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The relationship between EQ algebras

and equality algebras

Akbar Paad

Abstract. It is proved that every involutive equivalential equality algebra (E, A, ~, 1),
is an involutive residualted lattice EQ-algebra, which operation ® is defined by z ® y =
(z — y')’. Moreover, it is showen that by an involutive residualted lattice EQ-algebra

we have an involutive equivalential equality algebra.

1. Introduction

Fuzzy type theory (FTT) has been developed by Novak as a fuzzy logic of
higher order, the fuzzy version of the classical type theory of the classical
logic of higher order. BL-algebras, MTL-algebras, MV-algebras are the best
known classes of residuated lattices [4, 5] and since the algebra of truth val-
ues is no longer a residuated lattice, a specific algebra called an EQ-algebra
[7] by Novak and De Baets was introduced. EQ-algebras generalize the
residuated lattices that have three binary operations meet, multiplication,
fuzzy equality and a unit element. If the product operation in EQ-algebras
is replaced by another binary operation smaller or equal than the original
product we still obtain an EQ-algebra, and this fact might make it difficult
to obtain certain algebraic results. For this reason, equality algebras were
introduced by Jeni [6], which the motivation cames from EQ-algebras [7].
These algebras are assumed for a possible algebraic semantics of fuzzy type
theory. It was proved [1, 6], that any equality algebra has a corresponding
BCK-meet-semilattice and any BCK(D)-meet-semilattice (with distributiv-
ity property) has a corresponding equality algebra. Since equality algebras
could also be candidates for a possible algebraic semantics for fuzzy type
theory, their study is highly motivated. In [9], by considering the notion of
equality algebra, it is shown that there are relations among equality algebras
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and some of other logical algebras such as residuated lattice, MTL-algebra,
BL-algebra, MV-algebra, Hertz-algebra, Heyting-algebra, Boolean-algebra,
EQ-algebra and hoop-algebra. Specially, it was proved that every good EQ-
algebra is equality algebra but the converse is open problem which means
how multiplication operation, ®, on equality algebra (E, A, ~, 1) should be
defined such that (F, A, ®,~,1) is an EQ-algebra?

2. Preliminaries
In this section, we give some fundamental definitions and results. For more
details, refer to the references.

Definition 2.1. (cf. [6]) An algebra (E, A, ~, 1) of the type (2,2, 0) is called
an equality algebra if it satisfies the following conditions, for all z,y, 2z € E:

(E1) (E,A,1)is a meet-semilattice with top element 1,
(B2) z~y=y~u,

(E3) z~x=1,

(F4) z~1=u=x,

(E5) z<y<zimpliessz~z<y~zandax~z<z~y,
(E6) z~y<(xAz)~(yAz),

(ET) z~y<(z~2)~(y~2).

The operation A is called meet (infimum) and ~ is an equality operation.
We write x < y if and only if x Ay = z, for all z,y € E. Also, other
two operations are defined, called implication and equivalence operation,
respectively:

r—y=c~(xAy). (I)
rey=(x—=y) Ay — ). (1I1)

An equality algebra (E, ~, A, 1) is bounded if there exists an element 0 € E
such that 0 < z, for all z € E. In a bounded equality algebra E, we define
the negation ” ' ” on E by, 2’ =2 —-0=x ~0,forallz € E. If 2" =,
for all x € E, then the bounded equality algebra FE is called involutive. A
lattice equality algebra is an equality algebra which is a lattice. Equality
algebra E (and as well as its equality operation ~ ) called equivalential,
if ~ coincides with the equivalence operation of a suitably chosen equality
algebra.

Theorem 2.2. (cf. [6]) An equality algebra (E,~, A\, 1) is equivalential if
and only if for allxz,y e B,z ~y=(x ~ (x Ay)) A (y ~ (x ANy)).
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Proposition 2.3. (cf. [6]) Let (E, N\, ~,1) be an equality algebra. Then the
following properties hold, for all x,y,z € E:

(z) z—y=11if and only if v < vy,

)1—>x—:c r—=>1=1Lz—x=1,

(i#1) o< (@~ )~y

(iv) :U<yzmplzesy—>z<x—>z,z—>:c<z—>y,

v) z~y<ToyY<T oY,

(vi) 2= (y—=2)=y— (z—2).

(vit) x> y<(y—2) — (z— 2.)

Definition 2.4. (cf. [7]) An EQ-algebra is an algebra (E, A, ®,~,1) of
type (2,2,2,0) satisfying the following axioms:
(EQ1) (E,A,1) is a A-semilattice with top element 1. We set z < y if and
only

ifx ANy =x,
(EQ2) (E,®,1) is a commutative monoid and ® is isotone with respect to

( ) x ~x =1 (reflexivity axiom),

( ) ((xAy)~2)®(s~z) <z~ (sAy) (substitution axiom),
(EQ5) (z~y)®(s~t)<(z~s)~ (y~t) (congruence axiom),
( ) (xAyAz)~z<(xAy)~ 2z (monotonicity axiom),

(EQT) z®y <z ~y (boundedness axiom),

For all s,t,z,y,z € F.

Let E be an EQ-algebra. Then for all z,y € E, we put
r—=y=(xAy)~z, T=x~1

The derived operation — is called implication. If an EQ-algebra E contains
a bottom element 0, then we may define the unary operation — on E by
rz=x~0=2—0.

Definition 2.5. (cf. [7]) Let E be an EQ-algebra. We say that it is
(1) good, if T = x for all x € F.
(79) residuated, if (r®@y)Az=xz®y if and only if x A ((y A z) ~y) =z for
all
x,y,z €F
(7i1) envolutive (IEQ-algebra), if -—x = z, for all x € E.
(iv) lattice-ordered EQ-algebra if it has a lattice reduct.
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(v) lattice EQ-algebra (IEQ-algebra) if it is a lattice-ordered EQ-algebra in
which the following substitution axiom holds forall x,y, z,w € E:

(zVy) ~2) @ (w~z) <(wVy) ~2)

Proposition 2.6. (cf. [3]) For an EQ-algebra E the following are equiva-
lent:

(i) E is residuated,

(ii) E is good and x <y — (x @y) holds for all x,y € E.

Proposition 2.7. (cf. (2, 7|) Let E be an EQ-algebra. Then for any
x,y,z € E:

(i) xr=1—=xandx — (y — 2) =y — (x — 2), where E is residuated.
(11) x®y <z if and only if © <y — z, where E is good.

Theorem 2.8. (cf. [7]) Any IEQ-algebra E is a good, spanned and separated
lattice EQ-algebra.

Definition 2.9. (cf. [8]) A residuated lattice is an algebra (E,V, A\, ®, —
,0,1) of type (2,2,2,2,0,0) satisfying the following axioms:
(1) (E,V,A,0,1) is a bounded lattice,
(#i) (F,®,1) is a commutative monoid,
(7i1) z®y < zif and only if x <y — 2, for any z,y,2z € E.

Theorem 2.10. (cf. [9]) The algebraic structure (E,V,\,®,—,0,1) is a
residuated lattice if and only if

(RL1) (E,V,A,0,1) is a bounded lattice,

(RL2) (E,—,1)satisfiesz=1—z andz — (y > 2) =y — (v — 2),
(RL3) z®y < zifand only if x <y — z, for any x,y,z € E.

Theorem 2.11. (cf. [9]) For any residuated lattice € = (E,V,\,—,0,1),
the structure ¥(E) = (E,V, A\, 4+,0,1) is a bounded lattice equality algebra,
where <> denotes the equivalence operation of E. Moreover, the implication
of Y(€) coincides with <>, that is, v >y =z <> (x ANy) .

3. Relation between algebras

Theorem 3.1. (cf. |9]) Every good EQ-algebra (E, N\, ~,®,1) is an equality
algebra.
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Open problem. Under what suitable conditions the converse of The-
orem 3.1 is correct? Which means how multiplication operation, ®, on
equality algebra (E, A,~,1) should be defined such that (E, A, ®,~,1) is
an EQ-algebra?

In the following, by adding some conditions to an equality algebra, we
answer to this open problem as follow:

Theorem 3.2. Let (E,A\,~,1) be an involutive equivalential equality al-
gebra. Then (E, N, ~,®,1) is an involutive residualted lattice EQ-algebra,
which operation ® is defined by x @ y = (x = y')’.

Proof. Let (E, A\, ~,1) be an involutive equivalential equality algebra.Then
(E, A, 1) is a meet semilattice with top element 1 and so (EQ1) holds. For
z,y € E, we define x @ y = (x — %)’ and we prove that (F,®,1) is a
commutative monoid and ® is isotone with respect to <. By Proposition
2.3(vi), for z,y € E, we have

ry=@@—=y)=@@=>y—=0)=@Fy—=(@—=0)=FH-2)=you

Hence, operation ® is commutative.
Let z,y,z € E. Then by Proposition 2.3(vi), we have

2@ (y®z)=(z— (o)) =@—=@y—=2)) =@y
=== (=20) =@ (== F—0))
== @ y—=0) == @—=y—0)")
=(z= (z0y)) =20@ay) =(z0y) =

Hence, operation ® is associative. Now, let x < y. Then by Proposition
23(w), Y =y > 0< 2z —0=2"andso z = ¢y <z — 2/. Hence,
rRz=z2zx=(z—=>2") <(2—=y) =28y =y®z Thus, the operation
® is isotone respect to <. Moreover, z® 1 = (z — 1’ = 2" = z and so
(E,®,1) is a commutative monoid which proves the (EQ2). Since by (FE3),
x ~x =1, for any x € F, we conclude that (EQ3). In the follow, we prove
r®y < zif and only if x < y — 2, for any x,y, 2z € E. Since F is involutive
and by Proposition 2.3(7) and (iv), for any z,y,z € E, we have t ® y < 2
if and only if (z — ¢/) < z if and only if 2/ < (z — ¢/)" if and only if
2 <x—y ifand only if 2 < 2/ — ¢/ if and only if # < y — 2" if and only
if <y — z. Now, we prove (EQ4). Let x,y,z,w € E. Then

(zAy)~2)@(w~z) <z~ (wAY)
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if and only if
(wAy) ~2) = (w~a)) <z~ (wAY)

if and only if

1

(2~ (wAy) < (((Ay) ~2) = (w~a))

if and only if
(2~ (wAY) < ((@Ay) ~z2) = (w~a)

if and only if
(z~(wAy) @ (zAy) ~2) < (w~a)

if and only if
(w~a) < ((z~ (wAy) @ ((@ry) ~2)

if and only if
(w~z) < ((z~ (WAY) @ ((xAy) ~2)

if and only if

(w~z) < (2~ (WAY) = (2 Ay) ~2))
if and only if
(w~z) < (2~ (wAy) = ((FAy) ~2).

Now, since by (F6) and Proposition 2.3(v), for any x,y, z,w € E, we have

(w~z) < (zAy) ~ (wAY)
S((wAy)~z)~((xAy) ~ 2)
S((wAy)~2) ~((xAy) ~z)
S((whAy)~2) = (xAy) ~2)
=(z~

)
(wAy) = (2~ (xzAy)).

Now, since the inequality (w ~ z) < (z ~ (w A y)) = (2 ~ (x Ay))’, holds
for any x,y, z,w € E, we conclude that ((zAy) ~ 2)®@(w ~ z) < z ~ (WAY),
for any x,y, z,w € F and so (FQ4) holds.
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For (EQ5), we must prove (z ~ y) @ (s ~t) < (x ~ s) ~ (y ~ 1),
for any z,y,s,t € E. Since for any z,y,s,t € E, by (E7) and Proposition
2.3(v) and (vi), we have:

(s ~1)

So, we conclude that (s ~t) ® (z ~y) < (v ~ s) = (y ~ t). Moreover,
since by Proposition 2.3(iv) and (v), for any x,y,s,t € E,

(s~t)<(t~y)~(s~y)
S@y~t) = (y~s)
<(y~t) = ((x~y) ~(z~5s))
<@y~t) = (z~y) = (x~53))
=(@~y)—=((y~1)

and so we have
(s~t)@(x~y)<((@~s) = (y~t) Ay ~1) = (z~s))
and since F is equivalential, we get that
(~s) =~ ) Ay~ t) = (@~ s) =(z~s)~ (y~ 1)
Hence,
(s~t)@(x~y) <(z~s)~(y~t)

Therefore, (EQ5) is established.
For (EQ6), assume that z,y,z € E. Then by xt AyAz < x Ay < z and
(E5), we get that
(xAyAz)~z < (zAYy) ~x.

Hence, (FQ6) holds. Finally, let z,y € E. Then by Proposition 2.3(ii7)
and (v),
r<(z~y)~vy=y~(@~y) <y—(z~y).

Hence, z®y < = ~ y and so (EQT) is established. Therefore, (E, A, ~,®,1)
is an EQ-algebra and since z = 2" = (z — 0) — 0 = =—z and by (F4),
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1~z =z, for any x € E, by Theorem 2.8, we conclude that (E, A, ~,®,1)
is an involutive good lattice EQ-algebra. Moreover, since by Proposition
2.3(iti), * < (x ~y) ~y, for any z,y € E and by x @ y < = ® y, we have
r <y — (x®y), for any z,y € E, by Proposition 2.6, we conclude that
(E, N, ~,®,1) is a residuated EQ-algebra. Therefrore, (E, A, ~,®,1) is an
involutive residualted lattice EQ-algebra. O

Theorem 3.3. Let (E,N\,~,®,1) be an involutive residualted lattice EQ-
algebra.  Then (E,V,\,®,4+,0,1) be an involutive equivalential equality
algebra.

Proof. Let (E,\,~,®,1) be an involutive residualted lattice EQ-algebra.
Then (E,V,A,0,1) is a bounded lattice and by Theorem 2.8, F is a good
EQ-algebra and so by Proposition 2.7(i), z =1 -z and x — (y — z) =
y — (x — z), for any z,y € E. Moreover, since F is a residuated EQ-
algebra, by Proposition 2.7(ii), we get that x ® y < z if and only if z <
y — z, for any z,y, z € E. Hence, by Theorem 2.10, (E,V,A\,®,—,0,1) is a
residuated lattice and so by Theorem 2.11, (E,V, A, ®, <+,0, 1) is a bounded
lattice equality algebra, where <> denote the equivalence operation of E and
r—y=2x+ (rAy) and since

roy=@@2yAy—z)=(@< (@AY)A Yo (YA))

by Theorem 2.2, we conclude that (F,A,<,1) is an equvalential equality
algebra. Now, we prove (E, A, <>, 0, 1) is an involutive equality algebra. For
x,y € E, we have

< 0=(z—=0)AN0—=2)=(x—=0)Al=2—0
and since (E, A, ~,®,1) an involutive EQ-algebra we get that

(0« 0=(z—0<0=(x—0) —0=ux.

Therefore, (E,V,A,®,+>,0,1) is an involutive equivalential equality alge-
bra. O

4. Conclusion

The main result of this paper is devoted to solution of open problem which
is about relation between EQ-algebras and equality algebras. In [9)], it is
proved that every good EQ-algebra is a equality algebra and it is asked
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under what suitable conditions the converse is correct? We proved that
every involutive equivalential equality algebra (E, A, ~,1), is an involutive
residualted lattice EQ-algebra, which operation ® is defined by z ® y =
(x — y')’. Moreover, we showed that by an involutive residualted lattice
EQ-algebra we have an involutive equivalential equality algebra.
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