Quasigroups and Related Systems 30 (2022), 193 — 208

https://doi.org/10.56415/qrs.v30.17

Translatable isotopes of translatable quasigroups

Wieslaw A. Dudek and Robert A. R. Monzo

Abstract. We determine the structure of translatable isotopes of translatable quasi-
groups. Necessary and sufficient conditions are found for a bijection between two such
isotopes to be an isomorphism. It is also proved that in a left cancellative, k-translatable

magma, the value of k is unique.

1. Introduction

This paper is motivated by the following question: What is the structure of
translatable isotopes of a left cancellative translatable magma? In Theorem
3.1 below we start with a quasigroup that is k-translatable with respect to
the natural order. The elements of a quasigroup (Q,-) that is translatable
with respect to a particular ordering of @ can be re-labelled so that (@, )
is translatable with respect to the natural ordering, so that starting with
the natural ordering is no limitation. We then determine all bijections «
and (3 on @ such that (@, *), defined by I"xm’ = al’- Bm/, is h-translatable
with respect to the ordering 1’,2’,3/,...,n’ of Q. This ordering is arbitrary,
except for the fact that 1’ = 1, the first element of the natural ordering.
Using perhaps repeated applications of Lemma 2.6 below, such an ordering
is always possible.

That is, we have determined the form of all h-translatable isotopes of any
k-translatable quasigroup. As a Corollary, it follows that a k-translatable
quasigroup of order n has h-translatable isotopes of every value relatively
prime to n. In addition, such translatable isotopes exist for every possible
ordering of Q.

We also give a correct proof of the fact that a left cancellative k-
translatable magma is translatable for a unique value of k and explain why
the proof of this given in [4], Theorem 3.3, is not valid.
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2. Preliminary results, definitions and notation

All magmas (groupoids) considered here are of finite order n. That
is, @ = {1,2,...,n} and 1,2,3,...,n is the natural ordering. We denote
{1,2,...,n} by {1,n}. The value of ¢t modulo n is denoted by [t],. If
i = j(modn) we write [i], = [j]n. Recall that t € {1,n} is relatively prime
to n if and only if there exists £ € {1,n} such that [tt],, = 1, if and only if
[tz], = [ty], implies x = y for all x,y € {1,n}. We denote this by (t,n) = 1.

Definition 2.1. (cf. [2]) A finite magma is called k-translatable (for fixed
k, 1 < k < n) if its Cayley table is obtained by the following rule: If the
first row of the table is aj,as,...,a, then the ¢ row is obtained from
the (¢ — 1)"* row by taking the last k entries in the (¢ — 1)** row and
inserting them as the first k& entries of the ¢*" row and by taking the first
(n — k) entries from the (¢ — 1) row and inserting them as the last (n — k)
entries of the ¢*" row, where ¢ € {2,3,...,n}. Then, the (ordered) sequence
ai,as,...,a, is called a k-translatable sequence of () with respect to the
natural ordering 1,2,3,...,n. A magma is called translatable if it has a
k-translatable sequence for some k € {1,2,...,n — 1}.

Example 2.2. Consider the following magma represented by three Cayley
tables with different orderings.

12345 42315 42531
1125341 411 345 2 4113245
2134125 2124135 2124513
3|112534 3132514 5151324
4153412 1145321 3132451
59|14 1253 5|5 1243 1145132

Notice that (Q,-) is 3-translatable with respect to the natural ordering
and with respect to the ordering 4, 2,5,3,1. But it is not translatable with
respect to the ordering 4,2, 3,1, 5.

Example 2.3. The magma (Q,-), where @ = {1,2,3,4} and -y = 1, is
k-translatable for every k € {1,2,3,4}. Its k-translatable sequence has the
form 1,1,1,1.

The following lemmas are stated without proof, as the proofs are else-
where, as referenced.
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Lemma 2.4. (cf. [2, Lemma 2.5|) Let a1, as,...,a, be the first row of the
Cayley table of the magma (Q,-) of order n. Then (Q,-) is k-translatable
with respect to the natural ordering if and only if for alli,5 € {1,n} one of
the following (equivalent) conditions is satisfied:

(1) i J = Ak—kitj)n-
(@) i-j=[i+1n-[j+kln,
(ii7) i-[J—Kklpn=1[i+ 1] 7.

Lemma 2.5. Suppose that Q = {1',2',...,n'} is a set of order n. In the
magma (Q,-), let a; = 1" -7 for alli € {1,n}. Then (Q,-) is k-translatable
with respect to the ordering 1',2',... ,n' if and only if for all i,j € {1,n}
one of the following (equivalent) conditions is satisfied:

(@) 7 J' = Ap—piti)s
(@) i'- ' =Tli+1]; - [J + k5,
(#1) @' [j — Kkl = [i + 1], - 5"

Note that in Lemma 2.5, 7'+ j" # apy_gy4j1,,- This is because [k —ki+j],
marks the position of the entry a4, . For example, in the third Cayley
table in Example 2.2, (Q,-) is 3-translatable with respect to the ordering
1/,2,3,4,5" where 1’/ = 4, 2/ =2, 3 =5, 4 =3 and 5 = 1. Then,
17.20=4.2=3=4 7& 2 = a3z = a[_% = a[3_(3,4)+2]5 = a[3_3(1/)+2/]5 while
12" =3 = a2 = a_3(1)+2;-

Lemmas 2.4 and 2.5 above will be applied throughout the rest of the
paper, at times without reference. Lemma 2.5 accounts, in part, for the
error in the proof of the fact that the value of the translatability of a left
cancellative translatable magma is unique, in [4|, Theorem 3.3. An error in
the proof there is that ajn = 135" =1"-j” = ¢; # ¢j», because as we have

just seen, j” is not necessarily equal to j for all j € {1,n}, except in the
natural ordering.

We now list some previously proved results that, along with the proof of
the converse of Lemma 2.7 from [2]| will be used as lemmas to give a valid
proof that the value of translatability of left cancellative magmas is unique.

Lemma 2.6. (cf. [2, Lemma 2.7|) Let (Q,-) be a k-translatable magma
with respect to the natural ordering 1,2, ..., n, with k-translatable sequence
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a1,a2,...,an. Then (Q,-) is k-translatable with respect to the ordering
n,1,2,...,n—2,n—1, with k-translatable sequence
Ak, k415 - - -5 an—1,0n, 01,02, ..., Ak—1-0f—1-

Lemma 2.7. (cf. [4, Lemma 2.6]) Let (Q,-) be a naturally ordered k-trans-
latable magma of order n with k-translatable sequence ai,as,...,a, and
suppose that (t,n) = 1. Then (Q,-) is k-translatable with respect to the
ordering

11+ s [1 4 26, [1+ 3ty - [1 = 2], [1 = 1

with k-translatable sequence

Q15 O[14t]p O[142t]ns - -+ > A1=2t]p s O[1—t]

The following result, the converse of Lemma 2.7, is new.

Lemma 2.8. A magma (Q,-) of order n is a k-translatable with respect
to the natural ordering if and only if it is k-translatable with respect to the
ordering 1, [1 4+ t]n, [1 4+ 2t]n, ..., [1 — 2t],, [L — t], for any t relatively prime
to n.

Proof. (=). This is Lemma 2.7.

(«<). Let the magma (@, -) be k-translatable with respect to the ordering
1,213 ...,n/, where ¢/ = [1 + (i — 1)t], for all ¢ € {1,n} and where
(t,n) = 1.

Define t; = [(¢ — 1)t],, for any ¢ € {1,n}. Note that [1 +t,t], = ¢ =
[ty + 1];,. Then, for all 4,5 € {1,n}, by Lemma 2.5(i44)

[i+1n- [+ En=[1+( +£)t]n 1+ (tj +£+tk)t]n
[ti+t+1], - [t; +E+t,+ 1],
[

ti+ 100 [t + -+t + 1 —tk],
1+ttt — Rt =i j.

So, by Lemma 2.4(77), (Q, -) is k-translatable with respect to the natural
ordering. O

From Lemma 2.5 (i) it follows that if a k-translatable magma (Q,-) of
order n is left cancellative, then all elements of its k-translatable sequence
(consequently, elements in each row of its Cayley table) are different because
@i(x) = i-x is a bijection. But, in general, such a magma is not a quasigroup.
It is a quasigroup if and only if (k,n) = 1. A quasigroup of order n can be
k-translatable only for (k,n) =1 [2, Lemma 2.15|.
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Corollary 2.9. If (Q,-) is a k-translatable quasigroup, then (k,n) = 1.

Theorem 2.10. A left cancellative magma (Q,-) can be k-translatable only
for one value of k.

Proof. Suppose that (Q,-) is k-translatable of order n. Then, by a renu-
meration of the elements of @), we can consider (Q,-) as k-translatable
with respect to the natural ordering. Suppose that (Q,-) is h-translatable
with respect to some ordering. Then using Lemma 2.6, perhaps repeatedly,
(Q,-) is h-translatable with respect to some ordering 1’,2',...,n/, where
1" = 1. Suppose that (Q,-) has the k-translatable sequence ai,as,...,a,
with respect to the natural ordering and that (@, -) has the h-translatable
sequence ci, Co,...,c, with respect to the ordering 1,2’,3’,...,n/. Then,
for any ¢ € @, by Lemma 2.4 (i) and Lemma 2.5 (i),

ai/zl'ilzll'ilzci. (1)

For 7 € Q, define s; = 7. Then, s; = 1’ = 1 and for any 7,5 € Q, by the

1
definition of h-translatability i’ - j/ = s; - 55 = a/[k_ksi—i-sﬂn = Clh—hitj]n @
a{hihiﬂ]n, and, since (@, -) is left cancellative, we have

[k — ksi + sj]n = [h — hi + 4], (2)

—
-~

Then, for any i € Q, [h+i], = [h —hh +i+ 1], = [k — ksj + sit1]n =

h— b+, 2 [k — ksp + si]n. So, for all i € {1,n},

[Sfit1], — Siln = [k(s}, = 8n)]n- (3)
It is then straightforward to prove by induction on 7 that
si = [1+ (i — 1)k(sj, — sn)ln (4)

Since {s1,s2,...,s,} = {1,2',...,n'} = {1,2,...,n}, (k(s; — sn),n) =1
and the ordering 1,2’,...,n’ is of the form in our Lemma 2.8, with ¢ =
[k(s7 — $n)]n. Therefore, by Lemma 2.8, (Q,-) is both h and k-translatable
with respect to the natural ordering. Applying Lemma 2.3 from [2| we
obtain h = k. O
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3. Translatable isotopes of a translatable magma

A magma (Q, %) is an isotope of the magma (Q), -) if there are bijections «, 3
and «y of @ such that y(ixj) = ai-Bj. If 7y is the identity map, then (@, *) is
called a principal isotope of (@, -). One can prove (see for example [1]) that
every isotope of the magma (@, -) is isomorphic to a principal isotope of this
magma. Therefore, although our results on isotopes of translatable magma
are actually results on the principal isotopes of a translatable magma, up
to isomorphism they are results on all isotopes.

Theorem 3.1. Suppose that a quasigroup (Q,-) of order n is k-translatable
with respect to the natural ordering of Q. Then (Q, ) is an isotope of (Q,-)
and is h-translatable with respect to the ordering 1,2',3', ..., n' if and only if
there exist bijections a and 8 of Q and ¢,d € {1,n} such that ad =n = Bd’
and

(i) U'sm’ =al" - Bm’ for alll,m e {1,n},

(t13) B([d+ih],) = kia([c+1],) for alli e {1,n}, and
(iv

Proof. (=). Let ay,as,...,a, be the k-translatable sequence of a quasi-
group (@, -). Then since (Q,-) is left cancellative,

)

(i1) a([e+1i]),) =ia([c+1]),) forallie {1,n},
)
)

(a(fe+1],),n) = L.

a; = apy, if and only if [ =m. (5)

Also, by Lemma 2.4 (i), | - m = a_pi4m), for all [;m € {1,n}. Since
(Q, %) is an isotope of (@, ), by definition there exist bijections « and f of
@ such that (i) is valid. Hence, I' xm/ = ol’ - Bm/ = ap_p(air)+m),, for all
I,m e {1,n}.

Since v and f are bijections of @ there exist ¢,d € {1,n} such that
acd =n = Bd'. Thus, for all i € {1,n}, using h-translatability of (@, %), by
Lemma 2.5(ii) we obtain

ar =n-n=ac-Bd =*d = [c+i]l,x[d+ih], = a([c+1],) - B([d + ih],)
= Uk—ka((e+ily)+B([d+ih]7)]n

and so by (5),
ka(le + i) = B([d + ih];,) (6)
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for all i € {1,n}.
Also,
e+ 1+ d = alle+ 113) - Bd' = a_paqiorayy), = lo+ 1+ ilf » [d+ A
= Olk—ka([c+1+4],)+B([d+iR]},)
and so by (5),

ka(le+1+i],) — ka([c+1]),) = B([d + ih]},) © ka(le+i],).  (7)

By induction on ¢ we now prove (ii), that a([c + i]},) = ia([c + 1]},) for
all © € {1,n}. Clearly, the statement is true for ¢« = 1. If the statement is
true for all ¢ < i —1 then a([c+i—1]}) = (¢ — 1)a([c + 1]},). Then by (7)
for ¢ — 1 we have that

ka(lc+1]},) — ka([c+ 1])) = ka([c+i—1]},)
and so ka([c +i]))) = kia([c + 1]),). Since (k,n) =1

a(le+ i) = io([e+1]7) (8)

for all i € {1,n}.

Now (#i7) follows from (6) and (8), and (iv) follows from (8), the fact
that « is a bijection of @ and the fact that @ = {1,2",3',...,n'}.

(«). Clearly, (Q, %) is an isotope of (@, -). We need only prove therefore
that (@, *) is h-translatable with respect to the ordering 1,2",3',...,n’.

For any I,m € {1,n}, l = [c+ 4], and m = [d + i, k], for some ij, iy, €
{1,n}. Then, [l + 1], *[m+h], = a([c+i+1]},) - B([d+ (im + 1)A])) = au,

where,

= [k —ka(le+ i+ 13) + B(d + (im + DhJ]n
= [k — k(i + Doa(lc+1];,) + k(im + Da(lc + 1];,)]n by (i), (i)
= [k — kija([c + 1]},) + Kima([c + 1]7,)]n
= [k = kira([e +1];,) + B([d + imhl})]n) by (iii)
= [k — kal’ 4+ /], by (i1)
So,
[l 4+ 1], * [m + h]}, = aw = ap—par+pm, = d' - fm’ =1"xm/

and, by Lemma 2.5 (ii), (Q, %) is h-translatable with respect to the ordering
1,2,3,...,n. O
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Corollary 3.2. A k-translatable quasigroup of order n has h-translatable
isotopes for all values of h relatively prime to n. It has such isotopes for
every ordering.

Corollary 3.3. (Zy, %) is an h-translatable isotope of (Z,,+) with respect to
the ordering 1,2',3',...,n if and only if there exist bijections o and 3 of Zn,
and ¢,d € Zy, such that ac =0 = Bd’, a([c+i])) = ia([c+1]}) = —B([d +
ih]) for alli € {1,n}, (a([c+1]},),n) =1= (h,n) and I"* m' = ol - pm/
foralll,m € Z,.

Corollary 3.4. Suppose that (Q,-) is a k-translatable quasigroup with re-
spect to the natural ordering, with k-translatable sequence ai, a9, ..., an.
Suppose also that (Q,*) is an h-translatable quasigroup with respect to the
ordering 1,2',3',...,n’. Then (Q,*) is an h-translatable isotope of (Q,-) if
and only if there exist ¢,d,t € {1,n} with (t,n) =1 and for all ¢ € {1,n},
1x¢" = ag,, where x4 = [r4(q—1)hkt], and r = [k+ ket —kt+ (1—d)hkt],,.
Also, (Q,*) is an h-translatable idempotent isotope of (Q,-) if and only if
there exist ¢, d,t € {1,n} with (t,n) =1 such that ¢ = W ket-+ (g—d)hkt—ktgln

forall g € {1,n}.

Proof. (=). By Theorem 3.1, there exist bijections a and S of @ and
¢,d € {1,n} such that ac’ =n = Bd’ and (i), (i7), (i) and (iv) of Theorem
3.1 are valid. Let t = a([c+ 1],).

For any m € {1,n} there exists i,, € {1,n} such that m = [d + ih],
and [m + 1],, = [d + (im + h)h]n. Therefore,

B(lm +13,) 2 i + )t = [imtln + Kty = B + [ERt].
By Theorem 3.1 again, for all [,m € {1,n}, we have I'xm'=al’- fm'=
Afk—k(al’)+Bm/], - Lherefore, for any g € {1,n}, 1x¢' = 1"x¢' = al-8¢' = a,,,
where

zq = [k — kal + Bq], = [k — kal + B1 + (¢ — D)hkt], = [r + (¢ — 1)hkt],
for r = [k — kal + (1],, whence, applying (ii) and (iii), we obtain
r=[k—k(1—c)t+ (1—dhkt], =[k+ ket — kt + (1 — d)hkt],,.
(«). For all i € {1,n} we define a([c + i]},) = [it], and B([d +i]}) =

[zﬁkt]n Then o and 3 are bijections of Q. For any ¢ € {1,n}, define
by, = ay, where w = [r + (¢ — 1)hkt],. That is, by,ba,...,b, is the h-

translatable sequence of (Q, x) with respect to the ordering 1,2',3',...,n/.
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By Lemma 2.5 (i), for all I,m € {1,n}, I'* m" = by_pi4m], = @z, Where
z = [r+ (h—hl+m — 1)hkt],. Since r = [k + ket — kt + (1 — d)hkt],,
x = [k + ket — ktl — dhkt + mhkt], and I m’ = bih—hi+m], = @z Then,
since for any m € {1,n}, fm’ = B([d + (m — d)],,) = [(m — d)hkt],, we have
ol'-Bm! = ay, where y = [k—kal' +m/], = [k—k(l—c)t+(m—d)hkt], = =.
Hence, ' s m' = ay = ay = o’ - fm/ and (Q, *) is an h-translatable isotope
of (Q7 )

The last sentence in the statement of Corollary 3.4 follows from the fact
that (@, %) is idempotent if and only if g = g * ¢ = Qz O

h—hg+qln "’

Example 3.5. The set Qs = {1,2,3,4,5,6,7,8} with the operation defined
by table

N Ut DN W 00
= N Ot W00 O
CO O = M I b Ut o
N O W OO O =
== 0N Ot W oo Ww
W 00 O = = NN
N N WO O O
SR = NN Ot W
G W 00 O =~ S

6

w
N |
D
ot
—_
oo
\)

is a 5-translatable quasigroup. We can re-label the elements of Qg as follows:
4 becomes 1, 8 becomes 2, 1 becomes 3, 3 becomes 4, 2 becomes 5, 5 becomes
6, 7 stays as 7 and 6 becomes 8. Then, with this new labelling, (Qs, ) is
5-translatable with respect to the natural ordering, as follows.

CO O UL i W N | -
= W ~J UtO = N oo
=N OO = W OOy N
N OO =N o0~ WW
O = W =] Ut O RN
DD RN 00— W= Ot
W g Tt Oy = DN O IO
N OO — W ] Ut O x|
UL OY = DN 0 = W |00

Its translatable sequence has the form 8,6,3,2,5,1,4,7.
Using Corollary 3.4, we now construct an isotope (Qs, *) of (Qs, ) that

is 3-translatable with respect to the ordering 1,2’,3',...,n’.
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We have k = 5and h =3 = h. We choose c =4 andd =7 =1t =
a([4 4+ 1];). Then we calculate that r = [k + ket — kt + (1 — d)hkt]s =
8. Then, as in the proof of Corollary 3.4 (<), for all I,m € {1,8} is
U'xm' = b3 _s14mls = Q+(3-314m—1)(105))s = A3-31+m—1]s- Lhis gives the
following 3-translatable sequence for (Qsg, *), with respect to the ordering
1,2,3,...,8": as,ar,ag,as,a4,as3, az,a; or 7,8,6,3,2,5,1,4. This gives
the following Cayley table for the 3-translatable isotope (Qs, *) of (Qs,-).

«1 23 45 6 7 &
1178 6 3 2514
21514786 3 2
3163 251478
414786 3251
5125 147 8 6 3
6186 325147
714786 325
8132514786

According to Theorem 3.1, the mappings « and f that satisfy I’ x m’ =
al”- Bm/, for all I;m € {1,8}, are: al’ =al =3, a2 =2, a3 =1, a4 =38,
ab =7, a6 =6,a7 =5, a8 =4, and 1 =2, B2/ =3, 83 =4, g4’ =5,
B5 =6, 86' =7, 87" =n, 8 = 1.

Using Lemma 2.6 we can see that 3-translatable isotopes of (Qs, -) exist
for every ordering of Qg.

Example 3.6. Consider again the 5-translatable quasigroup of Example
3.5, with the following Cayley table:

-1 2 3 45 6 7 8
118 6 3 2 5 1 4 7
212 5 1 47 8 6 3
314 7 8 6 3 2 5 1
416 3 2 5 1 4 7 8
5(5 1 4 7 8 6 3 2
6|7 8 6 3 2 5 1 4
713 2 5 1 47 8 6
811 4 7 8 6 3 2 5
Consider also a quasigroup (Qg, ) with ordering 5,3,8,1,7,2,6,4 and Cay-

ley table as follows:
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x5 3 81 7 2 6 4
58 3 6 5 4 1 7 2
313 746 2 8 51
816 4 8 1 3 5 2 7
1566 1 2 8 7 4 3
714 2 3 8 7 6 15
2|1 8 576 2 3 4
6|7 5 2 41 3 6 8
412 1 7 3 5 4 8 6

Is the quasigroup (Qs, *) a translatable isotope of (Qs,-)? If it is trans-
latable then it must be 7-translatable, as all other possible values of trans-
latability, 1,3 and 5, do not yield commutative quasigroups.

By (perhaps repeated) application of Lemma 2.6, if (Qsg, ) is 7-translata-
ble then it is 7-translatable with respect to an ordering 1,2',3',4',5',6',7', &,
with 7-translatable sequence 2, bg, b3, by, bs, bg, b7, bg with {bs, bs, b7} =
{6,7,8}.

Assuming that 2" = 6 and using Lemma 2.4 (i) and (7ii), we can cal-
culate that 3’ = 3,4 =5,5 =2, 6 =4, 7 =7 and 8 = 8 Using this
ordering, 1,6,3,5,2,4,7,8 and the Cayley table given above for (Qs, %), we
can calculate that, in fact (Qsg, *), is 7-translatable, with 7-translatable se-
quence 2,4,6,5,7,3,8,1 or a4, ar,asz,as,as,as,ai,as. Then, by Corollary
3.4, we see that (Qg,*) is not a 7-translatable isotope of (Qs,-). That is
because the subscripts of the a’s in its translatable sequence must increase
successively by the same value of [7-5t]g = [35t]s = [3t]s. Although the sub-
scripts start increasing by a value of 3, this does not continue when moving
from bg to b7.

4. Translatability and isomorphism

It is known that isomorphism preserves k-translatability; that is, if (Q,-)
is k-translatable and isomorphic to (Q,*) then (Q,x*) is k-translatable (cf.
[3, Theorem 8.14]|). However, k-translatable quasigroups of the same or-
der are not necessarily isomorphic. An example of such quasigroups are 3-
translatable quasigroups defined by the following tables. The first is without
idempotents, in the second - all elements are idempotent. So, they cannot
be isomorphic.
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1 2 3 4 5 1 2 3 4 5
112 4 3 5 1 111 3 5 2 4
213 51 2 4 215 2 4 1 3
3|1 2 4 3 5 314 1 3 5 2
414 3 5 1 2 413 5 2 4 1
515 1 2 4 3 512 1 5 3 5

So, when are two translatable quasigroups of the same order isomor-
phic? As already mentioned, we know by [3, Theorem 8.14] that if they
are isomorphic then they must have equal value of translatability. Two
idempotent, k-translatable quasigroups of the same order are isomorphic
|2, Theorem 2.12|. The general problem remains. If (Q,-) and (S, *) are
both k-translatable quasigroups of the same order then when are they iso-
morphic?

Theorem 4.1. Suppose that (Q,-) and (S, *) are k-translatable quasigroups
of the same order n. If (Q,-) is k-translatable with respect to the natural
ordering, with k-traslatable sequence ay,ag,as, ..., an and (S, %) is k-trans-
latable with respect to the ordering 1',2',3',...,n', with k-translatable se-
quence by, bl b5 ... b,. Then U :Q — S defined by Wi = (s;), i € {1,n},
s an isomorphism if and only if
(1) si = [sn +it]y, foralli e {1,n}, wheret = [k(s; — 3[17,;“)]”,
(t,n) =1 and

(1) s, = b{rﬂ't]n for all j € {1,n}, where r = [k(1 — sy, — t) + Sp)n.

Proof. (=). By Lemma 2.4 (i) and Lemma 2.5 (i), i - j = a[p_gi4j), and
/[k—ki—l—j]n

i,j € {L,n}, Yap_pitj), = V(i j) = Vix Vj = s %5, = bjp_ps;1s,],- But
1 [k=ki+jln = afe—kitjln> YOh-ki+ile = Vpopsits,), = YA [k—kitjln) =

i'xj7 =b for all 4,5 € {1,n}. Since V¥ is an isomorphism, for all

U1« Uk —ki+ jl, =s) * s’[kfkiﬂ.]n = b/[kfksﬁsw,kiﬂ]n}n and so
[k(s1 — 8i)]n = [S[kfmurj]n - Sj]na
which for ¢ = [1 — k], gives
[k(s1 = s;3_jy, )In = [8j+1), — Sjlns
for all j € {1,n}.
The last equation for ¢t = [k(s1 — 3[1—%}n)]n implies t = [s1 — Sp)n =

[s2 — $1]n = ... = [Sn — Sn—1]n. Hence

Si = [sn + it]p (9)
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and S = {s1,52,...,8,} for (t,n) = 1.

N o, . o
Also, V(i -j) = Vapg_pitj), = S0 —tit sl and Wi x Uj = s x5, =

/ ©) / —

b[k—ksi—l-s]-]n = Ol ks —kittsn-titln’ Therefore, Sap—kitiln Olk—ksn—kitt-sn-titln”

Hence, when ¢ = 1, we have

s = by = b = by
aj [k—ksn—kt+sn+7jtln [k(1=sp—t)+sn+jtln [r+jtln

for all j € {1,n}, where r = [k((1 — s, — t) + Sn]n. So, we have proved (7)
and (i), thereby proving necessity.
(«<). Assume that (i) and (¢7) are valid. Let j = [k — kl + m],, for any

L,m € {1,n}. By (it), S;[k—ki+m]n - bfr-i-(k_k:l-i-m)t}n' Since 7 = [k(1 — sn —

t) + spln, [r+ (K — kl +m)t], = [k — ksp + sn — kit + mt], = [k — k(sp, +
(1)
It) + (sn +mt)]n = [k — ks; + sm]n and so sg[k_mm]n = b/[k—ksl+sm]n

U(l-m) = Vap_jiym), = sg[k_ka]n = b/[k—ksl—sm}n =5 %8, = V¥ix¥m

and
for any I,m € {1,n}. Hence (@, -) and (S, %) are isomorphic. O

Notice that, given the k-translatable quasigroups (Q, -) and (Q, ), given
the k-translatable sequence aq, as, . . ., a, of ) and a given ¢ relatively prime
to m, by (i) and (i7) every s, € @ determines a k-translatable sequence
by, b5, ..., b, for which (Q.-) and (@, %) are isomorphic.

Example 4.2. Let (Q,-), where Q = {1,2,3,4,5}, be a 2-translatable
quasigroup with respect to the natural ordering, with 2-translatable se-
quence 3,1,5,2,4. Let a quasigroup (5, *) be 2-translatable with respect
to the ordering b, b5, b5, b),bL. Let s5 = 5 and ¢ = 3, with Wi = (s;)’,
i € {1,5} and s; = 3, s = 1, s3 = 4, s4 = 2, s5 = 5. Suppose that
b1 =3,by =13 =2,by =4, by =5 Then, by Theorem 4.1, ¥ is not an
isomorphism because although (i) is satisfied, sq; = s4 = 2 # by, where
x = [k(l —s5 —t)+ sg+ 5t]s = 1 and so, 2 # by = 3. Thus, (i7) is not
satisfied and V¥ is not an isomorphism. However, if we consider the mapping
when s5 =2 and t = 3, then s1 = 5, s = 3, s3 = 1, s4 = 4 and this satisfies
(1) and (77). So, (@, ) and (S, *) are isomorphic, with that mapping as the
isomorphism; namely, 1 — 5, 2+ 3, 3+— 1, 44" 5 2.

Example 4.3. Here are the Cayley tables of the 2-translatable quasigroups
of Example 4.2.
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1 2 3 4 5
113 1 5 2 4
212 4 3 1 5
311 5 2 4 3
414 3 1 5 2
9156 2 4 3 1

Using Theorem 4.1, we can determine all 2-translatable sequences b}, b},

x| 17 20 3 4 ¥
U % ¥ 0
2 b, Wb by Y
A A
N A A )
5 vy b, b, b,

5, b, b5 of (S, ) such that (Q,-) and (@, %) are isomorphic.

Since s5 € {1,5} and ¢t € {1,4} there are 20 such 2-translatable se-

quences. Below we present these sequences for t = 2.

S5 t|r S1 S2 S3 S4 bl b2 b3 b4 b5 vl v2 ¥3 w4 U5
112213 5 2 4|3 4 1 2 53 5 20 4 1
22|14 1 3 5|5 2 3 1 4|4 1V 3 5 2
312|555 2 4 1|3 4 2 5 1|5 20 4 1 ¥
4121411 3 5 2|5 3 1 2 4|1V 3 5§ 20 4
512132 4 1 3|4 2 3 5 12 4 1 3 5%

We can check that the quasigroups in the table above are actually iso-
morphic to (@, -) by using the mapping ¥ and re-ordering (.S, *) accordingly.
In this sense, ¥ can be considered to be a mapping that re-orders S, giving
it a 2-translatable Cayley table that is more clearly isomorphic to (Q,-).

For example, for s5 = 3, t =2 and r = 5 we have the following:

It is not at all obvious that the first and second quasigroups above are
isomorphic. Whereas, using the mapping 1 that takes 1 — 5, 2 — 2/,
34" 4+~ 1 and 5+ 3, it is clear that the first and third Cayley tables

are exactly the same, except for this re-labelling.

Definition 4.4. Suppose that (@, -) is a k-translatable quasigroup with re-
spect to the natural ordering, with k-translatable sequence a1, as, ..., a,. If
(Q, *) is an h-translatable quasigroup with respect to the ordering 1,2',...,n
and is also an isotope of (Q,-), then we write

(Q,*) = (Q,*,h,i' - k,c,d, t,a1,az,...

70'71))

112345 x (172 3 4" % x5 2 41 3%
131524 173" 4 25 1 514 53 20 1
2124315 215" 17 3 42 272 1" 4 5 %
3115243 3425 13 415 3 201 4
4143152 411 3 4 2% 1|1 4 5 3 2
5|5 2431 512 5 173 1 33 21 4%

/
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where ¢,d and t are as in Corollary 3.4. If (Q,x*) is h-translatable with
respect to the natural ordering then we write

(Q7 *) = (Qa *, h7 il = ia B kv ¢, d7t7 a1,0a2,. .. 7an)‘
Corollary 4.5. Suppose that (Q,*) = (Q,x, h,i' =i, k,c,d,t,a1,az,...,a,),

(Q7 .) = (Qv o, ha 7:/7 '7k,€, f7 u,ay,a, ... 7an) and (D : (Q7 *) — (Q7.) is d@—
fined by Wi = (s;), i€{l,n}. Then ¥ is an isomorphism if and only if

(1) s; = [sn + 0], for alli € {1,n}, where v = [h(s1 — S[l—ﬁ]n)}n
and (v,n) =1, and
(2) Vag, ., Goayiktn = Yyt (rtio—fyiku, JOT Al € {1,n}, where
x = k+kct—kt],, y = [k+keu—ku], andr = [h(1—s, —v)+Sp|n.

Proof. (=). By Theorem 4.1, (i) of Corollary 4.5 is valid. By Corollary
3.4, the j* entry in the h-translatable sequences of (Q,*) and (Q,e) is
Uyt (j—d)kt] and Ay (G ikl respectively, where x = [k + kct — kt],, and
y = [k + keu — ku)],. Note that the h-translatable sequence of (Q,e),
b, .. b, satisfies b} = Ay (j ikl Then, Theorem 4.1 (i7) implies
(Sapesi;—aing,) = (Optin),)'s where v = [A(1 — s, — ) + sy]n. Therefore,
(73) of Corollary 4.5 is valid.

(«=). This follows from (<) of Theorem 4.1. O

Example 4.6. Let (Q,-) be the quasigroup determined by the following
Cayley table.

U= N B W=
N = W Ut DN
W U= N W
[ RN JUIN S I
= W Ot = DN Ot

QU = W DN = -

Then (Q, -) is 3-translatable with respect to the natural ordering, with 3-
translatable sequence a; = 3, a2 = 1, a3 = 4, a3 = 5 and a5 = 2. Using
Corollary 3.4, we now construct a quasigroup (@, *) that is 3-translatable
with respect to the natural ordering, is an isotope of (@, -) and is not iso-
morphic to (@, -).

Firstly, we want 5 * 5 = 5. This ensures that (Q,*) and (Q,-) are not
isomorphic, because (@, -) has no idempotent elements. Now, since we want
(Q, %) to be 3-translatable with respect to the natural ordering, in Corollary
3.4 we have ¢’ = ¢ for all ¢ € {1,5}.
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Then, since we want h = k, 1% ¢ = 1% q = ap,, where x4 = [r + (¢ —
Dkkt]s = [r + (¢ — )t]s and r = [k — ket — kt + (1 — d)kkt]s. Choosing
c=5andd=1wegetr=1[3—-3t]; and z; = [3—3t+ (¢ — 1)t] — 5.
But, since (Q, %) is 3-translatable and 5 * 5 = 5, by Corollary 3.4, we have
13 =1%3=as, =5=ay. Hence, 23 =4=[3-3t+ (3 —1)t]s = [3—1]5
and t = [—1]s =4 and r = [3 — 3t]5 = 1.

This gives 4 = [1 + (¢ — 1)4]5 and so, z1 = 1, 3 = 5, 4 = 3 and
x5 = 2. Therefore, by Corollary 3.4 again, the 3-translatable sequence of
Q,*) is a1, as, a4, as,az or 3,2,5,4,1. This gives the following Cayley table
for (Q, *).

T W N | %
BN = Ot o =
= Ot W s NN
Wk N = oYW
N = O W |
QL W = DN —=| Ut

Using (<) of Corollary 3.4, we see that a([c +i]5) = @i’ = ai = [it]s =
[4i)s = B([1 +4J5) = B[i + 1]5. This gives al = 4 = 62, a2 = 3 = 33,
a3 =2 =04, a4 =1 = 5 and ab = 5 = (1. One easily checks that
ixj = «i-fj for all i,j5 € {1,5}. Therefore, (Q,x) is the required 3-
translatable isotope of (@, -).
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