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General form of the automorphism group
of bicyclic graphs

Somayeh Madani and Ali Reza Ashrafi

Abstract. In 1869, Jordan proved that the set T of all finite groups that can be repre-
sented as the automorphism group of a tree is containing the trivial group, it is closed
under taken the direct product of groups of lower orders in T , and wreath product of a
member of T and the symmetric group on n symbols is again an element of T . The aim
of this paper is to continue this work and another works by Klav́ik and Zeman in 2017
to present a class S of finite groups for which the automorphism group of each bicyclic
graph is a member of S and this class is minimal with this property.

1. Basic definitions

The aim of this section is to provide some introductory materials that will be
kept throughout. All graphs are assumed to be undirected, simple and finite.
The set of all vertices and edges of a graph Γ are denoted by V (Γ) and E(Γ),
respectively. A rooted graph is a graph in which one vertex is distinguished
as the root. If the graph Γ is containing n vertices and m edges, then the
cyclomatic number of Γ is defined as c = m− n+ 1. If c = 0, 1, 2 then Γ is
called a tree, a unicyclic and a bicyclic graph, respectively.

Suppose G and H are groups and H acts on a set X. Define:

{(h; f) | f : X −→ G & h ∈ H} ; (h1; f1)(h2; f2) = (h1h2; fh21 f2),

where fh21 (x) = f1(xh2). This product defines a group structure and the
resulting group is called the wreath product of G with H, denoted by G oH.
The wreath product is an important tool to describe the automorphism
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group of graphs. Let the connected components of a graph Γ consist of
n1 copies of G1, n2 copies of G2, . . ., nr copies of Gr, where G1, . . ., Gr
are pairwise non-isomorphic. Then by a well-known result of Jordan [?]
Aut(G) ∼= (Aut(G1) o Sn1)× · · · × (Aut(Gr) o Snr).

Suppose G1, G2 and G3 are graphs with disjoint vertex sets and v1 ∈
V (G1), w1 ∈ V (G2), v2 ∈ V (G1 ∪ G2) \ {v1, w1} and w2 ∈ V (G3). The
union G1 ∪ G2 is a graph with vertex set V (G1) ∪ V (G2) and edge set
E(G1) ∪ E(G2). The graph union of more than two graphs can be de-
fined inductively. Following Došlić [?], the splice S(G1, G2; v1, w1) is de-
fined by identifying the vertices v1 and w1 in G1 ∪ G2. In a similar way,
S(G1, G2, G3; v1, w1; v2, w2) = S(S(G1, G2; v1, w1), G3; v2, w2) and we can
define the splice of more than two graphs with respect to a parent graph
by an inductive method. The link L(G1, G2; v, w) is defined by adding an
edge to the union graph G1 ∪G2 connecting the vertices v and w. The link
of more than two graphs can be defined similar to the splice.

Suppose Γ is a simple and undirected graph and u, v ∈ V (Γ). The dis-
tance between u and v is defined as the length of a shortest path connecting
these vertices. The eccentricity ε(v) is defined to be the greatest distance
between v and any other vertices of Γ. The center of Γ is the set of all
vertices with minimum eccentricity, i.e the set of all vertices u such that the
greatest distance d(u, v) to other vertices v is minimal.

All calculations of this paper are done with the aid of GAP [?] and
Mathematica [?]. We refer to [?, ?] for basic definitions and notations not
presented here.

2. Backgrounds

Suppose C is a class of graphs and Aut(C) denotes the set of all groups that
can be presented as the automorphism group of a member in C. If C is the
class of all trees then Aut(C) is denoted by T . By a result of Jordan [?], T
is the class of all finite groups that can be defined inductively as follows:

1. {1} ∈ T ;

2. if G1, G2 ∈ T , then G1 ×G2 ∈ T ;

3. if G ∈ T and n > 2, then G o Sn ∈ T .

One of the most interesting results after Jordan is a result of Babai [?].
To state this result, we assume that X and Y are graphs and f : V (X)→
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V (Y ) is a mapping between vertex sets of X and Y . The function f is
called a contraction if (i) y1y2 ∈ E(Y ) if and only if y1 6= y2 and there
is an edge x1x2 ∈ E(X) such that f(x1) = y1 and f(x2) = y2; (ii) for
any y ∈ V (Y ), the induced subgraph of X on f−1(y) is connected. In the
mentioned paper, Babai proved that if C is a class of finite graphs with this
property that C is closed under contraction and forming subgraphs, and if
every finite group occurs as the automorphism group of a graph in C, then
Aut(C) contains all finite graphs up to isomorphism. In another paper [?],
he proved that if Γ is planar, then the group Aut(Γ) has a subnormal chain
Aut(Γ) . Y1 . Y2 . · · · . Ym = 1.

Set I = { Aut(U) | U is an interval graph}. Klav́ik and Zeman [?]
proved that T = I. They also obtained some interesting relation between
the set of automorphism groups of some known classes of graphs. We en-
courage the interested readers to consult [?] for more information on this
problem.

The aim of this paper is to continue the interesting works of Klav́ik and
Zeman by computing the automorphism group of bicyclic graphs. In an
exact phrase, if S denotes the set of all groups in the form of Aut(G) with
bicyclic graph G then the set S will be determined in general.

3. Main results

The aim of this section is to compute the automorphism group of an arbi-
trary bicyclic graph. To do this, we define:

B1 = {C × (D o (Z2 × Z2)) | C,D ∈ T },

B2 = {C×[(D×D×D×D×H×H×K×K)o(Z2×Z2)] | C,D,H,K ∈ T },

and S = T ∪ B1 ∪ B2. In this section, it will be proved that S is the set of
all groups in the form of Aut(∆), when ∆ is a bicyclic graph.

Suppose T is a tree, G is a group, X is a set and u ∈ V (T ). A branch at
u in T is a maximal subtree containing u as an endpoint, see [?, p. 35]. If
the group G acts on X and x ∈ X then Gx denotes the stabilizer subgroup
of G at the point x. An asymmetric graph is one with trivial automorphism
group.

The following simple lemma will be useful in our calculations.

Lemma 3.1. Suppose T is a tree, G = Aut(T ) and v ∈ V (T ). Then
Gv ∈ T .



100 S. Madani and A. R. Ashrafi

Proof. Choose an asymmetric tree Λ containing a pendent vertex w such
that the degree of the unique vertex u adjacent to w is different from all
vertices of T . Define T ′ = S(T,Λ; v, w). Now it is easy to see that Aut(T ′) ∼=
Gv and so Gv ∈ T .

Suppose ∆ is an arbitrary bicyclic graph. Then the graph ∆ has one of
the following forms:

There are two cycles in ∆ with at least one common edge.
There are two cycles in ∆ without common edges and common vertices.
There are two cycles in ∆ with a common vertex and without common
edges.

A bicyclic graph H is said to be of type i (i = 1, 2, 3) if H satisfies the
condition i.

Suppose ∆ is a graph and T1, T2 are two subgraphs of ∆ such that T1, T2

are trees and v1 ∈ V (T1), v2 ∈ V (T2) are vertices of a cycle in ∆. We say
these trees satisfy the condition (?) if and only if (T1, T2) and (Aut(T1)v1 ,
Aut(T2)v2) are pairs of isomorphic graphs.

Lemma 3.2. Suppose ∆ is a bicyclic graph depicted in Figure ?? and all
pairs of elements in each set {T1, T2, T3, T4}, {Θ5,Θ6} and {Υ1,Υ2} sat-
isfy the condition (?). We also assume that D = (Aut(T1))a ∼= (Aut(T2))b
∼= (Aut(T3))c ∼= (Aut(T4))d, K = (Aut(Υ1))u ∼= (Aut(Υ2))v and H =
(Aut(Θ5))e1

∼= (Aut(Θ6))e2. Then,
Aut(∆) ∼= (D ×D ×D ×D ×H ×H ×K ×K) oφ (Z2 × Z2).

Figure 1: The bicyclic graph of Lemma ??.
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Proof. Define φ : Z2 × Z2 → Aut(D ×D ×D ×D ×H ×H ×K ×K) by
φ(0, 0) = I and φ(0, 1), φ(1, 1), φ(1, 1) are defined as follows:

φ(0, 1) = ψ1 : (α, β, γ, δ, λ, λ′, σ, σ′) 7→ (γ, δ, α, β, λ, λ′, σ′, σ)

φ(1, 0) = ψ2 : (α, β, γ, δ, λ, λ′, σ, σ′) 7→ (β, α, δ, γ, λ′, λ, σ, σ′)

φ(1, 1) = ψ3 : (α, β, γ, δ, λ, λ′, σ, σ′) 7→ (β, α, δ, γ, λ′, λ, σ′, σ)

where α ∈ Aut(T1), β ∈ Aut(T2), γ ∈ Aut(T3), δ ∈ Aut(T4), λ ∈ Aut(Υ1),
λ′ ∈ Aut(Υ2), σ ∈ Aut(Θ5) and σ′ ∈ Aut(Θ6). Moreover, we assume that
V (Ti) = {ti1, · · · , tim}, V (Θj) = {sj1, · · · , s

j
p} and V (Υk) = {rk1 , · · · , rkq },

where 1 6 i 6 4, j = 5, 6 and k = 1, 2.
There are three paths connecting vertices u and v. These paths have

the vertex sets V (P1) = {v, a, e1, b, u}, V (P2) = {u, d, e2, c, v} and

V (P3) =

{
{v, u11, u12, . . . , u1t, u21, u22, . . . , u2t, u} 2 - l(P3)
{v, u11, u12, . . . , u1t, z, u21, u22, . . . , u2t, u} 2 | l(P3)

.

Figure 2: A general bicyclic graph of the first type.

SupposeO1 = V (∆)\(V (T1) ∪ V (T2) ∪ V (T3) ∪ V (T4) ∪ V (Θ5) ∪ V (Θ6)),
O2 = V (P3) \ {u, v}, σ = (23)(14)(56) and τ = (12)(34). For i = 1, 2, 3, 4,
j = 5, 6 and k = 1, 2, we define two permutations f1 and f2 on V (∆) and
eight sets Vi, Uj and Vk as follows:
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f1 =

(
sjl tkl x

s
σ(j)
l t

σ(k)
l x

)
; x ∈ O1,

f2 =

(
ult rjl tkl sjl
uτ(l)t r

τ(j)
l t

τ(k)
l sjl

)
,

Vi = {f ∈ Aut(∆) | ∀x ∈ V (Ti), f(x) = x & f(ti1) = ti1}; i = 1, 2, 3, 4,

Uj = {f ∈ Aut(∆) | ∀x ∈ V (Θj), f(x) = x & f(sj1) = sj1}; j = 5, 6,

Gk = {f ∈ Aut(∆) | ∀x ∈ V (Υk), f(x) = x & f(rk1) = rk1}; k = 1, 2.

It is easy to see that f1, f2 are involutions in Aut(∆). Define L = {I, f1}
and M = {I, f2}. Note that |ML| 6 4 and so the group ML is abelian.
This proves that ML = LM ∼= L ×M . We are now ready to prove that
V1V2V3V4U5U6G1G2 ≤ Aut(∆). If f ∈ Vi and g ∈ Gk, 1 6 i 6 4 and
k = 1, 2, then

fog(x) =


f(x) x ∈ Ti
g(x) x ∈ Υj

x otherwise

= gof(x).

Thus elements of Vi and Gk are commute to each other and so ViGk is
a subgroup of Aut(∆). A similar argument shows that each element of A
commutes with each elements of B such that

A,B ∈ Γ1 = {V1, V2, V3, V4, U5, U6, G1, G2}.
This proves that Γ2 = V1V2V3V4U5U6G1G2 is a subgroup of Aut(∆) and

since each element of Γ1 is a normal subgroup of Γ2, V1V2V3V4U5U6G1G2 '
V1×V2×V3×V4×U5×U6×G1×G2. On the other hand, Vi ' (Aut(Ti))ti1 ,
Uj ' (Aut(Θj))sj1

and Gk ' (Aut(Υk))rk1
.

We claim that if ξ ∈ L, ζ ∈ M , and % ∈ Aut(∆), then ζ−1ξ−1%(x) =
%ζ−1ξ−1(x). To prove, we know that %(Θj)∈{Θj ,Θσ(j)}, %(Υk)∈{Υk,Υτ(k)}
and %(Ti) ∈ {Ti, Tσ(i), Tτ(i), Tστ(i)}. If ξ = ζ = I then our claim is clear.
We have three other cases as follows:

(a) ξ = f1 ∈ L and ζ = f2 ∈M . Then %(Θj) = Θσ(j), %(Υk) = Υτ(k) and
%(Ti) = Tστ(i). It is enough to show that f−1

2 f−1
1 %(x) = %(f−1

2 f−1
1 (x)).
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If x = sjl ∈ Θj and %(sjl ) = sj
′

l′ , then

f−1
2 (f−1

1 %(sjl )) = f−1
2 (s

σ(j′)
l′ ) = s

σ(j′)
l′ = sjl′

%(f−1
2 f−1

1 (sjl )) = %(s
σ(j)
l ) = sjl′ .

If x = rkl ∈ Υk and %(rkl ) = rk
′
l′ , then

f−1
2 (f−1

1 %(rkl )) = f−1
2 (r

τ(k′)
l′ ) = r

τ(k′)
l′ = rkl′

%(f−1
2 f−1

1 (rkl )) = %(r
τ(k)
l ) = rkl′ .

If x = til ∈ Ti and %(til) = ti
′
l′ , then

f−1
2 (f−1

1 %(til)) = f−1
2 (t

σ(i′)
l′ ) = t

τσ(i′)
l′ = til′

%(f−1
2 f−1

1 (til)) = %(t
τσ(i)
l ) = t

σττσ(i)
l′ = til′ .

This completes the proof of this case.

(b) Suppose ξ = f1 ∈ L and ζ = I ∈ M . Then %(Θj) = Θσ(j), %(Υk) =

Υk and %(Ti) = Tσ(i). It is enough to show that f−1
1 %(x) = %(f−1

1 (x)).
If x = sjl ∈ Θj and %(sjl ) = sj

′

l′ , then

f−1
1 %(sjl ) = s

σ(j′)
l′ = s

σ(j′)
l′ = sjl′

%(f−1
1 (sjl )) = %(s

σ(j)
l ) = sjl′ .

If x = rkl ∈ Υk and %(rkl ) = rk
′
l′ , then

f−1
1 %(rkl ) = f1(r

σ(k)
l′ ) = rkl′

%(f−1
1 (rkl )) = %(r

σ(k)
l ) = rkl′ .

If x = til ∈ Ti and %(til) = ti
′
l′ , then

f−1
1 %(til) = f1(t

σ(i′)
l′ ) = t

σ(i′)
l′ = til′

%(f−1
1 (til)) = %(t

σ(i)
l ) = t

σσ(i)
l′ = til′ .

This completes the proof of this case.
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(c) Suppose that ξ = I ∈ L and ζ = f2 ∈ M . Then %(Θj) = Θj ,
%(Υk) = Υτ(k) and %(Ti) = Tτ(i). If x = sjl ∈ Θj and %(sjl ) = sj

′

l′ , then

f−1
2 (f−1

1 %(sjl )) = sjl′

%(f−1
2 f−1

1 (sjl )) = %(sjl ) = sjl′ .

If x = rkl ∈ Υk and %(rkl ) = rk
′
l′ , then

f−1
2 (f−1

1 %(rkl )) = f−1
2 (r

τ(k′)
l′ ) = r

τ(k′)
l′ = rkl′

%(f−1
2 f−1

1 (rkl )) = %(r
τ(k)
l ) = rkl′ .

If x = til ∈ Ti and %(til) = ti
′
l′ , then

f−1
2 (f−1

1 %(til)) = f−1
2 (ti

′
l′) = t

τ(i′)
l′ = til′

%(f−1
2 f−1

1 (til)) = %(t
τ(i)
l ) = t

ττ(i)
l′ = til′ .

Therefore, the conditions of this case also lead to our desired result.

Now we show that every % ∈ Aut(∆) can be written in the form
φ1φ2φ3φ4h5h6g1g2ξζ

in such a way that (φi, gk, hj , ξ, ζ) ∈ Vi×Gk×Uj×L×M, where 1 6 i 6 4,
k = 1, 2, j = 5, 6, ξ ∈ L and ζ ∈M . Define:

φi(x) =

{
ζ−1ξ−1%(x) = %ζ−1ξ−1(x) x = til ∈ Ti \ {ti1}
x otherwise

∈ Vi,

hj(x) =

{
ζ−1ξ−1%(x) = %ζ−1ξ−1(x) x = sjl ∈ Θj \ {sj1}
x otherwise

∈ Uj ,

gk(x) =

{
ζ−1ξ−1%(x) = %ζ−1ξ−1(x) x = rkl ∈ Υk \ {rk1}
x otherwise

∈ Gk.

We are ready to prove that φi is an automorphism. To prove φi is one
to one, we assume that x, x′ ∈ V (∆) with x 6= x′ are arbitrary. We have
to show that φi(x) 6= φi(x

′). To do this, the following two cases will be
considered:

(i) x, x′ ∈ Ti. Since %, ξ, ζ are permutations of V (∆), φi(x) = %ζ−1ξ−1(x)
6= %ζ−1ξ−1(x′) = φi(x

′), as desired.
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(ii) x ∈ Ti, x′ 6∈ Ti. If %(Ti) = Ti, then will have the case (i) and there
is nothing to prove. Suppose that %(Ti) 6= Ti. This implies that
%(Ti) ∈ {Tσ(i), Tτ(i), Tστ(i)}. If x′ ∈ %(Ti), ξ ∈ L and ζ ∈ M then
φi(x

′) = x′ 6∈ Ti and φi(x) = ζ−1ξ−1%(x) ∈ Ti and so φi(x) 6= φi(x
′),

as desired.

Next we prove that φi is homomorphism. To do this, we assume that u
and v are adjacent in ∆. Then one of the following cases will be occurred:

1. If u, v ∈ V (Ti), then φi(uv) = ζ−1ξ−1%(uv) = ζ−1ξ−1%(u)ζ−1ξ−1%(v)
= φi(u)φi(v) ∈ E(∆). Since %, ζ and ξ are automorphism, they
preserve adjacency in ∆ and so φi has the same property.

2. If v 6∈ Ti and u ∈ Ti, then u = ti1 and φi(uv) = uv = φi(u)φi(v) ∈
E(∆), as desired.

3. If u, v 6∈ Ti, then φi(uv) = uv = φi(u)φi(v) ∈ E(∆).

Next, we prove that φ−1
i (x) =

{
ξζ%−1(x) x = til ∈ Ti/{ti1}
x otherwise

is also graph

homomorphism. To do this, we assume that u and v are adjacent vertices
in ∆. Then, one of the following three cases can be occurred:

(I) u, v ∈ V (Ti). Since ξ, ζ and % are automorphism, φ−1
i (uv) = ξζ%−1(uv)

= ξζ%−1(u)ξζ%−1(v) = φ−1
i (u)φ−1

i (v) ∈ E(∆), as desired.

(II) u ∈ Ti and v /∈ Ti. In this case, u = ti1 and φ−1
i (uv) = uv =

φ−1
i (u)φ−1

i (v) ∈ E(∆).

(IV) u, v /∈ Ti. As similar argument as above shows that φ−1
i (uv) = uv =

φ−1
i (u)φ−1

i (v) ∈ E(∆).

To complete the proof, we note that

φ1φ2φ3φ4h5h6g1g2ξζ(tik) = %ζ−1ξ−1ξζ(tik) = %(tik)

φ1φ2φ3φ4h5h6g1g2ξζ(sjk) = %ζ−1ξ−1ξζ(sjk) = %(sjk)

φ1φ2φ3φ4h5h6g1g2ξζ(rlk) = %ζ−1ξ−1ξζ(rlk) = %(rlk).

This completes the proof.

Define the functions ξ1, ξ2 : N −→ N by

ξ1(n) =

{
n
2 2 | n
n−1

2 2 - n and ξ2(n) =

{
n
2 + 1 2 | n
n+3

2 2 - n .
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Corollary 3.3. Let ∆ be an arbitrary bicyclic graph of the first type depicted
in Figure ?? and T ij ∼= T rj , for each i, j, r such that 1 6 j 6 k and 1 6 i, r 6
4. Then,

Aut(∆) = (Aut(T 1
1 ))a1 × · · · × (Aut(T 1

k ))ak × (Aut(T 1
1 ))b1 × · · ·

× (Aut(T 2
k ))bk × (Aut(Υ1))u1 × (Aut(Υ2))un × (′(T 3

1 ))c1 × · · ·
× (Aut(T 3

k ))ck × (Aut(T 4
1 ))d1 × · · · × (Aut(T 4

k ))dk × (Aut(Θ1))r1

× (Aut(Θ2))r2 oφ Z2 × Z2

in which φ is a homomorphism from Z2 × Z2 into C given by φ(0, 0) = id,
φ(0, 1) = ψ1, φ(1, 0) = ψ2 and φ(1, 1) = ψ3. Here, C, ψ1, ψ2 and ψ3 are
defined as follows:

C = Aut((Aut(T 1
1 ))a1 × · · · × (Aut(T 1

k ))ak × · · · × (Aut(Υ1))u1 × (Aut(Υ2))un),

ψ1 = (α1, δ1)...(αk, δk)(β1, γ1)...(βk, γk)(µ1, µ2)(u1, un), (u2, un−1) · · · (uξ1(n)uξ2(n)),

ψ2 = (α1, β1) · · · (αk, βk)(γ1, δ1) · · · (γk, δk)(ε1, ε2)(u1, un)(u2, un−1) · · · (uξ1(n)uξ2(n)),

ψ3 = (α1, γ1) · · · (αk, γk)(β1, δ1) · · · (δk, βk)(ε1, ε2)(µ1, µ2)(u1, un) · · · (uξ1(n)uξ2(n)).

Proof. The induced subgraph of ∪ki=1V (T ji ) is denoted by Λj , 1 6 j 6 4.
By assumption Λ1 ∼= Λ2 ∼= Λ3 ∼= Λ4 and all of them satisfy the condition
(?). Apply Lemma ??, we have:

Aut(∆) =
[
(Aut(Λ1){a1,··· ,ak} ×Aut(Λ2){b1,··· ,bk} ×Aut(Λ3){c1,··· ,ck}

]
×
[
Aut(Λ4){d1,··· ,dk}×Aut(Θ1)r1×Aut(Θ2)r2×Aut(Υ1)u1

×Aut(Υ2)un

]
oφ Z2 × Z2,

proving the result.

Lemma 3.4. Suppose T1, T2, . . ., T6 are trees such that T1
∼= T2, T3

∼= T4,
T5
∼= T6, G1 =Aut(T1)a1

∼= Aut(T2)a2, G2 =Aut(T3)a3
∼= Aut(T4)a4 and

G3 = Aut(T5)a5
∼= Aut(T6)a6, see Figure ??. Then,

Aut(∆) = (G1 ×G2 ×G3) o Z2.

Proof. Suppose V (Ti) = {ti1, · · · , tiki}, ai = ti1 and define σ = (1 2)(3 4)(5 6),

f1 = (tij t
σ(i)
j ), L = {1, f1} and Ui = {α ∈ Aut(∆) | α(x) = x; x /∈

Ti & α(ti1) = ti1}, 1 6 i 6 6. Obviously, L and Ui, 1 6 i 6 6, are sub-
groups of Aut(∆). It is easy to see that the mapping ψi : Aut(Ti)ai −→ Vi
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Figure 3: The bicyclic graph of Lemma ??.

given by ψi(α) = α′ is an isomorphism in which α′(x) = x, when x = ai or
x 6∈ Ti, and α′(x) = α(x), otherwise. Note that for each f ∈ Ui and h ∈ Uj ,
1 6 i 6= j 6 6, fh = hf . This implies that U = U1U2 · · ·U6 is a subgroup
of Aut(∆) and each subgroup Ui, 1 6 i 6 6, is a normal subgroup of U .
Since Ui ∩ U1 · · ·Ui−1Ui+1 · · ·U6 = {id}, U1U2 · · ·U6

∼= U1 × · · · × U6.
To complete the proof, we show that Aut(∆) = (U1U1 · · ·U6) · L. To

do this, we choose an arbitrary automorphism α in Aut(∆). Suppose α ∈
Aut(∆) and ξ ∈ L are arbitrary. We first show that αξ−1(x) = ξ−1α(x).
If ξ = I then obviously this equation is true. If ξ = f , then α(Ti) = Tσ(i).
Assume that α(til) = t

σ(i)
l′ . It is enough to show that αf−1(x) = f−1α(x).

To do this, we note that αf−1(til) = α(t
σ(i)
l ) = til′ and f

−1α(til) = f−1(t
σ(i)
l′ )

= til′ . Define:

φi(x) =

{
αξ−1(x) = ξ−1α(x) x = tik ∈ Ti \ {ti1}
x otherwise

.

We claim that φi is an automorphism of ∆. To prove φi is one to one,
we assume that x 6= x′. We have two cases as follows:

(I) x, x′ ∈ Ti. Since α and ξ are automorphism, αξ−1(x) 6= αξ−1(x′), as
desired.

(II) x ∈ Ti and x′ /∈ Ti. If α(Ti) = Ti, then our we will have the case
(I). We assume that α(Ti) 6= Ti. Then α(Ti) = Tσ(i). If x′ ∈ α(Ti)
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and ξ ∈ L, then φi(x
′) = x′ /∈ Ti and φi(x) = ξ−1α(x) ∈ Ti and so

φi(x
′) 6= φi(x). If x′ /∈ α(Ti), then φi(x

′) = x′ /∈ Ti and φi(x) =
ξ−1α(x) ∈ Ti. Again φi(x′) 6= φi(x), as desired.

We are now ready to prove that φi is homomorphism. To see this, we
assume that u and v are adjacent vertices of ∆. Suppose u, v ∈ V (Ti).
Then, φi(uv) = ξ−1α(uv) = ξ−1α(u)ξ−1α(v). Since both of ξ and α are
automorphism, φi(uv) = φi(u)φi(v) ∈ E(∆), as desired. If u ∈ Ti and v /∈
Ti, then u = ti1 and φi(uv) = uv = φi(u)φi(v) ∈ E(∆), and if u, v /∈ Ti, then
φi(uv) = uv = φi(u)φi(v) ∈ E(∆). This proves that φi is homomorphism.
Next, we prove that

φ−1
i (x) =

{
ξα−1(x) x = tik ∈ Ti \ {ti1}
x otherwise

is also a homomorphism. Choose adjacent vertices u, v ∈ V (∆). Suppose
u, v ∈ V (Ti). Then, φ−1

i (uv) = ξα−1(uv) = ξα−1(u)ξα−1(v) and since
both of ξ and α are automorphism, φ−1

i (uv) = φ−1
i (u)φ−1

i (v) ∈ E(∆).
We now assume that u ∈ Ti and v /∈ Ti. Then, u = ti1 and we have
φ−1
i (uv) = uv = φ−1

i (u)φ−1
i (v) ∈ E(∆). If u, v /∈ Ti, then φ−1

i (uv) = uv =
φ−1
i (u)φ−1

i (v) ∈ E(∆).
Hence Aut(∆) = U1U2 · · ·U6 · L. Since |L| = 2 and U1U2 · · ·U6

∼=
U1×U2×· · ·×U6, Aut(∆) = (U1×U2×· · ·×U6)oL ∼= (G1×G2×G3)oZ2,
proving the lemma.

Figure 4: The graph f in Corollary ??.
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Corollary 3.5. Suppose Gi = (Aut(Ti))ai = (Aut(Λi))bi , 1 6 i 6 n,
H = (Aut(Υ))t and K = (Aut(Θ))r, where t and r are shown in the graph
f depicted in Figure ??. Then, Aut(∆) = H×K×(G1×G2×· · ·×Gn) oZ2.

Lemma 3.6. Suppose Gi = (Aut(Ti))ai = (Aut(Λi))bi , H = (Aut(Υ))t and
K = (Aut(Θ))r, see Figure ??. Then, Aut(∆) = H×K×(G1×G2×G3)oZ2.

Figure 5: A figure for Lemma ??.

Proof. The proof is similar to the proof of Lemma ?? and so we omit it.

Note that if a given tree T has a central vertex v then for each automor-
phism α ∈ Aut(T ), α(v) = v. For other type of trees, we will have the fol-
lowing definition.

Definition 3.7. Suppose G = Aut(T ) ∈ T , Fix(G) = ∅ and u, v are central
vertices of T . It is well-known that uv ∈ E(T ). Add the vertex uT in the
middle of uv, join vertices u, v with uT and add another vertex vT together
with the edge uT vT to construct a new tree T .

Remark 3.8. By Definition ??, V (T ) = V (T ) ∪ {uT , vT } and E(T ) =
(E(T ) \ {uv}) ∪ {uuT , uT v, uT vT }. Also, it is easy to see that Aut(T ) ∼=
Aut(T ).

Theorem 3.9. Every member of S is isomorphic to the automorphism
group of a bicyclic graph.

Proof. Suppose W is an arbitrary element of S = T ∪ B1 ∪ B2. We first
assume that W ∈ T and write W=Aut(T1), where T1 is a tree. There are
two different cases that Fix(T1) 6= ∅ or Fix(T1) = ∅.
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Figure 6: Two graphs presented in the proof of Theorem ??.

1. Fix(T1) 6= ∅. Suppose v ∈ Fix(T1). In the graph f1 in Figure
??, we choose the cycles C4 and C5 containing a common vertex O
together with four non-isomorphic asymmetric trees Λ1, Λ2, Λ3 and Λ4

containing vertices v1, v2, v3 and v4, respectively. We also assume that
Λi 6∼= T1, for each natural number i in {1, 2, 3, 4}. Unify mutually the
vertices (v, a), (v1, b), (v2, r), (v3, c) and (v4, d) to construct a bicyclic
graph Ω1. Then Aut(Ω1) ∼= (Aut(T1))v ∼= Wv = W .

2. Fix(T1) = ∅. In this case the center of T1 is containing a unique edge
`. Add a vertex into the edge ` and connect it to the vertex a, see
Figure ??. In a similar way as in Case (1), we choose asymmetric
trees Λ1, Λ2, Λ3 and Λ4 and form a graph Ω1 as in depicted in the
Figure ??. From this figure one can be easily seen that Aut(Ω1) =
Aut(T1) = W .

Next we assume that W ∈ B1. Then there are two trees T2 and Ψ1 such
that W ∼= C1 × [D2 o (Z2 × Z2)], where C1 = Aut(Ψ1) and D2 = Aut(T2).
Define the graph Ω2 as follows:

(I) Fix(T2) 6= ∅ and Fix(Ψ1) 6= ∅. Choose wT2 ∈ Fix(T2) and wΨ1 ∈
Fix(Ψ1). Suppose T2

1, T2
2, T2

3, T2
4, T2

5, T2
6, T2

7 and T2
8 are eight

isomorphic copies of T2 in which the image of wT2 ∈ V (T2) under
these isomorphisms are wT 1

2
, wT 2

2
, wT 3

2
, wT 4

2
, wT 5

2
, wT 6

2
, wT 7

2
and wT 8

2
,

respectively. Define Ω2 = S(f2, T 1
2 , T 2

2 , T
3
2 , T

4
2 , T 5

2 , T
6
2 , T 7

2 , T
8
2 ,Ψ1;

a1,wT 1
2
; a2,wT 2

2
; a3,wT 3

2
; a4,wT 4

4
; b1,wT 5

2
; b2,wT 6

2
; b3,wT 7

2
; b4,wT 8

4
; c,wΨ1).
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(II) Fix(T2) = ∅ and Fix(Ψ1) 6= ∅. Consider the vertex wΨ1 ∈ Fix(Ψ1)

and the tree T2 in Definition ??. We also assume that T2
1, T2

2,
T2

3, T2
4, T2

5, T2
6, T2

7 and T2
8 are eight isomorphic copies of T2

and vT 1
2
, vT 2

2
, vT 3

2
, vT 4

2
, vT 5

2
, vT 6

2
, vT 7

2
and vT 8

2
are the image of vT2

under isomorphisms between T2 and trees T2
1, T2

2, T2
3, T2

4, T2
5,

T2
6, T2

7 and T2
8, respectively. Define Ω2 = S(f2, T

1
2, T

2
2, T

3
2, T

4
2, T

5
2,

T
6
2, T

7
2, T

8
2, Ψ1; a1, vT 1

2
; a2, vT 2

2
; a3, vT 3

2
; a4, vT 4

4
; b1, vT 5

2
; b2, vT 6

2
; b3, vT 7

2
;

b4, vT 8
4
; c, wΨ1).

(III) Fix(D2) 6= ∅ and Fix(C1) = ∅. Suppose wT2 ∈ Fix(D2), Ψ1 and vΨ1

are those defined in Definition ??. Define Ω2 = S(f2, T
1
2 , T

2
2 , T

3
2 , T

4
2 ,

T 5
2 , T 6

2 , T
7
2 , T 8

2 , Ψ1; a1, wT 1
2
; a2, wT 2

2
; a3, wT 3

2
; a4, wT 4

4
; b1, wT 5

2
; b2, wT 6

2
;

b3, wT 7
2
; b4, wT 8

4
; c, vΨ1).

(IV) Fix(D2) = ∅ and Fix(C1) = ∅. Consider the tree T2 as in Defini-
tion ?? together with eight isomorphic copies of this tree named as
T2

1, T2
2, T2

3, T2
4, T2

5, T2
6, T2

7 and T2
8. Furthermore, we choose

the vertices vT 1
2
, vT 2

2
, vT 3

2
, vT 4

2
, vT 5

2
, vT 6

2
, vT 7

2
and vT 8

2
to be the im-

age of vT2 under appropriate isomorphism between T2 and T2
1, T2

2,
T2

3, T2
4, T2

5, T2
6, T2

7 and T2
8, respectively. We also assume that the

tree Ψ1 and the vertex vΨ1 are according to Definition ??. Define Ω2 =

S(f2, T
1
2, T

2
2, T

3
2, T

4
2, T

5
2, T

6
2, T

7
2, T

8
2,Ψ1; a1, vT 1

2
; a2, vT 2

2
; a3, vT 3

2
; a4, vT 4

4
;

b1, vT 5
2
; b2, vT 6

2
; b3, vT 7

2
; b4, vT 8

4
; c, vΨ1).

In all cases, Aut(Ω2) = C1 × (D2 o (Z2 × Z2)), as desired.
Finally, we assume that W ∈ B2. Set W = C2× (D3×D3×D3×D3×

H × H × K × K o (Z2 × Z2)). Hence, there are trees T3, Λ, Υ and Ψ2

such that D3 = Aut(T3), H =Aut(Λ), K =Aut(Υ) and C2 =Aut(Ψ2). Set
FE = {Fix(D3), F ix(H), F ix(K), F ix(C2)}. There are sixteen cases that
for which one, two, three or all elements of FE are empty.

If Fix(D3) = ∅, then we apply Definition ?? to construct four copies
T3

1, T3
2, T3

3 and T3
4 of T 3 together with four vertices vT 1

3
∈ V (T3

1
),

vT 2
3
∈ V (T3

2
), vT 3

3
∈ V (T3

3
) and vT 4

3
∈ V (T3

4
) in which these four vertices

are images of the vertex vT3 under some appropriate isomorphisms from
T 3 onto T3

1, T3
2, T3

3 and T3
4, respectively. If Fix(D3) 6= ∅, then we will

consider four copies T 1
3 , T

2
3 , T

3
3 and T 4

3 of T3 together with four vertices
wT 1

3
∈ V (T3

1), wT 2
3
∈ V (T 2

3 ), wT 3
3
∈ V (T3

3) and wT 4
3
∈ V (T 4

3 ) in which
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these four vertices are images of the vertex wT3 ∈ Fix(D3) under some
appropriate isomorphisms from T3 onto T3

1, T3
2, T3

3 and T3
4, respectively.

If Fix(H) = ∅, then we construct two copies Θ
1 and Θ

2 of Θ together
with two vertices vΘ1 ∈ V (Θ

1
), vΘ2 ∈ V (Θ

2
) in which these two vertices are

images of the vertex vΘ ∈ V (Θ) under some appropriate isomorphisms from
Θ onto Θ

1 and Θ
2, respectively. If Fix(H) 6= ∅, then we consider two copies

Θ1 and Θ2 of Θ together with two vertices wΘ1 ∈ V (Θ1), wΘ2 ∈ V (Θ2) in
which these vertices are images of the vertex wΘ ∈ Fix(H) under some
appropriate isomorphisms from Θ onto Θ1 and Θ2, respectively.

If Fix(K) = ∅, then we construct two copies Υ
1 and Υ

2 of Υ together
with two vertices vΥ1 ∈ V (Υ

1
), vΥ2 ∈ V (Υ

2
) in which these two vertices are

images of the vertex vΥ ∈ V (Υ) under some appropriate isomorphisms from
Υ onto Υ

1 and Υ
2, respectively. If Fix(K) 6= ∅, then we consider two copies

Υ1 and Υ2 of Υ together with two vertices wΥ1 ∈ V (Υ1), wΥ2 ∈ V (Υ2) in
which these vertices are images of the vertex wΥ ∈ Fix(K) under some
appropriate isomorphisms from Υ onto Υ1 and Υ2, respectively.

If Fix(C2) = ∅ then we consider the vertex vΨ2 by Definition ??, and
if Fix(C2) 6= ∅ then we choose wΨ2 ∈ Fix(C2). Next we define Set Ω3 =

S(f2, T̂ 1
3 , T̂

2
3 , T̂

2
3 , T̂

4
3 , Θ̂1, Θ̂2, Υ̂1, Υ̂2, Ψ̂2; a1, eT 1

3
; a2, eT 2

3
; a3, eT 3

3
; a4, eT 4

3
;

b1, eΘ1 ; b2, eΘ2 ; b3, eΥ1 ; b4, eΥ2 ; c, eΨ2). Here, for each tree L,

L̂ =

{
L Fix(L) = ∅
L Fix(L) 6= ∅ and eL =

{
vL Fix(L) = ∅
wL Fix(L) 6= ∅ .

By our construction, Aut(Ω3) = C2× (D3×D3×D3×D3×H ×H ×K ×
K o (Z2 × Z2)) which completes the proof.

Figure 7: The graph f2.
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Theorem 3.10. The automorphism group of every bicyclic graphs is a
member of S.

Proof. There are three different types of bicyclic graphs as follows:

(I) There are two cycles in the graph with some common edges. The result
follows from Lemmas ??, ??, ?? and Corollaries ??, ??.

(II) There are two cycles with a common vertex. Suppose these two cycles
have lengths m and n, respectively. There are two different cases that
the length of two cycles are equal or they have different lengths. We
first assume that two cycles have the same length, i.e. m = n. From
Figure ??, one can see that m = γ + γ′+ 2 and n = δ+ δ′+ 2. There
are five separate cases for the case that m = n as follows:

Figure 8: The general case of a bicyclic graph when the cycles have a
common vertex.

(M1) We have two cycles without trees attached to the vertices. Sup-
pose ∆ is a bicyclic graph constructed from two cycles with a
common vertex such that all vertices other than the common ver-
tex have degree 2, see Figure ?? for details. Therefore, Aut(∆)
= Z2 o Z2 ∈ T ⊆ S.

(M2) (Aut(Ti))ai ∼= (Aut(T ′i′))ci′
∼= (Aut(Υj))bj

∼= (Aut(Υ′j′))dj′
∼=

(Aut(Θ1)p1
∼= (Aut(Θ2)p2

∼= G, where 1 6 i 6 γ, 1 6 i′ 6 γ′,
1 6 j 6 δ′ and 1 6 j′ 6 δ. We consider the bicyclic graph ∆
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in such a way that there are isomorphic rooted trees (T1, a1),
(Tγ , aγ), (Υ1, b1), (Υγ′ , bγ′), (T ′1, c1), (T ′δ′ , cδ′), (Υ′1, d1), (Υ′δ, dδ),
(Θ1, p1), (Θ2, p2) attached to non-common vertices of two cycles
which satisfy the condition (?), see Figure ??. Then Aut(∆) ∼=
G o (Z2 o Z2) ∈ T ⊆ S.

(M3) Consider the bicyclic graph ∆ with this property that γ = γ′ =
δ = δ′, Aut(T ′i )ci ∼= Aut(Υi)bi

∼= Aut(Υ′i)di ∼= Aut(Ti)ai and
Aut(Θ1)p1

∼= Aut(Θ2)p2 . Define Gi = (Aut(Ti))ai and Hi =
(Aut(Θi))pi . Then, Aut(∆) = (H1 × (G1 × · · ·Gγ) o Z2) o Z2 ∈
T ∈ S.

(M4) Consider the graph ∆ in such a way that δ′ = γ′ and δ = γ.
Moreover, we assume that Υi

∼= T ′i , 1 6 i 6 δ′, and they satisfy
the condition (∗), Tj ∼= Υ′j , 1 6 j 6 δ, and again these graphs
satisfy the condition (∗). By Figure ??, Υi

∼= T ′i , Ti ∼= Υ′i and
Θ1
∼= Θ2. Set Ki = (Aut(Υi))bi . Then, Aut(∆) ∼= (H1 × G1 ×

· · · ×Gγ × K1 × · · · ×Kγ′) o Z2 ∈ S.

(M5) In this case, the general case of (M1)− (M4) is considered into
account in which we don’t have isomorphisms between trees. Set
Ki = (Aut(Υi))bi , Gi = (Aut(Ti))ai , G′i = (Aut(T ′i ))ci and K

′
i =

(Aut(Υ′i)di . Then, Aut(∆) ∼= H1 × H2 × K1 × · · ·Kγ′ × K ′1 ×
· · · ×K ′γ × G1 × · · · ×Gγ × G′1 × · · · ×G′δ′ .

If two cycles have different lengths then we will have three cases as
follows:

(M6) If there is no tree T such that T is attached to a vertex of ∆,
then Aut(∆) = Z2 × Z2 ∈ S.

(M7) Suppose the graph ∆ has this property that γ = γ′ and δ = δ′.
Furthermore, we assume that for each i, 1 6 i 6 γ, Υi

∼= Ti
satisfy the condition (∗) and for each j, 1 6 j 6 δ, Υ′j

∼= T ′j
satisfy again (∗). Therefore, Aut(∆) ∼= (G1×· · ·×Gγ×G′1 · · ·×
G′δ) o Z2 ×H1 ×H2 ∈ S.

(M8) Suppose that γ = γ′ and for each i, 1 6 i 6 γ, Υi, Ti are
isomorphic and satisfy the condition (∗). Then it can be proved
that Aut(∆) ∼= (G1 × · · · ×Gγ) o Z2 ×H1 ×H2 ×G′1 · · · ×G′δ ×
K ′1 · · · ×K ′δ ∈ S.
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(III) Two cycles of the graph is connected to each other by a path. In this
case, there are three cases for the bicyclic graph ∆ and its general form
is depicted in Figure ??. Suppose F ji =Aut(Ωj

i )vji
and El =Aut(Ξl)al .

Figure 9: A figure for the proof of Theorem ?? (Case III).

(N1) In the graph ∆, k = r = s = t and for each i, Ω1
i , Ω2

i , Ω3
i and Ω4

i

are isomorphic and satisfy the condition (?), Figure ??. More-
over, Ξ1 and Ξ2 are isomorphic and satisfy again the condition
(?). By Figure ??, one can see that Aut(∆) ∼= (E1× (F 1

1 × · · · ×
F 1
k ) o Z2) o Z2 ∈ S, as desired.

(N2) In the graph ∆, k = r and s = t and for each i, both Ω1
i , Ω2

i

and Ω3
i , Ω4

i are mutually isomorphic and satisfy condition (?).
In this case, by Figure ?? one can be easily seen that Aut(B) ∼=
E1 ×E2 × (F 1

1 × · · ·F 1
k ) oZ2 × (F 3

1 × · · ·F 3
s ) oZ2 ∈ S, that is our

claim.

(N3) In the graph ∆, k = r = s = t and for each i, all pairs Ω1
i ,

Ω3
i ; Ω2

i , Ω4
i and Ξ1, Ξ2 are mutually isomorphic and all of them

satisfy the condition (?). Again we use the Figure ?? to prove
that Aut(∆) ∼= (E1 × F 1

1 × · · · × F 1
k × F 2

1 × · · · × F 2
r ) o Z2 ∈ S.

Hence the result.
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