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Menger hypercompositional algebras
represented by medial n-ary hyperoperations

Thodsaporn Kumduang

Dedicated to the memory of Professor Valentin S. Trokhimenko

Abstract. The necessary and sufficient conditions under which a Menger algebra can
be isomorphically represented by medial n-ary operations are proposed. Since a Menger
hypercompositional algebra can be regarded as a generalization of a Menger algebra, for
this reason, the situation for medial hyperoperations is further examined and a repre-
sentation theorem of Menger hypercompositional algebras by such concepts is proved.

1. Introduction and preliminaries

It is widely accepted that Professor V.S. Trokhimenko, who is a Ukrainian
mathematician, has a great contribution in the developments of Menger al-
gebras and algebras of multiplace functions for a long time. Many papers
concerning various classes of multiplace functions and their structural prop-
erties have been extensively studied in the past few decades, for instance,
idempotent n-ary operations [10] and k-commutative n-place functions [11].
See [8, 9, 12, 13, 14, 15] for more related topics in this direction. It turned
out that these works can be considered as nice connections between the
study of algebra and the theory of functions. Unfortunately, V.S. Trokhi-
menko passed away in 2020 due to the pandamic of COVID-19. However,
the paper that mentioned his personal life and scientific works was com-
memoratively collected by W.A. Dudek in [6].

Basically, for a fixed positive integer n, a Menger algebra of rank n
is a pair of a nonempty set G and an (n + 1)-ary operation on G which
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satisfies the superassociative law. Nowadays, Menger algebras were inves-
tigated in different aspects, for example, partial Menger algebras of terms
[5], power Menger algebras of terms defined by order-decreasing transfor-
mations [28]. For other, see [4, 20, 23]. Fundamental properties of Menger
algebras concerning quotient Menger algebras and isomorphism theorems
for Menger algebras were recently examined in [18]. Now two elementary
examples of Menger algebras are provided. The first one is the set R+

of all positive real numbers with the operation ◦ : (R+)n+1 → R+, de-
fined by ◦(x0, . . . , xn) = x0 n

√
x1 · · ·xn. Another one is the set of all real

numbers R with the following (n + 1)-ary operation ◦, which is defined by
◦(x, y1 . . . , yn) = x + y1+...+yn

n for all x, y1 . . . , yn ∈ R. In a view of exten-
sions, a Menger algebra of rank n = 1 is a semigroup. This means that a
Menger algebra of rank n is a generalized structure of semigroups too.

Normally, semigroups and groups can be isomorphically represented by
functions of one variables. Representations of other structures, for example,
see [1, 22, 27]. Analogously, Menger algebras of some types are also studied
in the same direction. It turned out that some types of Menger algebras
of rank n can be represented by n-ary functions. In fact, let An be the
n-th Cartesian product of a nonempty set A. Any mapping from An to
A is called a full n-ary function or an n-ary operation if it is defined for
all elements of An. The set of all such mappings is denoted by T (An, A).
One can consider the Menger’s superposition on the set T (An, A), i.e., an
(n+ 1)-ary operation O : T (An, A)n+1 → T (An, A) defined by

O(f, g1, . . . , gn)(a1, . . . , an) = f(g1(a1, . . . , an), . . . , gn(a1, . . . , an)),

where f, g1, . . . , gn ∈ T (An, A), a1, . . . , an ∈ A. A Menger algebra of all full
n-ary functions, or a Menger algebra of all n-ary operations, is a pair of
the set T (An, A) of all full n-ary functions defined on A and the Menger
composition of full n-ary functions satisfying the superassociative law. For
an extensive information on functions, see [7, 21].

It is commonly seen that the study of hypercompositional algebra has
become famous topics among mathematicians. One of outstanding classes
of its is a semihypergroup, a hyperstructure that generalized semigroups
but the composition of two elements is a nonempty set. There are several
possibilities to construct generalizations of semihypergroups. Recall from
[19] that a Menger hypercomposition algebra or a Menger hyperalgebra is a
cuple (G, �) of a nonempty set G and one (n+ 1)-ary hyperoperation � on
G satisfying the identity of the superassociativity. It can be noticed that a
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Menger hyperalgebra can be reduced to a semihypergroup if we set n = 1.
Furthermore, every Menger algebra is a Menger hypercomposition algebra.
Normally, a representation is an essential part of the study of algebra, so
representation theorems for Menger hyperalgebras are now recalled. Let
An be the n-th Cartesian product of a nonempty set A. The symbol P ∗(A)
stands for a power set of A without emptyset. On the set T (An, P ∗(A)) of all
multivalued full n-ary functions or n-ary hyperoperations α : An → P ∗(A),
one can define the following (n + 1)-ary operation • : T (An, P ∗(A))n+1 →
T (An, P ∗(A)), called the Menger superposition •, defined by

•(f, g1, . . . , gn)(x1, . . . , xn) =
⋃

yi∈gi(x1,...,xn)
i∈{1,...,n}

f(y1, . . . , yn),

for all i = 1, . . . , n where f, g1, . . . , gn ∈ T (An, P ∗(A)), x1, . . . , xn ∈ A. As
a consequence, the set T (An, P ∗(A)) of all multivalued full n-ary functions
on A together with an (n+ 1)-ary operation • forms a Menger algebra.

This papar aims to apply a specific class of functions which are called
medial operations (the formal definition will be recalled in the next section)
into the study of Menger algebras and to describe properties of Menger
hypercomposition algebras by such tools. In Section 2, the idea of medial
operations is mainly presented and a representation theroem for Menger
algebras via such concepts is mentioned. These lead us to generalized our
study in Menger hypercompositional algebras. In addition, the conditions
under which hyperstructure can be isomorphically represented by medial
hyperoperations are found. Finally, some interesting remarks and some
potential problems are given.

2. Results

This section begins with recalling some basic definitions of medial proper-
ties. An n-ary algebra (A, g) is said to be medial if it satisfies the identity

g(g(x11, ..., xn1), . . . , g(x1n, ..., xnn)) = g(g(x11, ..., x1n), . . . , g(xn1, ..., xnn)),

and an n-ary operation g on A is called medial. Furthermore, it has been
studied by many authors under different names, such as Abelian, entropy,
and bisymmetric algebras. On the other hand, if g satisfies the identity

g(g(x11, ..., xn1), . . . , g(x1n, ..., xnn)) = g(g(xnn, ..., xn1), . . . , g(x1n, ..., x11)),
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then an algebra (A, g) is called paramedial. For more information about
medial and paramedial properties can be found, for instance, in [2, 3, 16,
17, 24, 25, 26].

Example 2.1. Two interesting examples of mediality are collected.

(1) Every left (right) zero semigroup is a medial semigroup.

(2) Let (A, g) be an n-ary algebra. By an antiendomorphism on A we
mean a mapping α : A → A, α(g(a1, . . . , an)) = g(α(an), . . . , α(a1)).
As a result if (A, g) is a paramedial n-ary algebra and γ1, . . . , γn are
pair wise commuting antiendomorphisms of A, then an n-ary opera-
tion g∗ on A, which is defined by

g∗(x1, . . . , xn) = g(γ1(x1), . . . , γn(xn)),

is a medial n-ary operation.

By an1 , we mean the sequence a1, . . . , an for a positive integer n. How-
ever, it is not difficult to verify that the superassociativity does not valid
for every medial n-ary operations. In order to state necessary and sufficient
conditions representing an abstract Menger hypercompisitonal algebra by
medial n-ary operations, we need a technical lemma.

Lemma 2.2. For any medial n-ary operations f, gij on A, i, j = 1, 2, . . . , n,
we have

O(f,O(f, g11, . . . , gn1), . . . ,O(f, g1n, . . . , gnn))

= O(f,O(f, g11, . . . , g1n), . . . ,O(f, gn1, . . . , gnn)).

Proof. Let a1, . . . , an be elements in A. Then we obtain
O(f,O(f, g11, . . . , gn1), . . . ,O(f, g1n, . . . , gnn))(an1 )
= f(O(f, g11, . . . , gn1)(a

n
1 ), . . . ,O(f, g1n, . . . , gnn)(an1 ))

= f(f(g11(a
n
1 ), . . . , gn1(a

n
1 )), . . . , f(g1n(an1 ), . . . , gnn(an1 )))

= f(f(g11(a
n
1 ), . . . , g1n(an1 )), . . . , f(gn1(a

n
1 ), . . . , gnn(an1 )))

= f(O(f, g11, . . . , g1n)(an1 ), . . . ,O(f, gn1, . . . , gnn)(an1 ))

= O(f,O(f, g11, . . . , g1n), . . . ,O(f, gn1, . . . , gnn))(an1 ).

The proof is completed.

As a consequence, we have
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Theorem 2.3. A Menger algebra (G, ◦) of rank n is isomorphically repre-
sented by medial n-ary operations defined on some set if and only if (G, ◦)
satisfies the equation

◦(y, ◦(y, xn111 ), . . . , ◦(y, xnn1n )) = ◦(y, ◦(y, x1n11 ), . . . , ◦(y, xnnn1 ))

for all y, xij ∈ G and i, j ∈ {1, . . . , n}.

Proof. The necessity follows directly from the result of Lemma 2.2. Con-
versely, let (G, ◦) be an arbitrary Menger algebra satisfying the equation

◦(y, ◦(y, xn111 ), . . . , ◦(y, xnn1n )) = ◦(y, ◦(y, x1n11 ), . . . , ◦(y, xnnn1 )).

We now prove that there exists an n-ary operation induced by an element
g of G. For this construction, consider the set G′ = G ∪ {e, c} where e and
c are different elements not containing in G. For every element g ∈ G, we
assign an n-ary operation ηg : (G′)n → G′ by setting

ηg(a
n
1 ) =


◦(g, an1 ) if ai ∈ G for all 1 6 i 6 n,

g if ai = e for all 1 6 i 6 n,

c otherwise.

Firstly, we show that the n-ary operation ηg defined above is medial.
For this, let aij ∈ G′ for i, j = 1, . . . , n.

If all aij ∈ G, then according to the assumption, we have

ηg(ηg(a
n1
11 ), . . . , ηg(a

nn
1n )) = ◦(g, ηg(an111 ), . . . , ηg(a

nn
1n ))

= ◦(g, ◦(g, an111 ), . . . , ◦(g, ann1n ))
= ◦(g, ◦(g, a1n11 ), . . . , ◦(g, annn1 ))
= ηg(ηg(a

1n
11 ), . . . , ηg(a

nn
n1 )).

In the second case, if aij = e for all i, j ∈ {1, . . . , n}, then we obtain

ηg(ηg(a
n1
11 ), . . . , ηg(a

nn
1n )) = ηg(g, . . . , g) = ◦(g, g, . . . , g).

Moreover, ηg(ηg(a1n11 ), . . . , ηg(a
nn
n1 )) = ηg(g, . . . , g) = ◦(g, g, . . . , g).

In other case,

ηg(ηg(a
n1
11 ), . . . , ηg(a

nn
1n )) = ηg(c, . . . , c) = c = ηg(ηg(a

1n
11 ), . . . , ηg(a

nn
n1 )).

So, the n-ary operation ηg is medial.
Define a mapping φ : (G, ◦)→ (T (Gn, G),O) by φ(g) = ηg for all g ∈ G.

To prove the injectivity of φ, let g1, g2 ∈ G. Suppose that φ(g1) = φ(g2).
Then for all a1, . . . , an ∈ G, we have ηg1(a1, . . . , an) = ηg2(a1, . . . , an). In
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particular, ηg1(e, . . . , e) = ηg2(e, . . . , e), which implies that g1 = g2. So, φ
is injective. Finally, we show that the identity

η◦(x,y1,...,yn) = O(ηx, ηy1 , . . . , ηyn)

holds for all x, y1, . . . , yn ∈ G. For this, let a1, . . . , an be arbitrary elements
in G′. If ai ∈ G for all 1 6 i 6 n, then for x, y1, . . . , yn ∈ G, applying the
superassociativity of (n+ 1)-ary operation ◦ on G, we have

η◦(x,y1,...,yn)(a1, . . . , an) = ◦(◦(x, y1, . . . , yn), a1, . . . , an)

= ◦(x, ◦(y1, a1, . . . , an), . . . , ◦(yn, a1, . . . , an))
= ηx(ηy1(a1, . . . , an), . . . , ηyn(a1, . . . , an))
= O(ηx, ηy1 , . . . , ηyn)(a1, . . . , an).

If (a1, . . . , an) = (e, . . . , e), then η◦(x,y1,...,yn)(e, . . . , e) = ◦(x, y1, . . . , yn). On
the other hand, we get ηx(y1, . . . , yn) = ηx(ηy1(e, . . . , e), . . . , ηyn(e, . . . , e)) =
O(ηx, ηy1 , . . . , ηyn)(e, . . . , e).Now, if (a1, . . . , an) ∈ (G′)n\(Gn∪{(e, . . . , e)}),
then we get η◦(x,y1,...,yn)(a1, . . . , an) = c andO(ηx, ηy1 , . . . , ηyn)(a1, . . . , an) =
ηx(ηy1(c, . . . , c), . . . , ηyn(c, . . . , c)) = ηx(c, · · · , c) = c, which implies

η◦(x,y1,...,yn)(a1, . . . , an) = c = O(ηx, ηy1 , . . . , ηyn)(a1, . . . , an).

This completes the proof of this theorem.

Applyig the same construction of the n-ary operation ηg, we can prove
a representation theorem of any Menger algebra by paramedial operations.
So, we obtain the following corollary.

Corollary 2.4. A Menger algebra (G, ◦) of rank n is isomorphically rep-
resented by paramedial n-ary operations defined on some set if and only if
(G, ◦) satisfies the equation

◦(y, ◦(y, xn111 ), . . . , ◦(y, xnn1n )) = ◦(y, ◦(y, xnn, . . . , xn1), . . . , ◦(y, x1n, . . . , x11))

for all y, xij ∈ G and i, j ∈ {1, . . . , n}.

Now the investigation in Menger algebras is finished. We continue our
study on Menger hypercompositional algebras. In our conjecture, the sit-
uation for Menger hypercompositional algebras is different. To attain this
purpose, the concept of medial hyperoperations is now introduced. An n-ary
hyperoperation f on A is said to be medial if

f(f(xn111 ), . . . , f(xnn1n )) = f(f(x1n11 ), . . . , f(xnnn1 )).
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For convenience, we may rewrite the above identity in the following
form: ⋃

yi∈f(xni1i )
i∈{1,...,n}

f(yn1 ) =
⋃

yi∈f(xini1 )
i∈{1,...,n}

f(yn1 ).

The following theorem presents a mediality of medial hyperoperations
in a connection with permutations.

Theorem 2.5. Let f be a medial n-ary hyperoperation on a nonempty set
A and π be a permutation on {1, . . . , n}. Then the n-ary hyperoperation f̂
on A, which is defined by f̂(a1, . . . , an) = f(aπ(1), . . . , aπ(n)), is medial.

Proof. For every i, j ∈ {1, . . . , n}, let aij ∈ A. Then we obtain

⋃
bi∈f̂(a1i,...,ani)
i∈{1,...,n}

f̂(b1, . . . , bn) =
⋃

bπ(i)∈f(aπ(1)π(i),...,aπ(n)π(i))
i∈{1,...,n}

f(bπ(1), . . . , bπ(n))

=
⋃

bπ(i)∈f(aπ(i)π(1),...,aπ(i)π(n))
i∈{1,...,n}

f(bπ(1), . . . , bπ(n))

=
⋃

bi∈f̂(ai1,...,ain)
i∈{1,...,n}

f̂(b1, . . . , bn).

This shows that the n-ary hyperoperation f̂ is medial.

Theorem 2.6. A Menger hypercompositonal algebra (G, �) of rank n is
isomorphically represented by medial n-ary hyperoperations defined on some
set if and only if (G, �) satisfies the equation⋃

yi∈�(y,xni1i )
i∈{1,...,n}

�(y, yn1 ) =
⋃

yi∈�(y,xini1 )
i∈{1,...,n}

�(y, yn1 )

for all y, xij ∈ G and i, j ∈ {1, . . . , n}.

Proof. Let j = 1, . . . , n and f, gnj1j be arbitrary medial n-ary hyperopera-
tions. Then we have

•(f, •(f, gn111 ), . . . , •(f, gnn1n ))(an1 ) =
⋃

yi∈•(f,gni1i )(an1 )
i∈{1,...,n}

f(yn1 ) =
⋃

yi∈f(g1i(an1 ),...,gni(an1 ))
i∈{1,...,n}

f(yn1 )
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=
⋃

yi∈f(gi1(an1 ),...,gin(an1 ))
i∈{1,...,n}

f(yn1 ) =
⋃

yi∈•(f,gi1,...,gin)(an1 )
i∈{1,...,n}

f(yn1 )

= •(f, •(f, g1n11 ), . . . , •(f, gnnn1 ))(an1 ).

For the converse, let G′ = G ∪ {e, c} where e, c /∈ G and e 6= c. Firstly,
we now construct an n-ary hyperoperation G′. For each element g ∈ G′, an
n-ary hyperoperation on G′ can be defined by setting

µg(a1, . . . , an) =


�(g, an1 ) if an1 ∈ G;

{g} if a1 = · · · = an = e;

{c} otherwise .

Moreover, the extension of the multivalued full n-ary function is needed.
For any nonempty subset A of G′, the function µA is defined by

µA(an1 ) =


�(A, an1 ) if a1, . . . , an ∈ G;

A if a1 = · · · = an = e;

{c} otherwise .

To show that µg is a medial n-ary hyperoperation, let aij ∈ G′ for every
i, j = 1, . . . , n. We first consider in the case when anj1j ∈ G. Then we obtain⋃
bi∈µg(ani1i )
i∈{1,...,n}

µg(b
n
1 ) =

⋃
bi∈�(g,ani1i )
i∈{1,...,n}

�(g, bn1 ) =
⋃

bi∈�(g,aini1 )
i∈{1,...,n}

�(g, bn1 ) =
⋃

bi∈µg(aini1 )
i∈{1,...,n}

µg(b
n
1 ).

In the second case, if a1j = · · · = anj = e for all j = 1, . . . , n, we have⋃
bi∈µg(ani1i )
i∈{1,...,n}

µg(b
n
1 ) =

⋃
bi∈µg(e,...,e)
i∈{1,...,n}

µg(b
n
1 ) =

⋃
bi∈{g}

i∈{1,...,n}

µg(b
n
1 ) = µg(g, . . . , g)

= �(g, g, . . . , g) =
⋃

bi∈µg(e,...,e)
i∈{1,...,n}

µg(b
n
1 ) =

⋃
bi∈µg(aini1 )
i∈{1,...,n}

µg(b
n
1 ).

In other case, by the construction of µg, we have⋃
bi∈µg(ani1i )
i∈{1,...,n}

µg(b
n
1 ) =

⋃
bi∈{c}

i∈{1,...,n}

µg(b
n
1 ) = {c} =

⋃
bi∈µg(aini1 )
i∈{1,...,n}

µg(b
n
1 ).

As a result, the hyperoperation µg with respect to each element g is
medial.

Now we show that the mapping ϕ : G → Λ′, which is defined by
ϕ(g) = µg for all g ∈ G, is a strong isomorphism between (G, �) and
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(T (Gn, P ∗(G)), •) where Λ′ = {µg | g ∈ G}. In order to prove this property,
we show

µ�(a,b1,...,bn) = •(µa, µb1 , . . . , µbn)

for any a, b1, . . . , bn ∈ G′.
Let x1, . . . , xn ∈ G. Then we first show that the equation

µ�(a,b1,...,bn)(x
n
1 ) = •(µa, µb1 , . . . , µbn)(xn1 ).

holds. For this, let a, b1, . . . , bn, x1, . . . , xn be arbitrary elements in G. Then
µ�(a,b1,...,bn)(x

n
1 ) = �(�(a, bn1 ), xn1 ) = �(a, �(b1, xn1 ), . . . , �(bn, xn1 ))

= �(a, µb1(xn1 ), . . . , µbn(xn1 )) =
⋃

yi∈µbi (x
n
1 )

i∈{1,...,n}

�(a, yn1 )

=
⋃

yi∈µbi (x
n
1 )

i∈{1,...,n}

µa(y
n
1 ) = •(µa, µb1 , . . . , µbn)(xn1 ).

Now let x1 = · · · = xn = e, then according to the definition of µA, we
have
µ�(a,b1,...,bn)(x

n
1 ) = µ�(a,bn1 )(e, . . . , e) = �(a, bn1 ) = µa(b

n
1 ) =

⋃
yi∈{bi}
i∈{1,...,n}

µa(y
n
1 )

=
⋃

yi∈µbi (e,...,e)
i∈{1,...,n}

µa(y
n
1 ) = •(µa, µb1 , . . . , µbn)(e, . . . , e)

= •(µa, µb1 , . . . , µbn)(xn1 ),

which implies µ�(a,b1,...,bn)(e, . . . , e) = •(µa, µb1 , . . . , µbn)(e, . . . , e).

Otherwise, we have µ�(a,b1,...,bn)(z
n
1 ) = {c} and

•(µa, µb1 , . . . , µbn)(zn1 ) =
⋃

yi∈µbi (z
n
1 )

i∈{1,...,n}

µa(y
n
1 ) =

⋃
yi∈{c}

i∈{1,...,n}

µa(y1, . . . , yn)

= µa(c, . . . , c) = {c},
which shows µ�(a,b1,...,bn)(z

n
1 ) = •(µa, µb1 , . . . , µbn)(zn1 ). This completes the

proof of the homomorphism property.
In order to prove that µg is injective, suppose µa = µb. Since e is an

element in the domian of µa and µb, then µa(e, . . . , e) = µb(e, . . . , e), and
{a} = {b}. Hence, a = b. So the mapping ϕ : g 7→ µg is an isomorphism.

Corollary 2.7. A Menger hypercompositional algebra (G, �) of rank n is
isomorphically represented by paramedial n-ary hyperoperations defined on
some set if and only if (G, �) satisfies the equation
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�(y, �(y, xn111 ), . . . , �(y, xnn1n )) =
�(y, �(y, xnn, . . . , xn1), . . . , �(y, x1n, . . . , x11))

for all y, xij ∈ G and i, j ∈ {1, . . . , n}.

3. Concluding remarks

In the given paper, applying medial operations in the study of medial al-
gebras, a representation theorem for Menger algebras via such operations
was proved. Several results connecting Menger hypercompositional alge-
bras and medial hyperoperations were developed. The main goals of these
studies were to introduce a novel concept of operations and hyperopera-
tions that generated by a certain classes of mediality and to generalize the
investigation in Menger algebras to Menger hypercompositional algebras.
To achieve these two aims, some technical tools that derived from the idea
of W.A. Dudek and V.S. Trokhimenko were applied.

Finally, two problems for the future research in this area are collected.

(1) Describe algebraic properties of medial operations and medial hyper-
operations.

(2) According to Chapter 6 in the monograph [7], systems of multiplace
functions are described. It is possible to generalize Menger systems
to Menger hypercompsitional systems and try to discuss a construc-
tion of a mapping λg with repect to each element g in a family of
Menger hypercompositonal system (Gn)n∈I . Find necessary and suf-
ficient conditions under which a Menger hypercompositional system
can be represented by medial hyperoperations.
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