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Generalized Green’s relations
and GV -ordered semigroups

Shauli Sadhya and Kalyan Hansda

Abstract In this paper an extensive study of the concepts of generalized Green’s relations and
GV -semigroups without order to ordered semigroups have been given. Our approach allows
one to see the nature of generalized Green’s relations in the class of GV -ordered semigroups.
Moreover we show that an ordered semigroup S is a GV -ordered semigroup if and only if S is a
complete semilattice of completely π-regular and Archimedean ordered semigroups.

1. Introduction and preliminaries

An ordered semigroup S is a partially ordered set (S,6) and at the same time a
semigroup (S, ·) such that for all a, b and c ∈ S, a 6 b implies ac 6 bc and ca 6 cb.
It is denoted by (S, ·,6). For an ordered semigroup S and H ⊆ S, denote the
downward closure of H by (H] = {t ∈ S : t 6 h, for some h ∈ H}. Throughout
this paper S will stand for an ordered semigroup unless otherwise stated.

An ordered semigroup S is said to be Archimedean if for every a, b ∈ S there
exists n ∈ N such that an ∈ (SbS]. A nonempty subset I of S is said to be
a left (resp. right) ideal of S, if SI ⊆ I (resp. IS ⊆ I) and (I] ⊆ I. If I is
both a left and right ideal, then it is called an ideal of S. We call S a (resp.
left, right) simple ordered semigroup if it does not contain any proper (resp. left,
right) ideal. We denote by R(x), L(x), I(x) the right ideal, left ideal, ideal of S,
respectively, generated by x (x ∈ S), where R(x) = (x ∪ xS], L(x) = (x ∪ Sx],
I(x) = (x ∪ xS ∪ Sx ∪ SxS] for all x ∈ S. For an ordered semigroup (S, ·,6), we
denote S1 = S ∪ {1}, where 1 is a symbol, such that 1a = a, a1 = a for each
a ∈ S and 1 ·1 = 1. An ordered semigroup S is said to be regular (resp. completely
regular) ordered semigroup if for every a ∈ S, a ∈ (aSa] (resp. a ∈ (a2Sa2]). An
ordered semigroup S is called π-regular (resp. completely π-regular) if for every
a ∈ S there is m ∈ N such that am ∈ (amSam] (resp. am ∈ (a2mSa2m]). The set
of all regular, completely regular and π-regular elements in an ordered semigroup
S are denoted by Reg6(S), Gr6(S) and πReg6(S) respectively.

The class of completely regular ordered semigroups is a subclass of the class of
regular ordered semigroups. Galbiati and Veronesi [3] studied class of semigroups
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(without order), where these two notion coincides. These semigroups are named af-
ter them as GV -semigroups. In this paper we extend the notion of GV -semigroups
to ordered semigroups.

In a semigroup (without a partial order) Green’s relations use to play a signif-
icant role to study regular semigroups. Following L. Marki, O. Steinfeld [10] and
J.L. Galbiati, M.L. Veronesi [3] we generalized Green-Kehayopulu relations [7], to
study π-regular, completely π-regular and GV -ordered semigroups.

Due to Kehayopulu [7] Green’s relations on a regular ordered semigroup given
as follows: aLb if L(a) = L(b), aRb if R(a) = R(b), aJ b if I(a) = I(b), H = L∩R.

These four relations L,R,J , and H are equivalence relations.

A congruence ρ on S is called asemilattice congruence if for every a, b ∈
S, a ρ a2 and ab ρ ba. By a complete semilattice congruence we mean a semi-
lattice congruence σ on S such that for a, b ∈ S, a 6 b implies that a σ ab. If σ
is a semilattice congruence on S, then (x)σ is a subsemigroup for any x ∈ S. An
ordered semigroup S is called a complete semilattice of subsemigroups of type τ if
there exists a complete semilattice congruence ρ such that each ρ-congruence class
(x)ρ is a type τ subsemigroup of S. Equivalently [9], there exist a semilattice Y
and a family of subsemigroups {Sα}α∈Y of type τ of S such that:

1. Sα ∩ Sβ = φ for any α, β ∈ Y with α 6= β,

2. S =
⋃
α ∈ Y Sα,

3. SαSβ ⊆ Sα β for any α, β ∈ Y,

4. Sβ ∩ (Sα] 6= φ implies β � α, where � is the order of the semilattice Y

defined by �:= {(α, β) | β = α β (β α)}.

An element e ∈ S is called an ordered idempotent [5] if e 6 e2. We denote the
set of all ordered idempotents of an ordered semigroup S by E6(S). An element
b ∈ S is inverse of a ∈ S if a 6 aba and b 6 bab. We denote the set of all ordered
inverses of an element a of an ordered semigroup S by V6(a).

The zero of an ordered semigroup (S, ·,6) is an element of S, usually denoted
by 0, such that 0 6 x and 0.x = x.0 = 0 for all x ∈ S. An ordered semigroup S
with 0 is called nil if for every a ∈ S there is n ∈ N such that an = 0.

Cao and Xu [4] defined a nil-extension of an ordered semigroup as follows:

Let I be an ideal of an ordered semigroup S. Then (S/I, ·,�) is called the
Rees factor ordered semigroup of S modulo I, and S is called an ideal extension
of I by the ordered semigroup S/I. Moreover S is said to be a nil-extension of I
if (S/I, ·,�) is a nil ordered semigroup.
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2. Main results
Let S be a π-regular ordered semigroup. Following Galbiati and Veronesi [3], let
us define the relations L∗,R∗,J ∗,H∗ by: For a, b ∈ S,

aL∗b if and only if amLbn

aR∗b if and only if amRbn

aJ ∗b if and only if amJ bn and H∗ = L∗ ∩R∗

where m,n are the smallest positive integers such that am, bn ∈ Reg6(S). These
four relations are equivalence relations on S.

We denote L∗(a),R∗(a),H∗(a), and J ∗(a) respectively the L∗,R∗,H∗, and J ∗-
classes containing an element a of S.

Lemma 3.1. Let S be a π-regular ordered semigroup. Every L∗ (R∗, J ∗)-class
contains at least one ordered idempotent.

Proof. Let L be a L∗-class and a ∈ L. Let m be the smallest positive integer
such that am 6 amxam, for some x ∈ S. This implies xam 6 (xam)2. Therefore
xam ∈ E6(S). We have to show that aL∗xam. Let y = xam. Now am 6
amxam 6 amxamxam 6 am(xam)2, so that for every r ∈ N, a 6 am(xam)r. Let
am 6 am(xam)r1 , where r1 is the smallest positive integer such that (xam)r1 ∈
Reg6(S). Now yr1 = xam . . . xamxam(r1 times) = (xam . . . x)am = pam where
p = xam . . . x ∈ S. Therefore amLyr1 . Therefore yL∗(a). This implies xam ∈ L.
Therefore L contains an ordered idempotent.

Proposition 3.2. Let S be a π-regular ordered semigroup and a, b ∈ S. Then the
following statements hold in S:

(1) aL∗b if and only if there exists a′ ∈ V6(a
p) and b′ ∈ V6(b

q) such that
a′apLb′bq where p, q are the smallest positive integers such that ap, bq ∈
Reg6(S).

(2) aR∗b if and only if there exists a′ ∈ V6(a
p) and b′ ∈ V6(b

q) such that
apa′Rbqb′ where p, q are the smallest positive integers such that ap, bq ∈
Reg6(S).

(3) aH∗b if and only if there exists a′′ ∈ V6(a
m) and b′′ ∈ V6(b

n) such that
a′′amLb′′bn and ama′′Rbnb′′ where m,n are the smallest positive integers
such that am, bn ∈ Reg6(S).

Proof. We proof only the last condition. Two first conditions follows similarly.
(3): Let aH∗b. Then amHbn where m,n are the smallest positive integer such

that am, bn ∈ Reg6(S). Since am ∈ Reg6(S) there exists a′ ∈ S such that
am 6 ama′am. Clearly ama′, a′am ∈ E6(S). Let e = a′am and f = ama′. Then
eLam and fRam. So that eL∗aL∗b and fR∗aR∗b. Since bn ∈ Reg6(S) then
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there exists b′ ∈ S such that bn 6 bnb′bn. Let e1 = b′bn and f1 = bnb′. Then
e1, f1 ∈ E6(S). Clearly e1L∗bL∗a and f1R∗bR∗a. Since eL∗a we have e 6 x1a

m

for some x1 ∈ S1. Also am 6 ame and am 6 fam. Say a′′ = ex1f . Then am 6
ame 6 amx1a

m 6 amex1a
m 6 amex1fa

m 6 ama′′am and a′′ = ex1f 6 e(ex1f) 6
e(e)a′′ 6 e(x1a

m)a′′ 6 (ex1)(fa
m)a

′′
6 (ex1f)a

ma′′ = a′′ama′′. Therefore a′′ ∈
V6(a

m). Therefore eLa′′am.
Also e1L∗b gives e1 6 x2b for some x2 ∈ S1. Also bn 6 bne1 and bn 6 f1b

n.
Take b′′ = e1x2f1. Now bn 6 bne1 6 bnx2b

n 6 (bne1)x2b
n 6 bne1x2(f1b

n) 6
bn(e1x2f1)b

n 6 bnb′′bn and b′′ = e1x2f1 6 e1(e1x2f1) 6 e1e1b
′′ 6 e1(x2b

n)b′′ 6
e1x2f1b

nb′′ 6 b′′bnb′′. Therefore b′′ ∈ V6(bn). Therefore e1Lb′′bn. Thus a
′′
amLeLam

LbnLe1Lb
′′
bn. Similarly ama

′′Rbnb′′ . Hence the proof.
Conversely assume that the given conditions hold in S. Since ama′′Rbnb′′ and

a′′amLb′′bn for some a′′ ∈ V6(am), b′′ ∈ V6(bn), then there are x, y, z, w ∈ S1 such
that ama′′ 6 (bnb′′)x, bnb′′ 6 (ama′′)y , a′′am 6 z(b′′bn) and b′′bn 6 w(a′′am).
Since a′′ ∈ V6(a

m), we have am 6 ama′′am 6 (bnb′′x)am 6 bnu, where u =
b′′xam ∈ S. Again am 6 ama′′am 6 am(zb′′bn) 6 w1b

n where w1 = amzb′′ ∈ S.
Similarly taking b′′ ∈ V6(bn) it can shown that bn 6 amw2 and bn 6 w3a

m for
some w2, w3 ∈ S. Therefore amHbn and hence aH∗b.

We now generalize the concept of GV -semigroups (without order) to ordered
semigroups. Some interesting interplays between GV -ordered semigroups and gen-
eralized Green’s relations have been given here.

Definition 3.3. An ordered semigroup S is said to be a GV -ordered semigroup if
S is π-regular and Reg6(S) = Gr6(S).

Example 3.4. The set S = {a, b, c, d} with respect to the multiplication ′·′ and
the order ′ 6′ defined below forms a GV -ordered semigroup.

· a b c d
a a a a a
b b b b b
c b b c b
d a b b d

6s= {(a, a), (a, b), (b, b), (c, b), (c, c), (d, b), (d, d)}.

For an e ∈ E6(S), Bhuniya and Hansda [1] introduced the set

Ge = {a ∈ S : a 6 ea, a 6 ae and e 6 za, e 6 az for some z ∈ S}.

They showed that Ge is a t-simple subsemigroup in a completely regular ordered
semigroup.

Lemma 3.5. Let S be a GV -ordered semigroup. Then for every a ∈ S there exists
e ∈ E6(S) and z ∈ Ge such that am 6 ame, am 6 eam, e 6 zam, and e 6 amz.
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Proof. Let S be a GV -ordered semigroup, then S is π-regular and Reg6(S) =
Gr6(S). Let a ∈ S. Then am ∈ Reg6(S) = Gr6(S) for some m ∈ N. Therefore S
is a completely π-regular ordered semigroup. Therefore by [[11], Lemma 3.7] the
result follows.

Theorem 3.6. Let S be a GV -ordered semigroup. Then Ge ⊆ H∗(e) ⊆ J ∗(e) for
every e ∈ E6(S).

Proof. Let S be a GV -ordered semigroup and e ∈ E6(S). Consider the subsemi-
group Ge and a ∈ Ge, y ∈ V6(a) in Ge. Therefore a 6 ue, a 6 ev, e 6 aw, e 6 za
for some u, v, w, z ∈ Ge and a 6 aya. Now ya 6 (yu)e, ay 6 e(vy), e 6 za 6
(za)ya, e 6 aw 6 ay(aw). Therefore we have yaLe and ayRe. Hence yaLee and
ayRee. Therefore we have aH∗e, by Proposition 3.2. Hence a ∈ H∗(e). Therefore
Ge ⊆ H∗(e).

Next, let a ∈ H∗(e). Then anHe where n is the smallest positive integer such
that an ∈ Reg6(S). Therefore H∗(e) ⊆ J ∗(e). Hence the proof.

Corollary 3.7. Let S be a GV -ordered semigroup. Then for every a ∈ S there is
e ∈ E6(S) such that am ∈ Ge ⊆ H∗(e) ⊆ J ∗(e) for some m ∈ N.

Proof. This follows from Lemma 3.5 and Lemma 3.6.

Corollary 3.8. Let S be a GV -ordered semigroup. Then for every a ∈ S there
exists e ∈ E6(S) such that J ∗(a) = J ∗(e).

Proof. This follows from Corollary 3.7.

Lemma 3.9. Let S be a GV -ordered semigroup. Then for all a ∈ S, J ∗(a) =
J ∗(a2).

Proof. Let S be aGV -ordered semigroup and a ∈ S. Letm be the smallest positive
integer such that am ∈ Reg6(S) = Gr6(S). Then there is x ∈ S such that am 6
a2mxa2m. Let k be the smallest positive integer such that a2k ∈ Reg6(S). Then
k 6 m, as a2m ∈ Reg6(S). Let m = k + t for some t ∈ N. So am 6 a2mxa2m 6
a2mxamam 6 a2mxa2mxa3m 6 a2mxa2ka2txa3m. Also a2k 6 a4kza4k for some
z ∈ S. This implies a2k 6 a4kza4k 6 a2ka2kza4k 6 a2ka4kza4kza4k 6 . . . 6
wamku = wamk−mamu = wam(k−1)amu for some w, u ∈ S. Thus a2k ∈ (SamS].
Therefore aJ ∗a2.

Corollary 3.10. Let S be a GV -ordered semigroup. Then for all a ∈ S, J ∗(a) =
J ∗(am) for all m ∈ N.

Lemma 3.11. Let S be a GV -ordered semigroup. Then for all a, b ∈ S, J ∗(ab) =
J ∗(ba).



166 S. Sadhya and K. Hansda

Proof. Let S be a GV -ordered semigroup and a, b ∈ S. Let m, t be the smallest
positive integers such that (ba)t, (ab)m ∈ Reg6(S). Now (S(ba)tS] = (S(ba)2tS]
as S is a GV -ordered semigroup. Also (S(ba)2tS] ⊆ (S(ab)tS]. If t ≥ m, then
(S(ba)tS] ⊆ (S(ab)tS] ⊆ (S(ab)mS]. If t 6 m, then (ba)t 6 (ba)2tx(ba)2t 6
(ba)2tx(ba)3tx(ba)tx(ba)3t. Proceed on we get (ba)t ∈ (S(ba)rtS] for all r ∈ N. In
particular r = m+1. (S(ba)tS] ⊆ (S(ba)(m+1)tS] ⊆ (S(ba)(m+1)t−(m+1)(ba)(m+1)S]
⊆ (S(ba)(m+1)(t−1)(ba)m+1S] ⊆ (S(ba)m+1S] ⊆ (S(ab)mS]. Similarly we can
prove that (S(ab)mS] ⊆ (S(ba)tS]. Therefore abJ ∗ba.

Lemma 3.12. Let S be a GV -ordered semigroup. Then aH∗an where n is the
smallest positive integer such that an ∈ Reg6(S).

Proof. Let S be a GV -ordered semigroup and a ∈ S. Let n be the smallest positive
integer such that an ∈ Reg6(S) = Gr6(S), as S is a GV -ordered semigroup. Then
there exists a

′ ∈ S such that an 6 a2na
′
a2n 6 . . . 6 aknxakn, for some x ∈ S and

for all k ∈ N. Let r be the smallest positive integer such that (an)r ∈ Reg6(S).
Then there exists a

′′ ∈ S such that (an)r 6 (an)ra
′′
(an)r 6 y1a

n, where y1 =
(an)ra

′′
anr−n ∈ S. Similarly (an)r 6 any2. Also we have an 6 arny3, a

n 6 y4a
rn

for some y3, y4 ∈ S. Therefore anH(an)r, that is, aH∗an.

In the following theorem the class of GV -ordered semigroups have been char-
acterized by their subsemigroups which are both Archimedean and completely
π-regular.

Theorem 3.13. Let S be an ordered semigroup. Then the following conditions
are equivalent:

(1) S is a GV -ordered semigroup,

(2) S is completely π-regular and every H∗-class of S contains an ordered idem-
potent,

(3) S is a complete semilattice of completely π-regular and Archimedean ordered
semigroups,

(4) For all a, b ∈ S, there exist n ∈ N such that (ab)n ∈ ((ab)n+1Sa(ab)n+1],

(5) For all a, b ∈ S, there exist n ∈ N such that (ab)n ∈ ((ab)n+1bS(ab)n+1].

Proof. (1)⇒ (2): Let S be a GV -ordered semigroup. Consider a H∗-class H∗ and
a ∈ H∗. Let m be the smallest positive integer such that am ∈ Reg6(S) = Gr6(S).
Then there exists x ∈ S such that am 6 a2mxa2m. Let e = a2mxa2mxa2m.
Then e = a2mxa2mxa2m 6 a2mxamamxa2m 6 (a2mxa2mxa2m), amxa2m 6
e(a2mxa2mxa2m) = e2. Thus e ∈ E6(S).

Now am 6 a2mxa2m 6 am(a2mxa2mxa2m) = ame and am 6 a2mxa2m 6
(a2mxa2mxa2m)am = eam. Also e = a2mxa2mxa2m = (a2mxa2mxam)am =
yam and e = am(amxa2mxa2m) = amz for some y = a2mxa2mxam and z =
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amxa2mxa2m ∈ S. Therefore am 6 ame 6 amen , am 6 eam 6 enam for
some n ∈ N. And en = e . . . e(n times) = (yam . . . y)am, en = e . . . e(n times) 6
am(z . . . amz). Therefore enHam. Hence eH∗a and therefore e ∈ H∗(a). There-
fore H∗-class contains an ordered idempotent. Since S is a GV -ordered semigroup,
therefore it is completely π-regular.

(2) ⇒ (3): Let a ∈ S. Consider an H∗-class H∗(a). Then there exists an
ordered idempotent e ∈ H∗(a). Therefore en 6 xam, en 6 amy, am 6 uen, am 6
env for some x, y, u, v ∈ S1 and m is the smallest positive integer such that
am ∈ Reg6(S). Since S is completely π-regular, (am)k 6 ((am)k+py2(a

m)k+p)
for all p ∈ N and for some y2 ∈ S, k ∈ N. Now e 6 en 6 xam 6 xaam−1.
So a | e. Therefore e 6 x1ay1 for some x1, y1 ∈ S1. e 6 e2 6 x1ay1e 6
x1ay1e

nen 6 x1ay1e
namy 6 . . . 6 x1ay1(a

m)ky5 for some y5 ∈ S. Therefore
we have e 6 x1ay1a

mk+pmy2a
mk+pmy5 6 x1ay1a

mk+pm−2a2y2a
mk+pmy5. There-

fore a2 | e. Thus S is a π-regular ordered semigroup and for all a ∈ S, e ∈ E6(S),
a | e implies a2 | e. Therefore by [[2], Theorem 4.1], S is a complete semilattice Y
of ordered semigroups {Sα}α∈Y , Sα is a nil-extension of simple and π-regular or-
dered semigroups {Kα}α∈Y . Hence S is a complete semilattice Y of Archimedean
and π-regular ordered semigroups {Sα}α∈Y by [[4], Theorem 3.8]. Since S is
completely π-regular, therefore Sα is also completely π-regular by [[4], Theorem
2.4]. Hence S is a complete semilattice of completely π-regular and Archimedean
ordered semigroup.

(3) ⇒ (1): Let S is a complete semilattice Y of completely π-regular and
Archimedean ordered semigroups Sα, Sα ∈ Y . Then S is π-regular. Let a ∈
Reg6(S). Then a ∈ Sα for some α ∈ Y . Now a 6 axa for some x ∈ Sβ .
Therefore axa ∈ SαSβSα ⊆ Sαβ . Therefore a ∈ (Sαβ ]. Hence Sα ∩ (Sαβ ] 6= φ,
that is α 6 αβ. Therefore α = α(αβ) = α2β = αβ. Therefore Sα = Sαβ .
Again a 6 axa 6 a(xax)a. Now y = xax ∈ SβSαSβ ⊆ Sβα = Sαβ = Sα.
Therefore a ∈ Reg6(Sα). Now let σ be the semilattice congruence. Then a ∈
(a]σ = ((aya)σ] = ((a2y)σ] = ((a2)σ(y)σ] ⊆ LReg6(a)σ ⊆ LReg6(S). Similarly
a ∈ RReg6(S). Therefore a ∈ Gr6(S). Hence S is a GV -ordered semigroup.

(3) ⇒ (4): Let S be a complete semilattice Y of completely π-regular and
Archimedean ordered semigroups Sα, α ∈ Y . Now each Sα is a nil-extension of
simple and completely π-regular ordered semigroupKα, α ∈ Y . Let a, b ∈ S. Then
a ∈ Sα, b ∈ Sβ for some α, β ∈ Y . Therefore ab, ba ∈ Sαβ . Hence (ab)n, (ba)m ∈
Kαβ for some n,m ∈ N. SinceKαβ is ideal, therefore (ab)n, (ab)n+1(ba)m(ab)n+1 ∈
Kαβ . Again sinceKαβ is simple, (ab)n 6 (ab)n+1(ba)m(ab)n+1x(ab)n+1(ba)m(ab)n+1

for some x ∈ Kαβ . Therefore (ab)n ∈ ((ab)n+1Sa(ab)n+1].
(4) ⇒ (3): Clearly S a is completely π-regular ordered semigroup by the

given condition. Assume a, b ∈ S. Then (ab)n ∈ ((ab)n+1Sa(ab)n+1], that is,
(ab)n ∈ (Sa2S] for some n ∈ N. Therefore by [[12], Lemma 3.5], S is a complete
semilattice of Archimedean ordered semigroup. Hence S is a complete semilattice
of completely π-regular and Archimedean ordered semigroup.

(3)⇔ (5) : This is similar to the proof of (3)⇔ (4).
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