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Left twisted rings

Hee Sik Kim and Jae Hee Kim

Abstract. We introduce the notion of a left-twisted ring, and we construct a left-zero
ring which is not a ring. We show that such a left-twisted ring does not have an identity.

Also, we show that every non-zero element of the left-twisted ring is a pseudo unit of it.

1. Introduction

The concept of several types of groupoids related to semigroups, viz., twisted
semigroups for which twisted versions of the associative law hold was intro-
duced by Allen et al. in [1]. Thus, if (X, *) is a groupoid and if ¢ : X% — X?
is a function ¢(a,b) = (u,v), then (X, x) is a left-twisted semigroup with
respect to p if for all a,b,c € X, a* (bxc) = (ux*v)*c. Moreover, right-
twisted, middle-twisted and their duals, a dual left-twisted semigroup were
also discussed. The class of groupoids defined over a field (X, +,-) via a
formula zxy = Ax+ py, with A\, p € X, fixed structure constants as twisted
semigroups are discussed.

The basic idea came from the following observations. Let X = R be
the set of all real numbers. We consider a binary operation (R, —) where
“—7is the usual subtraction. Then (zx —y) —z#x—(y—2) =z —y+ 2z in
general, i.e., (R, —) is not a semigroup. Since (z —y) —z =2 — (y — (—2)),
if we define u := x,v := —z, then we have (x —y) — 2 = u — (y — v), which
looks like that “— satisfies a version of the associative law in R, i.e., there
exists a map ¢ : R? — R? such that ¢(x,2) = (z,—2) = (u,v). Thus, we
obtain a “twisted” associated law for (R, —), with the function ¢ defining
the “nature" of the “twisted semigroup” of a particular type.

Kim and Neggers introduced in [2| the notion of Bin(X), the collec-
tion of all groupoids defined on a non-empty set X. They showed that
(Bin(X),0) is a semigroup and the left zero semigroup on X acts as an
identity in (Bin(X),0d). Let (R,+,-) be a commutative ring with identity
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and let L(R) denote the collection of all groupoids (R, *) such that, for all
z,y € R, xxy := ax + by + ¢, where a,b,c € R are fixed constants. Such a
groupoid (R, *) is said to be a linear groupoid. They showed that (L(R),O)
is a semigroup with identity. Neggers et al. introduced in [3] the notion of
a @-algebra, and showed that every quadratic Q-algebra (X,x*,e),e € X,
has of the form z xy = — y + e when X is a field with | X| > 3.

In this paper, we construct a left-twisted ring which is not a ring on the
basis of left-twisted semigroups on a field K, where char(K) =p, K > p, p
is a prime by defining a binary operation a x b := aPb for all a,b € K, and
by defining an associator function ¢, where ¢(a,b) = (a%,b). We prove
that such a left twisted ring (K, +,-,0,1) does not have an identity, but its
non-zero element is a pseudo unit of it.

2. Preliminaries

Let (X, *) be a groupoid for which there exists a function ¢ : X? — X?
such that, for all a,b,c € X,

ax*(bxc)=(uxv)x*c, (1)

where ¢(a,b) = (u,v), i.e., u = u(a,b),v = v(a,b) are functions of two
variables. We call (X, *) a left-twisted semigroup with respect to the map
¢. Such a map ¢ is called an associator function of the groupoid (X, x).

Example 2.1. (cf. [1]) Let R = (R, +,-) be a real field and A # 0, u € R.
We define a binary operation “*” on R as follows: = xy := Az + uy for any
z,y € R. If we define a map ¢(a,b) := (%,b) and p? = p, then (R, *) is a
left-twisted semigroup with respect to ¢.

We may think of changing the equation (1) as follows:
(axb)xc=ax*(uxv), (2)

where ¢(a,b) = (u,v), ie., v = u(a,b),v = v(a,b) are functions of two
variables. We call (X, %) a right-twisted semigroup with respect to .

Example 2.2. (cf. [1]) Consider X := 24 where A # ). If we define
a*xb:=a—>bfor any a,b € X, then (axb)*c # ax (b*c). On the other
hand, if we let (b, c) := (bUc, ), then (axb)xc= (a—b)—c=a— (bUc),
and a x (uxv) =a—(bUc—0) = a— (bUc), proving that (X,x) is a
right-twisted semigroup with respect to .
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Note that Example 2.2 is a typical example of a BC' K-algebra which is
also a right-twisted semigroup.

3. Left-twisted rings
An algebraic system (X, +, %, 0, ) is said to be a left-twisted ring if
(trl) (X,+,0) is an abelian group,
(tr2) (X, *,¢) is a left-twisted semigroup,
(tr3) for all a,b,c € X,

ax(b+c)=axb+axc,
(a+b)xc=a*xc+bxc.

Note that we can provide many examples of a left-twisted ring which
are not a ring by applying Theorem 4.1 below using the change of prime
number p.

Proposition 3.1. Let (X, +,*,0,¢) be a left-twisted ring. Then
(i) ax0=a=0xa foralacX,
(ii) a* (=b) = (—a)*b= —(ax*b) for all a,b e X.

Proof. (1). If (X,+,%,0,¢) is a left-twisted ring, then a *x0 =a* (0+0) =
a*0+ax0 for all @ € X. Since (X, +) is an abelian group, we have a0 = 0
for all a € X. Similarly, 0xa = (0+0)*xa=0%a+0xa implies 0xa =0
for all a € X.

(ii). By applying (i), we obtain

0=ax0=ax(b+(=b)=axb+ax(-b).
It follows that ax(—b) = —(axb). Similarly, we obtain (—a)*b = —(axb). O

When we defined left-(resp., right-) twisted semigroup, we used the as-
sociator function ¢(a,b) = (u,v), i.e., u = u(a,b),v = v(a,b) are functions
of two variables. Since u and v are represented by a and b, we may define
u* v := &(a,b) for some € : X? — X?2. We denote such a function ¢ by @,
ie, uxv=p(a,b).
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Proposition 3.2. Let (X,+,*,0,¢) be a left-twisted ring. Then, for all
a,b,c,d € X, we have

pla+b,¢)xd=p(a,c) *d+ p(b,c) xd. (3)

Proof. Given a,b,c,d € X, since X is a left-twisted ring, there exist u, v in
X such that (a +b) * (¢ + d) = (u*v) *x d where ¢p(a + b,¢) = (u,v). It
follows that u % v = @(a + b, ¢), and hence we obtain

(a+b)x(c+d)=p(a+b,c)*d. (4)
Now, by applying (tr3), we obtain
(a+b)x(cxd) = ax(cxd)+bx(cxd)
= @la,c)xd+ @(b,c) *d. (5)
By (4) and (5), we prove the proposition. O
Corollary 3.3. Let (X, +,*,0,¢) be a left-twisted ring. If d(€ X) is right
cancellative, then
Bla+b,c) = Ba,c) + B(b,c). (6)
Proof. Straightforward. O
Corollary 3.4. Let (X, +,*,0,¢) be a left-twisted ring. Then
?(0,¢) xd=0 (7)
forallc,d e X.
Proof. If we let a = b = 0 in Proposition 3.2, then
2(0,¢) xd = [p(0,¢) + @(0,¢)] *d = $(0,¢) * d + (0, ¢) x d.
This shows that ¢(0,¢) x d = 0. O

Let (X, +,x*,0,¢) be a left-twisted ring. An element d in X is said to
be a right-non-zero-divisor if a x d = 0 then a = 0.

Corollary 3.5. Let (X,+,%,0,¢) be a left-twisted ring. If d in X is a
right-non-zero-divisor, then $(0,¢) =0 for all c € X.
Proof. Tt follows immediately from Corollary 3.4. O
Proposition 3.6. Let (X,+,x*,0,¢) be a left-twisted ring. If b in X is a
right-non-zero-divisor, then p(a,0) =0 for all a € X.

Proof. Given a € X, we have 0 = a*0=ax* (0xb) = ¢(a,0) xb. Since b is
a right-non-zero-divisor, we obtain ¢(a,0) =0 for all a € X. O
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4. Constructions of a left twisted ring

In this section, we construct a left twisted ring which is not a ring.

Theorem 4.1. Let (K,+,-,0,1) be a field where char(K) = p, |K| > p,
p is a prime. Define a binary operation a x b := aPb for all a,b € K, and
define a map ¢(a,b) = (ar,b). Then (K,+,*,0,¢) is a left-twisted ring
which is not a ring.

Proof. We claim that (K, *, ) is a left-twisted semigroup. Given a,b,c € K,
we have ax (b*c) = aP(bxc) = aP(bPc) = (ab)Pc. It follows that (u*v)*c =
P(a,b) xc= (ar xb) xc= (a?)Pbx c = ab* c = (ab)Pc = a * (b * ¢), proving
the claim.

We claim that (K, ) is not a semigroup. Let a € GF(p). Then a? # a
and hence a # ar., Hence a x (bxc) = (u*v)xc =ab*xc = (a% xb) *x ¢,
which shows that (K, x*) is not a semigroup.

Finally, we show that (tr3) condition holds. Given a,b,c € K, we have
ax(b+c)=aP(b+c)=aPb+ aPc=axb+ axc. Since char(K) = p, we
obtain (a+b) xc = (a+b)Pc = (a? 4+ bP)c = aPc+ bPc = a* c+ b c. Hence
(K, +,%*,0, ) is a left-twisted ring which is not a ring. O

Proposition 4.2. Let (X, +,*,0,¢) be a left-twisted ring. Then
(i) ifaxc#bxc and c # 0, then a =,
(ii) ifaxc# axd and a # 0, then ¢ = d.

Proof. (1). Suppose a *x ¢ = bx c. Then aPc = bPc and hence (a — b)Pc =
(aP —bP)c = 0. Since ¢ # 0 and K is a field, we obtain (a —b)P = 0, proving
that a = b.

(ii). Similar to (i), and we omit it. O

Theorem 4.3. Let (K,+,-,0,1) be a field where |K| > p, char(K) = p,
where p is a prime. Then a left-twisted ring (K, +,*,0, ) does not have an
identity.

Proof. Assume that there exists e € K such that a xe = a = e x a for
all a € K. It follows that aPe = a. Since a # 0, we obtain e = a'™? =
(1)p=! = aP~1 where o = 1. This shows that |K| = p, i.e., K = GF(p),
a contradiction. Since e * ¢ = a and a # 0, we have ePa = a, and hence
eP = 1. Hence e is a root of an equation 2P — 1 = 0. Since 2P — 1 = 0 has

at most p such elements, |K| = p, a contradiction. O
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Let (K, +,*,0,¢) be a left-twisted ring described in Theorem 4.3. An
element u € K is said to be a pseudo unit if x € X, there exist zy,zp € K
such that z; *u = z,uxxr = x, i.e., (xp)Pu = x,uPxr = x. It follows that

X

1
vy = (3)? and rp = 5. Cleafly, the identity 1 is a pseudo unit of K. For

ubP
any x € K, if we take x, := x? and xp := z, then 1 becomes a pseudo unit

of K.

Proposition 4.4. Let (K,+,*,0,¢) be a left-twisted ring as in Theorem
4.3. Let P(x) :={u € K|u: a pseudo unit of K}. Then (P(x),%) is a
subsemigroup of (K, *) containing 1.

Proof. Clearly, 1 € P(x). If u,v € X, then u* v = uPv. Given z € K, we
1
let @ € K such that a x (uPv) = x. It follows that o = (-%-)» € K. Let

uPv

B € K such that (u x v) x § = z. It follows that (uPv)P3 = x, and hence
b =+—%t € K. If we take xp, := o, xg := (5, then uxv is a pseudo unit. [
(uPv)P

Theorem 4.5. Every non-zero element of K as in Theorem 4.3 is a pseudo
unit of K.

Proof. Let w ¢ P(x) with u # 0. Then there exists x € K such that

axu = x or ux* 3 = x is impossible for some «, 5 € K. It follows that
1

aPu = x or uPf = x is impossible. Since u # 0, we obtain a = ()» or

f = .5 is impossible, a contradiction, since o, 8 € K. ]
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