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Applications of ()-large pseudo N-injective acts
in quasi-Frobenius monoid theory

and its relationship with some classes of injectivity

Shaymaa Amer Abdul-Kareem and Ahmed A. Abdulkareem

Abstract. The aim of this paper is to review thoroughly the applications of [)-large
pseudo N-injective acts in quasi-Frobenius monoid theory, and therefore, the relationship
of (-large pseudo N-injective acts with some class of injectivity is studied. Applications
of the properties of [)-large pseudo injective acts in quasi-Frobenius monoid theory are
proven. Also, it’s proved that the subsequent parity, every union (direct sum) of the
two (-large pseudo injective acts is a [)-large pseudo injective act if and only if every
(N-large pseudo injective act is injective under Noetherian condition for a right monoid
S. Additionally, we proved that the category of strongly ()-large pseudo N-injective right
S-acts are going to be egalitarian to the category of projective right S-acts under monoid
conditions. The connections between quasi injective and ()-large pseudo injective acts

are investigated.

1. Introduction

Acts over semigroups appeared and were utilized in a spread of applica-
tions like graph theory, combinatorial problems, algebraic automata theory,
mathematical linguistics, the theory of machines, and theoretical comput-
ing. In a semigroup theory, it represents semigroups as semigroups of func-
tions from a set to itself such it’s almost like to Cayley’s theorem [10]. This
suggests that a semigroup action consists of a semigroup S, a set A, and
a mapping of the elements of the semigroup S to functions from the set A
to itself. Thereby in any mathematical structure on a set, the collection
gathering of structure-preserving maps of the set to itself is an example
of an abstract algebraic object called a semigroup. On the opposite hand,
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if you're given an abstractly defined semigroup, when can it’s represented
as a semigroup of maps of a mathematical structure? One can say that
it’s represented by actions. As for the monoid, the action is a functor from
that category to an arbitrary category. It’s well-known that a really natural
concept and important tool within the study of monoids is that the idea of
getting monoids working on certain (finite) sets. This provides how to show
any monoid into a (finite) transformation monoid. Additionally, a monoid
action is in contrast to group operations where a monoid action often comes
with a natural grading which will be wont to perform certain calculations
more efficiently. Due to the importance of the unit, it’s rather thought of a
semigroup as a “monoid apart from unit,” instead of the standard way of a
monoid as a “semigroup with unit” [10].

Now, during this paper, S means a monoid with zero elements 0 and
each right S-act M is unitary with zero elements © which is denoted by
Mg. It’s possible to seek out the S-act in many names mentioned as S-acts,
S-sets, S-operands, S-polygons, transition acts, S-automata [10]. Note that
we’ll use terminology and notations from [1, 2, 3, 4, 5, 8, 13, 15| freely. For
more information about S-act we refer the reader for [9, 10, 12, 17].

A right S-act Mg with zero is a non-empty set with a function f from
M x S into M such (m,s) — ms and therefore, the following conditions
hold

(1) m(st) = (ms)t for all m € M and s,t € S,

(2) m1 = m, where 1 is that the identity element of S,

(3) m.0 = 0, where 0 is the zero element of S.

A subact N of an S-act Mg is a non-empty subset of M such that xs € N
for all z € N and s € S. A subact N of Mg is called large (or essential) in
Mg if and only if any homomorphism f : Mg — Hg, where Hg is any S-act
with restriction to N is one to at least one, then f is itself one to at least one.
During this case, we are saying that Mg is an important extension of N. A
non-zero subact N of Mg is intersection large if for all non-zero subact A of
Mg, AN # O, and will be denoted by N is ()-large in Mg [7]. A non-zero
S-act Mg over a monoid S is called [)-reversible if every non-zero subact of
Mg is ()-large. A monoid S is called (-reversible if Sg is [-reversible S-act
[19]. An equivalence relation p on a right S-act Mg is a congruence relation
if and only if apb implies that aspbs for all a,b € Mg and s € S.

An S-act Ag is called injective if for every monomorphism o : Cg—Bg
and every S-homomorphism 3 : Cg—>Ag, there exists an S-homomorphism
o : Bg—Ag such ca = [ [11]. Let Mg, Ng be S-acts. Ng is pseudo M-
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injective if for each S-subact A of Mg, each S-monomorphism f: A — Ng
is often extended to an S-homomorphism g : Mg — Ng. An S-act Ng is
pseudo injective if it’s pseudo N-injective. An S-act Mg is ()-large pseudo N-
injective if for any [}-large subact X of N, any monomorphism f : X — Mg
is often extended to some g : N — Mg. Mg is ()-large pseudo injective if
M is [)-large pseudo M-injective.

2. Applications of ()-large pseudo injective acts

Let N be a simple subact of an S-act Mg. Then Socy(Mg) is called a homo-
geneous component of Soc(Mg) containing N. Thus

Socy (Mg) = U{X be subact of Mg: X = N}.

Definition 2.1. Let S be a moniod and A be a class of S-acts, A is called
socle fine whenever for any Mg, Ng € A, we have Soc(Mg)=Soc(Ng) if and
only if MsgNs.

An S-act Mg is Noetherian if every subact of Mg is finitely generated.
A monoid S is a right Noetherian if Sg is Noetherian. Equivalently, S is a
right Noetherian if and only if S satisfies the ascending chain condition for
right ideals.

An S-act Mg is projective if for every S-epimorphism g from S-act Ag
into S-act Bg and each homomorphism A from Mg into Bg, there’s a homo-
morphism f from Mg into Ag such that go h = f.

Definition 2.2. A monoid S is quasi-Frobenius if and only if S satisfies any
of the following equivalent conditions:

1. S is Noetherian on one side and self-injective on one side.

2. S is Artinian on a side and self-injective on a side.

3. All right (or all left) S-acts that are projective are also injective.

4. All right (or all left) S-acts that are injective are also projective.

For example, every semisimple monoid is quasi-Frobenius, since all acts
are projective and injective. We denote by SL the category of strongly (-
large pseudo N-injective right S-acts, by PR the category of projective right
S-acts and E is the injective hull.

Theorem 2.3. The following conditions are equivalent for a monoid S.
(1) S is quasi-Frobenius.
(2) The class PR |J SL is socle fine.
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Proof. (1)=(2). If S is quasi-Frobenius, then projective S-acts are injective.
Thus, PR |J SL=SL.

Let Mg, Nge SL with Soc(Mg)=Soc(Ng) Then E(Soc(Mg))=E(Soc(Ng)).
Since S is right Artinian, Soc(Mg) is a ()-large subact of Mg and Soc(Ng)
is a [)-large subact of Ng. Hence, E(M) =E(N). Then, by Proposition 2.7
in [6], we obtain Mg=Ng. Thus the class PR |J SL is socle fine.

(2)=-(1). Let P be a projective right S-act. Then P € PR, E(P) € SL
and Soc(P)=Soc(E(P)). By (2), we get P~ E(P) and hence, P is injective.
It follows that S is quasi-Frobenius. O

Theorem 2.4. The following conditions are equivalent for a monoid S.
(1) S is semisimple.
(2) The class of all ()-large pseudo injective acts is socle fine.
(3) The class SE is the socle fine.

Proof. (1)=(2) since over every semisimple monoid S in the class of all
S-acts is socle fine.

(2)=-(3). It is clear.

(3)=-(1). Clearly Soc (E(Sg))=Soc(Soc(Sg)). Since E (Sg) and Soc(Sg)
are ()-large pseudo injective, we obtain E(Sg)=Soc(Sg) by (3). It implies
that E(Sg) is semisimple and so S is semisimple. O

3. [)-large pseudo N-injective and injective acts

Recall that Soc(Mg) represents all [}-large subacts of Mg and it’s mentioned
as Soc(Mg ) := ({X|X is () —large subact of Mg}. Also, Socy (Ms)
represents the homogeneous component of Soc(Mg) containing N where N
is a simple subact of an S-act Mg. Thus,

Socy (Mg) :=|J{X be subact of Mg: X = N }.

Definition 3.1. An S-act Mg is referred to as strongly ()-large pseudo
injective if, Mg is [)-large pseudo N-injective for all right S-act Ng.

Recall that an ordered groupoid S is called Artinian if S satisfies the
descending chain condition for ideals.

Lemma 3.2. Let Mg and Ng be S-acts and Mg be (-reversible. Then, Ng
is an injective S-act if and only if Ng is ()-large pseudo M-injective for all
Msg.
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Proof. By Proposition 2.10(3) in [13], if Ng is [}-large pseudo M-injective for
all Mg, then every S-monomorphism f : Ng — Mg is essential since f(N)
is (-large in Mg. So, it’s split for all S-acts Mg, thus Ng is injective. ]

Recall that a proper subact N of an S-act Mg is mazimal if for every
subact K of Mg with N C K C Mg implies either K = N or K = Mg.

Definition 3.3. Mg is called a V-act (or cosemisimple) if every proper
subact of Mg is an intersection of maximal subacts. S is called a V-monoid
if the right act Sg is a V-act.

It is well known that Mg is a V-act if and only if every simple act is
M-injective.

Theorem 3.4. Let S is a right Noetherian monoid. Then

(1) Every direct sum of two (-large pseudo injective acts is ()-large
pseudo ingective if and only if every ()-large pseudo injective is
mjective.

(2) Essential extensions of semisimple right S-acts are ()-large pseudo
injective if and only iof S is right V-monoid.

Proof. (1). Assume that the act Mg is [)-large pseudo injective(this means
that Mg is ()-large pseudo M-injective), S is a right Noetherian monoid
and E(M) is injective envelope of Mg. Then, since E(M) is injective, so,
it’s [-large pseudo injective and by assumption (Every direct sum of two
(-large pseudo injective acts is [)-large pseudo injective) Ng=MgEPE(M)
is (-large pseudo injective. Consider the injection maps jj:Mg—E(M),
jo : E(M)—Mg@PEM), js: Mg—MgPE(M) and the identity map I/ :
Mg—Mg. Let mp: Ms@PE(M)—Mg be the projection map such that
7 o ja=In. Now Mg@PE(M) is [)-large pseudo injective, so this implies
there exists an S-homomorphism ¢ : Mi@E(M) —M;@PE(M) such that
goj20j1=jsoIn, then mprogojs o j1= mar 0 jz o Ins.

Thus, Ip;=mprogojs 0 j1, so that f =mpr0g0js and then Ipy=foj;. There-
fore, Mg is a retract of E(M) and then it is injective. For the converse, let
Mg and Ng be two [)-large pseudo injective S-act. By hypothesis Mg and Ng
are injective which implies that the direct sum of any two injective S-acts is
injective whence S is Noetherian monoid [15] and then every injective act is
(large pseudo injective. Therefore, the direct sum of two ()-large pseudo
injective is [)-large pseudo injective.
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(2). Let Mg be a semisimple act. Then Mg®E(M) is an essential ex-
tension of a semisimple act. It follows that Mg®E(M) is an [)-large pseudo
injective act and so by (1) Mg is injective. Thus, S is a right V-monoid and a
right Noetherian monoid. The converse is obvious because every semisimple
right S-act is injective. O

Proposition 3.5. Let Mg be an S-act and {N;|i € I} be a family of S-
acts. Then [[;c; Ni is (\-large pseudo M-injective if and only if Nj is ()-large
pseudo M-injective for every i € I.

Proof. (=). Assume that Ng= [[;c; N; is [)-large pseudo M-injective,
where Mg is an S-act. Let X be a [)-large subact of Mg and f be S-
monomorphism from X to Nj. Since Ng is a ()-large pseudo M-injective act
then there exists an S-homomorphism g : Mg——Ng such that goi = j; 0 f,
where i is the inclusion map of X into Mg and j; is the injection map of N;
into Ng. Define h : Mg—N;j such that h = m; o g where m; is the projection
map from Ng onto Nj. Then hoi =mjogoi =moj;of = f. That is
for all = € X, h(z) = h(i(z)) = m(g(x)) = m(g(i(x))) = m(is(f(2)) =
(mi 0 4i)(f(z)) = f(x). Figure 1 illustrates this:

X —i—>Ms
B L)

N{ ; g

Figure 1: Tllustrate that Ng is a [)-large pseudo M-injective.

(«). Assume that Nj is [)-large pseudo M-injective for each i € I, where
Mg is an S-act. Let A be a [)-large subact of Mg, f be S-monomorphism
from A to Ns = [[;c; Ni. Since N; is [)-large pseudo M-injective, there exists
an S-homomorphism §; : Mg—Nj, such that 5;0¢ = m;0 f. Then, we claim
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that there exists an S-homomorphism S : Mg—Ng such that g;=m; o .
We claim that foi = f. Since §; 01 =m; 0501, then m;0 f =m; 08014, so
we obtain f = B o4. Figure 2 explains this:

f

Figure 2: Clarifies that Nj is ()-large pseudo M-injective act.

Therefore Ng is [)-large pseudo M-injective. O

Corollary 3.6. Let Mg and N; be S-acts, where i € I and I is a finite
index set. Then, for every i, N; is [)-large M-pseudo injective if and only if
;| N; is (-large M-pseudo injective.

Proposition 3.7. Let Mg be a ()-large subact of M}. Mg is()-large pseudo
injective for any finite integer n, if and only if Mg is ()-large pseudo M-
injective (this means Mg is ()-large pseudo injective).

Proof. Let Mg be [)-large pseudo injective. Since Mg is a [)-large subact of
M¢, so by Proposition 3.4 in [15], Mg is (}-large pseudo M-injective. As Mg
is retract of Mg, for this reason, and by Lemma 3.3 in [15], Mg is [)-large
pseudo M-injective. Conversely, if Mg is ()-large pseudo M-injective, then
by Proposition 3.5, Mg is ()-large pseudo M-injective. O

Every pseudo N-injective act is [}-large pseudo N-injective. The subse-
quent proposition answers the question: When the converse is true?

Proposition 3.8. For a ()-reversible act Ng the following conditions are
equivalent:
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(a) Mg is pseudo N-injective;
(b) Mg is ()-large pseudo N-injective.

Proof. (a) = (b). Follows from the definition.

(b) = (a). Let Mg be [-large pseudo N-injective, A be any subact of Ng.
Let f: A — Mg be any monomorphism and a : A—Ng be the inclusion
map. Ng being [)-reversible implies « is an essential monomorphism. Since
Mg is [)-large pseudo N-injective, there exists h € Hom(N, M) such that
f = hoa. Hence Mg is pseudo N-injective. O

Each quasi injective act is ()-large pseudo injective, but the converse
is not true in general. The subsequent theorem gives the condition for the
converse to be correct.

An S-act Hg is called cog-reversible if each congruence p on Hg with
p # Ip is large on Hg.

Theorem 3.9. Let Mg be a cog-reversible nonsingular S-act with Jar(s) =
© for each s € S and Mg be ()-reversible. Then Mg is ()-large pseudo
injective if and only if Mg is quasi injective act.

Proof. Let A be a subact of an S-act Mg and f be a nonzero S-homomorphism
from A into Mg. Since Mg is ()-reversible, so A is [)-large subact of
Mg. If f is an S-monomorphism, then there is nothing to prove. So as-
sume f is not an S-monomorphism. Since E(M) is injective, then E(M)
is an M (respectively E(M))-injective. Thus, there is an S-homomorphism
h : Ms — E(M) such that howq = wy o f, where wy (respectively
wyr) is the inclusion mapping of A (respectively Mg) into Mg (respec-
tively E(M)). Again there is an S-homomorphism ¢ : E(M) — E(M)
such that g o wpr = h. Then either ker(h) = Ip or ker(h) # Ipr. If
ker(h) = Ips, then h is an S-monomorphism. The Largeness of Mg in
E(M) implies that ¢ is an S-monomorphism, so g(Mg) C Mg by The-
orem 3.6 in [13]. Thus, A(Mg) C Mg which is extension of f, since
h(A) = howa(A) = wy o f(A) = f(A). If ker(h) # I, then ker(h)
is large on Mg, so Mg/ker(h) is singular. But Mg /ker(h) = h(M) C Mg,
so Mg/ker(h) is nonsingular. These two cases imply that ker(h) = M x M.
This implies that h (and hence f) is a zero map. O

The subsequent theorem illustrates that M; and Mgy are quasi injec-
tive acts whence the direct sum is [)-large pseudo injective by using some
conditions.
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Theorem 3.10. Let My and My be ()-reversible S-acts such that M; is (-
large in My @ Ms for eachi = 1,2. If M1 @ Mo is (-large pseudo injective,
then M1 and My are quast injective acts.

Proof. Let A be a subact of My and f: A — M be an S-homomorphism.
Then, by assumption M; is ()-reversible S-act, so A is [)-large in M; and
then in M;Ms. Define o : A — M1 @ M2 by a(a) = (f(a),a), Va € A.
Then « is an S-monomorphism. By Theorem 3.4, M; @M, is [)-large M-
pseudo injective, so there exists an S-homomorphism 3 : M;—M;PM,
such that foi=«a. Now, let j; and 7 be the injection and projection map
of My into M; @Mz and M1@PM; onto M. Then, o = mSL) M;—M;
be an S-homomorphism that extends f, this means i =m fi =m j1f =
Ing, f = f, which implies o7 = f. O

| ¥ o LA
o | Ml = ‘B
\ i my/
M,y = M,

Figure 3: Explains that M;@Ms is [)-large M;-pseudo injective act.

Proposition 3.11. (cf. [6]) Let Mg be an S-act and {N;|i € I} be a family
of S-acts. Then [[,c; N; is M-injective if and only if N; is M-injective for
alli e I.

Corollary 3.12. For any integer n > 2, let Mg be [ \-reversible and a cog-
reversible nonsingular S-act with Jar(s) = © for each s € S. Then Mg is
(-large pseudo M-injective if and only if Mg is quasi injective.

Proof. If Mg is ()-large pseudo injective, then by Theorem 3.4 Mg is (-
large pseudo M-injective. Then, by Lemma 2.3 in [13], Mg is ()-large pseudo
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M-injective. Since Mg is a cog-reversible nonsingular S-act, so by Theorem
3.10, Mg is quasi injective act. Conversely, if Mg is quasi injective act,
then by Proposition 3.11, M is quasi injective and in particular, is [)-large
pseudo M-injective. d

Proposition 3.13. Let Mg=D,.; M; be a direct sum of a cog-reversible
non-singular with Jpr(s) = © for each s € S and (-reversible S-acts M;.
An S-act Mg is quasi injective if and only if it is ()-large pseudo injective.

Proof. Let Mg be a [-large pseudo injective S-act. This means that Mg
is (-large pseudo M-injective, so by Proposition 2.4 in [13|, M;j is [)-large
pseudo M-injective, Now, each Mj is (}-large pseudo M-injective act, so by
Theorem 3.9, each M; is quasi injective. Therefore, by Proposition 3.11 Mg
is quasi injective. The rest is obvious. O
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