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One relator quotients of the Hecke group H(
√

3)

Muhammad Aslam, Abid Ali and Rehan Ahmad

Abstract. One relator quotients of the modular group Γ and of the groups H(
√

2) and
H( 1+

√
5

2
), have been discussed in [3], [5], [9], [10] and [11]. In this paper we obtain one

relator quotients of H(
√

3), by adding an extra relation to the existing ones.

1. Introduction

E. Hecke introduced Hecke groups denoted by H(λq). These are �nitely
generated discrete subgroups of PSL(2, R), generated by transformations
R(z) = −1/z and T (z) = −1/(z +λq), of order 2 and q, respectively, where
λq = 2cos(π/q), q ∈ N, q > 3. The modular group H(λ3) = H(1) =
PSL(2, Z) is the most interesting, important and a well discussed Hecke
group from many aspects as in [3], [5], [6] and [10]. The group for q = 5,
H(λ5) = H(1+

√
5

2 ) has been discussed in [4] and [9]. And many similarities
to the modular group have been observed. Other two interesting groups of
this class are obtained for q = 4 and q = 6. These are denoted by H(

√
2)

and H(
√

3) corresponding to q = 4 and q = 6, respectively. The group
H(
√

3) has been discussed from some aspects in [1] and [11]. One reason
for H(

√
2) and H(

√
3) to be the next most important Hecke groups is that

these are the only, whose elements can be described completely [11]. One
relator quotients of the Hecke groups have been an important aspect of
study of Hecke groups for many mathematicians. For example one can refer
to [3], [5], [9] and [10]. In [11] one relator quotients of H(

√
2) have been a

part of discussion.

In this paper we obtain one relator quotients of the Hecke group H(
√

3).
We have mostly used the same notations as were used in [3], [9] and [10].
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2. One relator quotients of H(
√

3)

H(
√

3) has a presentation 〈a, b : a2 = b6 = 1〉. The e�ect of adding a new
relation to this, is the formation of a new group which is quotient group of
H(
√

3).
By adding another relation w = R(a, b) = 1 in terms of a and b for

a cyclically reduced word w = abε1abε2abε3 ...abεn , where 1 6 εi 6 5, we
obtain one relator quotient of H(

√
3).

Throughout this paper we denote by k the sum of exponents of a in w
and by l the sum of exponents of b in w.

Theorem 2.1. If k = 0 then 1 6 l 6 5 and if k = n then n 6 l 6 5n.

Proof. Immediately follows from the table given at the end.

As in [9], a word w′ is equivalent to w if it can be obtained by cutting
some part of w from the beginning and pasting it to the end in the same
order and vice versa. Let Nk,l be total number of non equivalent cyclically
reduced words w with k and l as de�ned above. Then we have the following
theorem.

Theorem 2.2. Nn,n = Nn,n+1 = Nn,5n = Nn,5n−1 = 1.

Proof. Immediately follows from the table given at the end.

To obtain cyclically reduced words for a given pair of integers k and l,
we have followed the procedure as followed in [9] and [10]. We illustrate it
with an example.

Example 2.3. For k = 4 and l = 11, we obtain the following non equivalent
cyclically reduced words.

ababab4ab5, ababab5ab4, abab4abab5, abab2ab4ab4, abab4ab4ab4,

abab4ab2ab4, abab3ab3ab4, abab3ab4ab3, abab4ab3ab3, ab2ab2ab3ab4,

ab2ab2ab4ab3, ab2ab3ab2ab4, ab2ab3ab3ab3.

Let us consider the �rst word ababab4ab5, other words ab5ababab4, ab4ab5abab
and abab4ab5ab are omitted since these are equivalent to it. We add a re-
lation ababab4ab5 = 1 to the group 〈a, b : a2 = b6 = 1〉. Using all these
relations we simplify as

a = babab4ab5, a = babab4ab5, b = ab5a
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and equivalently we have abab = 1. Thus we get 〈a, b : a2 = b6 = (ab)2 = 1〉
which is �nite presentation of the triangle group ∆(2, 6, 2) and is isomorphic
to D6, of order 12. The following table gives the information for di�erent
pairs of values for k and l.

k l words quotient group abstract structure
0 1 b 〈a, b : a2 = b6 = b = 1〉 C2

0 2 b2 〈a, b : a2 = b6 = b2 = 1〉 infinite group

0 3 b3 〈a, b : a2 = b6 = b3 = 1〉 infinite group

0 4 b4 〈a, b : a2 = b6 = b4 = 1〉 infinite group

0 5 b5 〈a, b : a2 = b6 = b5 = 1〉 C2

1 0 a 〈a, b : a2 = b6 = a = 1〉 C6

1 1 ab 〈a, b : a2 = b6 = ab = 1〉 C2

1 2 ab2 〈a, b : a2 = b6 = ab2 = 1〉 C2

1 3 ab3 〈a, b : a2 = b6 = ab3 = 1〉 C6

1 4 ab4 〈a, b : a2 = b6 = ab4 = 1〉 C2

1 5 ab5 〈a, b : a2 = b6 = ab5 = 1〉 C2

2 2 abab 〈a, b : a2 = b6 = (ab)2 = 1〉 D6

2 3 abab2 〈a, b : a2 = b6 = abab2 = 1〉 C6

2 4 abab3 〈a, b : a2 = b6 = abab3 = 1〉 V4

ab2ab2 〈a, b : a2 = b6 = ab2ab2 = 1〉 infinite group

2 5 abab4 〈a, b : a2 = b6 = abab4 = 1〉 S3

ab2ab3 〈a, b : a2 = b6 = ab2ab3 = 1〉 C2

2 6 abab5 〈a, b : a2 = b6 = abab5 = 1〉 V4 × C3

ab2ab4 〈a, b : a2 = b6 = ab2ab4 = 1〉 infinite group

ab3ab3 〈a, b : a2 = b6 = ab3ab3 = 1〉 infinite group

2 7 ab2ab5 〈a, b : a2 = b6 = ab2ab5 = 1〉 S3

ab3ab4 〈a, b : a2 = b6 = ab3ab4 = 1〉 C2

2 8 ab3ab5 〈a, b : a2 = b6 = ab3ab5 = 1〉 V4

ab4ab4 〈a, b : a2 = b6 = ab4ab4 = 1〉 infinite group

2 9 ab4ab5 〈a, b : a2 = b6 = ab4ab5 = 1〉 C6

2 10 ab5ab5 〈a, b : a2 = b6 = ab5ab5 = 1〉 D6

3 3 ababab 〈a, b : a2 = b6 = ababab = 1〉 infinite group
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k l words quotient group abstract structure
3 4 ababab2 〈a, b : a2 = b6 = ababab2 = 1〉 C2

3 5 ababab3 〈a, b : a2 = b6 = ababab3 = 1〉 S3

abab2ab2 〈a, b : a2 = b6 = abab2ab2 = 1〉 C2

3 6 ababab4 〈a, b : a2 = b6 = ababab4 = 1〉 A4 × C2

abab2ab3 〈a, b : a2 = b6 = abab2ab3 = 1〉 C6

abab3ab2 〈a, b : a2 = b6 = abab3ab2 = 1〉 C6

ab2ab2ab2 〈a, b : a2 = b6 = ab2ab2ab2 = 1〉 infinite group

3 7 ababab5 〈a, b : a2 = b6 = ababab5 = 1〉 S3

abab2ab4 〈a, b : a2 = b6 = abab2ab4 = 1〉 C2

abab4ab2 〈a, b : a2 = b6 = abab4ab2 = 1〉 C2

abab3ab3 〈a, b : a2 = b6 = abab3ab3 = 1〉 S3

ab2ab2ab3 〈a, b : a2 = b6 = ab2ab2ab3 = 1〉 C2

3 8 abab2ab5 〈a, b : a2 = b6 = abab2ab5 = 1〉 C2

abab5ab2 〈a, b : a2 = b6 = abab5ab2 = 1〉 C2

abab3ab4 〈a, b : a2 = b6 = abab3ab4 = 1〉 C2

abab4ab3 〈a, b : a2 = b6 = abab4ab3 = 1〉 C2

ab2ab2ab4 〈a, b : a2 = b6 = ab2ab2ab4 = 1〉 C2

ab2ab3ab3 〈a, b : a2 = b6 = ab2ab3ab3 = 1〉 C2

3 9 abab3ab5 〈a, b : a2 = b6 = abab3ab5 = 1〉 C9 ∼ C6

abab5ab3 〈a, b : a2 = b6 = abab5ab3 = 1〉 C9 ∼ C6

ab2ab2ab5 〈a, b : a2 = b6 = ab2ab2ab5 = 1〉 A4 × C2

abab4ab4 〈a, b : a2 = b6 = abab4ab4 = 1〉 A4 × C2

ab2ab3ab4 〈a, b : a2 = b6 = ab2ab3ab4 = 1〉 C7 ∼ C6

ab2ab4ab3 〈a, b : a2 = b6 = ab2ab4ab3 = 1〉 C7 ∼ C6

ab3ab3ab3 〈a, b : a2 = b6 = ab3ab3ab3 = 1〉 infinite group

3 10 abab4ab5 〈a, b : a2 = b6 = abab4ab5 = 1〉 C2

abab5ab4 〈a, b : a2 = b6 = abab5ab4 = 1〉 C2

ab2ab3ab5 〈a, b : a2 = b6 = ab2ab3ab5 = 1〉 C2

ab2ab5ab3 〈a, b : a2 = b6 = ab2ab5ab3 = 1〉 C2

ab2ab4ab4 〈a, b : a2 = b6 = ab2ab4ab4 = 1〉 C2

ab3ab3ab4 〈a, b : a2 = b6 = ab3ab3ab4 = 1〉 C2
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k l words quotient group structure
3 11 abab5ab5 〈a, b : a2 = b6 = abab5ab5 = 1〉 S3

ab2ab4ab5 〈a, b : a2 = b6 = ab2ab4ab5 = 1〉 C2

ab3ab3ab5 〈a, b : a2 = b6 = ab3ab3ab5 = 1〉 S3

ab2ab5ab4 〈a, b : a2 = b6 = ab2ab5ab4 = 1〉 C2

ab3ab4ab4 〈a, b : a2 = b6 = ab3ab4ab4 = 1〉 C2

3 12 ab2ab5ab5 〈a, b : a2 = b6 = ab2ab5ab5 = 1〉 A4 × C2

ab3ab4ab5 〈a, b : a2 = b6 = ab3ab4ab5 = 1〉 C6

ab3ab5ab4 〈a, b : a2 = b6 = ab3ab5ab4 = 1〉 C6

2 ab4ab4ab4 〈a, b : a2 = b6 = ab4ab4ab4 = 1〉 infinite group

3 13 ab3ab5ab5 〈a, b : a2 = b6 = ab3ab5ab5 = 1〉 S3

ab4ab4ab5 〈a, b : a2 = b6 = ab4ab4ab5 = 1〉 C2

3 14 ab4ab5ab5 〈a, b : a2 = b6 = ab4ab5ab5 = 1〉 C2

3 15 ab5ab5ab5 〈a, b : a2 = b6 = ab5ab5ab5 = 1〉 ∆(2, 6, 3)

4 4 abababab 〈a, b : a2 = b6 = abababab = 1〉 ∆(2, 6, 4)

4 5 abababab2 〈a, b : a2 = b6 = abababab2 = 1〉 C2

4 6 abababab3 〈a, b : a2 = b6 = abababab3 = 1〉 D4 × C3

ababab2ab2 〈a, b : a2 = b6 = ababab2ab2 = 1〉 C6 × S3

abab2abab2 〈a, b : a2 = b6 = abab2abab2 = 1〉 infinite group

4 7 abababab4 〈a, b : a2 = b6 = abababab4 = 1〉 GL(2, 3)

ababab2ab3 〈a, b : a2 = b6 = ababab2ab3 = 1〉 C2

ababab3ab2 〈a, b : a2 = b6 = ababab3ab2 = 1〉 C2

abab2abab3 〈a, b : a2 = b6 = abab2abab3 = 1〉 S3

abab2ab2ab2 〈a, b : a2 = b6 = abab2ab2ab2 = 1〉 C2

4 8 abababab5 〈a, b : a2 = b6 = abababab5 = 1〉 D4

ababab2ab4 〈a, b : a2 = b6 = ababab2ab4 = 1〉 D2

ababab4ab2 〈a, b : a2 = b6 = ababab4ab2 = 1〉 infinite group

abab2abab4 〈a, b : a2 = b6 = abab2abab4 = 1〉 infinite group

ababab3ab3 〈a, b : a2 = b6 = ababab3ab3 = 1〉 GAP4(24, 8)

abab3abab3 〈a, b : a2 = b6 = abab3abab3 = 1〉 infinite group

abab2ab2ab3 〈a, b : a2 = b6 = abab2ab2ab3 = 1〉 D2

abab2ab3ab2 〈a, b : a2 = b6 = abab2ab3ab2 = 1〉 infinite group

abab3ab2ab2 〈a, b : a2 = b6 = abab3ab2ab2 = 1〉 D2

ab2ab2ab2ab2 〈a, b : a2 = b6 = ab2ab2ab2ab2 = 1〉 infinite group
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k l words quotient group structure
4 9 ababab2ab5 〈a, b : a2 = b6 = ababab2ab5 = 1〉 S3 × C3

ababab5ab2 〈a, b : a2 = b6 = ababab5ab2 = 1〉 S3 × C3

abab2abab5 〈a, b : a2 = b6 = abab2abab5 = 1〉 GAP4(48, 33)

ababab3ab4 〈a, b : a2 = b6 = ababab3ab4 = 1〉 C6

ababab4ab3 〈a, b : a2 = b6 = ababab4ab3 = 1〉 C6

abab3abab4 〈a, b : a2 = b6 = abab3abab4 = 1〉 C6

abab2ab2ab4 〈a, b : a2 = b6 = abab2ab2ab4 = 1〉 S3 × C3

abab2ab4ab2 〈a, b : a2 = b6 = abab2ab4ab2 = 1〉 GAP4(48, 33)

abab4ab2ab2 〈a, b : a2 = b6 = abab4ab2ab2 = 1〉 S3 × C3

abab2ab3ab3 〈a, b : a2 = b6 = abab2ab3ab3 = 1〉 C6

abab3ab2ab3 〈a, b : a2 = b6 = abab3ab2ab3 = 1〉 infinite group

abab3ab3ab2 〈a, b : a2 = b6 = abab3ab3ab2 = 1〉 C6

ab2ab2ab2ab3 〈a, b : a2 = b6 = ab2ab2ab2ab3 = 1〉 C6

4 10 ababab3ab5 〈a, b : a2 = b6 = ababab3ab5 = 1〉 D4

ababab5ab3 〈a, b : a2 = b6 = ababab5ab3 = 1〉 D4

abab3abab5 〈a, b : a2 = b6 = abab3abab5 = 1〉 GAP4(24, 8)

ababab4ab4 〈a, b : a2 = b6 = ababab4ab4 = 1〉 GAP4(96, 190)

abab4abab4 〈a, b : a2 = b6 = abab4abab4 = 1〉 infinite group

abab2ab3ab4 〈a, b : a2 = b6 = abab2ab3ab4 = 1〉 infinite group

abab2ab4ab3 〈a, b : a2 = b6 = abab2ab4ab3 = 1〉 D6

abab3ab2ab4 〈a, b : a2 = b6 = abab3ab2ab4 = 1〉 D2

abab3ab4ab2 〈a, b : a2 = b6 = abab3ab4ab2 = 1〉 D6

abab4ab2ab3 〈a, b : a2 = b6 = abab4ab2ab3 = 1〉 D2

abab4ab3ab2 〈a, b : a2 = b6 = abab4ab3ab2 = 1〉 infinite group

ab2ab2ab2ab4 〈a, b : a2 = b6 = ab2ab2ab2ab4 = 1〉 infinite group

abab3ab3ab3 〈a, b : a2 = b6 = abab3ab3ab3 = 1〉 D4

ab2ab2ab3ab3 〈a, b : a2 = b6 = ab2ab2ab3ab3 = 1〉 D6

ab2ab3ab2ab3 〈a, b : a2 = b6 = ab2ab3ab2ab3 = 1〉 infinite group

4 11 ababab4ab5 〈a, b : a2 = b6 = ababab4ab5 = 1〉 C2

ababab5ab4 〈a, b : a2 = b6 = ababab5ab4 = 1〉 C2

abab4abab5 〈a, b : a2 = b6 = abab4abab5 = 1〉 C2

abab2ab3ab5 〈a, b : a2 = b6 = abab2ab3ab5 = 1〉 S3

abab2ab5ab3 〈a, b : a2 = b6 = abab2ab5ab3 = 1〉 C2

abab3ab2ab5 〈a, b : a2 = b6 = abab3ab2ab5 = 1〉 C2

abab3ab5ab2 〈a, b : a2 = b6 = abab3ab5ab2 = 1〉 C2
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k l words quotient group structure
abab5ab2ab3 〈a, b : a2 = b6 = abab5ab2ab3 = 1〉 C2

abab5ab3ab2 〈a, b : a2 = b6 = abab5ab3ab2 = 1〉 S3

ab2ab2ab2ab5 〈a, b : a2 = b6 = ab2ab2ab2ab5 = 1〉 GL(2, 3)

abab2ab4ab4 〈a, b : a2 = b6 = abab2ab4ab4 = 1〉 C2

abab4ab2ab4 〈a, b : a2 = b6 = abab4ab2ab4 = 1〉 C2

abab4ab4ab2 〈a, b : a2 = b6 = abab4ab4ab2 = 1〉 C2

abab3ab3ab4 〈a, b : a2 = b6 = abab3ab3ab4 = 1〉 S3

abab3ab4ab3 〈a, b : a2 = b6 = abab3ab4ab3 = 1〉 C2

abab4ab3ab3 〈a, b : a2 = b6 = abab4ab3ab3 = 1〉 S3

ab2ab2ab3ab4 〈a, b : a2 = b6 = ab2ab2ab3ab4 = 1〉 C2

ab2ab2ab4ab3 〈a, b : a2 = b6 = ab2ab2ab4ab3 = 1〉 C2

ab2ab3ab2ab4 〈a, b : a2 = b6 = ab2ab3ab2ab4 = 1〉 S3

ab2ab3ab3ab3 〈a, b : a2 = b6 = ab2ab3ab3ab3 = 1〉 C2

4 12 ababab5ab5 〈a, b : a2 = b6 = ababab5ab5 = 1〉 GAP4(72, 20)

abab5abab5 〈a, b : a2 = b6 = abab5abab5 = 1〉 infinite group

abab2ab4ab5 〈a, b : a2 = b6 = abab2ab4ab5 = 1〉 infinite group

abab2ab5ab4 〈a, b : a2 = b6 = abab2ab5ab4 = 1〉 infinite group

abab4ab2ab5 〈a, b : a2 = b6 = abab4ab2ab5 = 1〉 GAP4(252, 26)

abab4ab5ab2 〈a, b : a2 = b6 = abab4ab5ab2 = 1〉 infinite group

abab5ab2ab4 〈a, b : a2 = b6 = abab5ab2ab4 = 1〉 GAP4(252, 26)

abab5ab4ab2 〈a, b : a2 = b6 = abab5ab4ab2 = 1〉 infinite group

ab2ab2ab3ab5 〈a, b : a2 = b6 = ab2ab2ab3ab5 = 1〉 (C7 ∼ C6)× C2

ab2ab2ab5ab3 〈a, b : a2 = b6 = ab2ab2ab5ab3 = 1〉 (C7 ∼ C6)× C2

ab2ab3ab2ab5 〈a, b : a2 = b6 = ab2ab3ab2ab5 = 1〉 infinite group

4 13 abab2ab5ab5 〈a, b : a2 = b6 = abab2ab5ab5 = 1〉 C2

ab2abab5ab5 〈a, b : a2 = b6 = ab2abab5ab5 = 1〉 C2

abab5ab2ab5 〈a, b : a2 = b6 = abab5ab2ab5 = 1〉 C2

ab2ab2ab4ab5 〈a, b : a2 = b6 = ab2ab2ab4ab5 = 1〉 C2

ab2ab2ab5ab4 〈a, b : a2 = b6 = ab2ab2ab5ab4 = 1〉 C2

ab2ab4ab2ab5 〈a, b : a2 = b6 = ab2ab4ab2ab5 = 1〉 C2

ab3ab3ab2ab5 〈a, b : a2 = b6 = ab3ab3ab2ab5 = 1〉 S3

ab3ab3ab5ab3 〈a, b : a2 = b6 = ab3ab3ab5ab2 = 1〉 S3

ab3ab2ab3ab5 〈a, b : a2 = b6 = ab3ab2ab3ab5 = 1〉 C2
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k l word quotient group structure
4 14 abab3ab5ab5 〈a, b : a2 = b6 = abab3ab5ab5 = 1〉 D4

ab3abab5ab5 〈a, b : a2 = b6 = ab3abab5ab5 = 1〉 D4

abab5ab3ab5 〈a, b : a2 = b6 = abab5ab3ab5 = 1〉 GAP4(24, 8)

ab2ab2ab5ab5 〈a, b : a2 = b6 = ab2ab2ab5ab5 = 1〉 GAP4(96, 190)

ab2ab5ab2ab5 〈a, b : a2 = b6 = ab2ab5ab2ab5 = 1〉 infinite group

ab4ab4abab5 〈a, b : a2 = b6 = ab4ab4abab5 = 1〉 D2

ab4ab4ab5ab 〈a, b : a2 = b6 = ab4ab4ab5ab = 1〉 D2

ab4abab4ab5 〈a, b : a2 = b6 = ab4abab4ab5 = 1〉 infinite group

ab2ab3ab4ab5 〈a, b : a2 = b6 = ab2ab3ab4ab5 = 1〉 infinite group

ab2ab3ab5ab4 〈a, b : a2 = b6 = ab2ab3ab5ab4 = 1〉 D6

ab2ab4ab3ab5 〈a, b : a2 = b6 = ab2ab4ab3ab5 = 1〉 D2

ab2ab4ab5ab3 〈a, b : a2 = b6 = ab2ab4ab5ab3 = 1〉 D6

ab2ab5ab4ab3 〈a, b : a2 = b6 = ab2ab5ab4ab3 = 1〉 infinite group

ab2ab5ab3ab4 〈a, b : a2 = b6 = ab2ab5ab3ab4 = 1〉 D2

ab3ab3ab4ab4 〈a, b : a2 = b6 = ab3ab3ab4ab4 = 1〉 D6

ab3ab4ab3ab4 〈a, b : a2 = b6 = ab3ab4ab3ab4 = 1〉 infinite group

4 15 ab3ab2ab5ab5 〈a, b : a2 = b6 = ab3ab2ab5ab5 = 1〉 C6

ab2ab3ab5ab5 〈a, b : a2 = b6 = ab2ab3ab5ab5 = 1〉 C6

ab2ab5ab3ab5 〈a, b : a2 = b6 = ab2ab5ab3ab5 = 1〉 C6

ab3ab3ab4ab5 〈a, b : a2 = b6 = ab3ab3ab4ab5 = 1〉 C6

ab3ab3ab5ab4 〈a, b : a2 = b6 = ab3ab3ab5ab4 = 1〉 C6

ab3ab4ab3ab5 〈a, b : a2 = b6 = ab3ab4ab3ab5 = 1〉 infinite group

4 16 abab5ab5ab5 〈a, b : a2 = b6 = abab5ab5ab5 = 1〉 D4

ab2ab4ab5ab5 〈a, b : a2 = b6 = ab2ab4ab5ab5 = 1〉 D2

ab4ab2ab5ab5 〈a, b : a2 = b6 = ab4ab2ab5ab5 = 1〉 D2

ab2ab5ab4ab5 〈a, b : a2 = b6 = ab2ab5ab4ab5 = 1〉 infinite group

ab3ab3ab5ab5 〈a, b : a2 = b6 = ab3ab3ab5ab5 = 1〉 GAP4(24, 8)

ab3ab5ab3ab5 〈a, b : a2 = b6 = ab3ab5ab3ab5 = 1〉 infinite group

ab4ab4ab3ab5 〈a, b : a2 = b6 = ab4ab4ab3ab5 = 1〉 D2

ab4ab4ab5ab3 〈a, b : a2 = b6 = ab4ab4ab5ab3 = 1〉 D2

ab4ab3ab4ab5 〈a, b : a2 = b6 = ab4ab3ab4ab5 = 1〉 infinite group

ab4ab4ab4ab4 〈a, b : a2 = b6 = ab4ab4ab4ab4 = 1〉 infinite group
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k l word quotient group structure
4 17 ab2ab5ab5ab5 〈a, b : a2 = b6 = ab2ab5ab5ab5 = 1〉 GL(2, 3)

ab3ab4ab5ab5 〈a, b : a2 = b6 = ab3ab4ab5ab5 = 1〉 C2

ab4ab3ab5ab5 〈a, b : a2 = b6 = ab4ab3ab5ab5 = 1〉 C2

ab4ab5ab3ab5 〈a, b : a2 = b6 = ab4ab5ab3ab5 = 1〉 S3

ab4ab4ab4ab5 〈a, b : a2 = b6 = ab4ab4ab4ab5 = 1〉 C2

4 18 ab3ab5ab5ab5 〈a, b : a2 = b6 = ab3ab5ab5ab5 = 1〉 D4 × C3

ab4ab4ab5ab5 〈a, b : a2 = b6 = ab4ab4ab5ab5 = 1〉 C6 × S3

ab4ab5ab4ab5 〈a, b : a2 = b6 = ab4ab5ab4ab5 = 1〉 infinite group

4 19 ab4ab5ab5ab5 〈a, b : a2 = b6 = ab4ab5ab5ab5 = 1〉 C2

4 20 ab5ab5ab5ab5 〈a, b : a2 = b6 = ab5ab5ab5ab5 = 1〉 ∆(2, 6, 4)
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