). Set
FE = {Fix(D3), Fiz(H), Fiz(K), Fix(C3)}. There are sixteen cases that
for which one, two, three or all elements of F'E are empty.

If Fix(D3) = (), then we apply Definition ?? to construct four copies
Tgl, TgQ, ng and Tg4 of T3 together with four vertices vpy € V(Tgl),

vz € V(TgZ), vrs € V(TgS) and vps € V(Tg4) in which these four vertices
are images of the vertex vy, under some appropriate isomorphisms from
Ts onto El, 732, ng and T34, respectively. If Fixz(Ds) # 0, then we will
consider four copies T31,T32,T§’ and Tgl of T3 together with four vertices
wry € V(T3'), wyp € V(T3), wyrg € V(T3%) and wys € V(T4) in which
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these four vertices are images of the vertex wr, € Fiz(Ds3) under some
appropriate isomorphisms from T3 onto T3', T32, T3> and T3*, respectively.

If Fia(H) = 0, then we construct two copies 6' and ©° of ©® together
with two vertices vg1 € V(@l), ve2 € V(@2) in which these two vertices are

images of the vertex vg € V(©) under some appropriate isomorphisms from
6 onto ©" and @2, respectively. If Fix(H) # (), then we consider two copies
0! and ©2% of © together with two vertices wg1 € V(01), wg2 € V(©?) in
which these vertices are images of the vertex wg € Fiz(H) under some
appropriate isomorphisms from © onto ©! and ©2, respectively.

If Fiz(K) = 0, then we construct two copies T and T° of T together
with two vertices vy1 € V(Tl), Uy2 € V(T2) in which these two vertices are

images of the vertex vy € V(T) under some appropriate isomorphisms from
T onto T and TZ, respectively. If Fix(K) # (), then we consider two copies
T! and Y2 of T together with two vertices wy1 € V(T1), wy2 € V(T?) in
which these vertices are images of the vertex wy € Fiz(K) under some
appropriate isomorphisms from Y onto Y! and Y2, respectively.

If Fiz(C2) = 0 then we consider the vertex vy, by Definition ??, and
if Fw:(/gg)jf (Zl\thgr\l we choose wy, € Fir(Cy). Next we define Set Q3 =
S(Gs, T3, T2, T2, T4, (:)\1,6/)\2, 'Y\l,i\?, \I/l\g;al, ery; 2,€q2; a3,€q3; A4, €qy;

b1, eo1; ba, eg2; b3, ex1; by, ex2; ¢, ew,). Here, for each tree L,

i L Fiz(L)=10 and ey — 1 L Fix(L) =0

“\ L Fiz(L) #0 L= w, Fiz(L)#0 -
By our construction, Aut(23) = Co x (D3 x D3 x D3 x D3 x H x H x K X
K % (Zg x Z2)) which completes the proof. O

Figure 7: The graph Os.
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Theorem 3.10. The automorphism group of every bicyclic graphs is a
member of S.

Proof. There are three different types of bicyclic graphs as follows:

(I) There are two cycles in the graph with some common edges. The result
follows from Lemmas 7?7, 7?7, 7?7 and Corollaries 7?7, 77.

(IT) There are two cycles with a common vertex. Suppose these two cycles
have lengths m and n, respectively. There are two different cases that
the length of two cycles are equal or they have different lengths. We
first assume that two cycles have the same length, i.e. m = n. From
Figure 7?7, one can see that m = v++'+2 and n = § + ¢ + 2. There
are five separate cases for the case that m = n as follows:

Figure 8: The general case of a bicyclic graph when the cycles have a
common vertex.

(M1) We have two cycles without trees attached to the vertices. Sup-
pose A is a bicyclic graph constructed from two cycles with a
common vertex such that all vertices other than the common ver-
tex have degree 2, see Figure ?? for details. Therefore, Aut(A)
=217y €T CS.

(M2) (Aut(Ti))a, = (Aut(Ty))e, = (Aut(Y;))y, = (Aut(T;/))d]/ =
(Aut(01),, = (Aut(B2)p, = G, where 1 < i <y, 1 < <7/,
1<j< 5' and 1 < 7' < 6. We consider the bicyclic graph A



114

S. Madani and A. R. Ashrafi

in such a way that there are isomorphic rooted trees (77, a1),
(T’W a7)7 (Th b1)7 (T’y’a b’y’)7 (T1/7 Cl)a (Télv 05')7 (T/17 dl)) (Tga d5)7
(©1,p1), (©2,p2) attached to non-common vertices of two cycles
which satisfy the condition (%), see Figure ??. Then Aut(A) =
GU(Z21Z2) € T CS.

(M3) Consider the bicyclic graph A with this property that v =+ =
§ =0, Aut(T))e, = Aut(Yy)p, = Aut(Y))g, = Aut(T;),, and
Aut(01),, = Aut(Oz)p,. Define G; = (Aut(T}))q, and H; =
(Aut(0©;))p,. Then, Aut(A) = (Hy x (G1 X ---Gy) 1 Z2) 1 Ly €
TeS.

(M4) Consider the graph A in such a way that ' = 4/ and § = ~.
Moreover, we assume that T; = T’ 1 <1 < ¢, and they satisfy
the condition (x), T; = T; < 4, and again these graphs
satisfy the condition (x). By Figure 7,0, =T, T; = Y and
@1 = @2. Set K,L = (Aut('fl))bz Then, Aut(A) = (H1 X G1 X

X Gy x Ky x -~ x K )17y €S.

(M5) In this case, the general case of (M1) — (M4) is considered into
account in which we don’t have isomorphisms between trees. Set
K; = (AUt(Ti))bi’ G; = (AUt(Ti))ai? G; = (AUt(TiI))Ci and Kzl =
(Aut(T;)di. Then, Aut(A) =~ Hi x Hy x K1 X -"KA// X Ki X

X KL x Gyxoo x Gy X G x - X Gy,

If two cycles have different lengths then we will have three cases as
follows:

(M6) If there is no tree T such that T is attached to a vertex of A,
then Aut(A) =Zg x Zz € S.

(M7) Suppose the graph A has this property that v =+ and § = 4.
Furthermore, we assume that for each 7, 1 < ¢ < v, T; 2 T;
satisfy the condition (x) and for each j, 1 < j < 4, T} = ]’
satisfy again (x). Therefore, Aut(A) = (Gy x -+ x G, X ’

Gg)ZZQXHleQES.

(M8) Suppose that v = +/ and for each i, 1 < i < v, Ty, T; are
isomorphic and satisfy the condition (). Then it can be proved
that Aut(A) = (G X -+ X Gy) 1 Zy x Hi x Hy x G -+ x G %
K{---xKjeS.
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(ITIT) Two cycles of the graph is connected to each other by a path. In this
case, there are three cases for the bicyclic graph A and its general form
is depicted in Figure ??. Suppose F} :Aut(Qg)Uj and E; =Aut(Z)),,.

Figure 9: A figure for the proof of Theorem ?? (Case III).

(N1) In the graph A, k =1 = s =t and for each i, Q}, Q2, Q3 and O}
are isomorphic and satisfy the condition (%), Figure ??7. More-
over, Z1 and Zo are isomorphic and satisfy again the condition
(x). By Figure ??, one can see that Aut(A) & (BEy x (F{ x - -+ x

FN1Z2) 17y € S, as desired.
(N2) In the graph A, k = r and s = t and for each i, both Q), Q2

and Q?, Q? are mutually isomorphic and satisfy condition ().
In this case, by Figure ?? one can be easily seen that Aut(B) =
Ey X By x (Fl x -+ FY) 1 Zo x (F§ x -+ F3)1Zy € S, that is our

claim.

(N3) In the graph A, k = r = s = t and for each i, all pairs Q},
Q?; Qg, Q;-l and Z1, =9 are mutually isomorphic and all of them
satisfy the condition (x). Again we use the Figure ?? to prove
that Aut(A) 2 (Ey x Fl x -+ x FE x F2x -+ x F2)1Zs € S.

Hence the result. O
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