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Fuzzy regular congruence relations on
hyper BC K-algebras

Rajabali Borzooei and Mahmoud Bakhshi

Abstract

In this manuscript, by considering the notion of fuzzy regular congruence
relation on a hyper BCK-algebra, we construct a quotient hyper BCOK-
algebra and then we state and prove some related theorems. Finally, we
state and prove isomorphism theorems on that structure.

1. Introduction

The study of BC'K-algebras was initiated by Y. Imai and K. Iséki |7] in
1966, as a generalization of the concept of set-theoretic difference and propo-
sitional calculi. Since then a great deal of literature has been produced on
the theory of BC K-algebras.

The hyperstructure theory (called also multialgebras) was introduced
in 1934 by F. Marty [11] at the 8th congress of Scandinavian Mathemati-
ciens. Around the 40’s, several authors worked on hypergroups, especially
in France and in the United States, but also in Italy, Russia and Japan.
Hyperstructures have many applications to several sectors of both pure and
applied sciences.

In [10] Y. B. Jun et al. applied the hyperstructures to BC K-algebras,
and introduced the notion of a hyper BC K-algebra which is a generalization
of BC'K-algebra, and investigated some related properties. The notion of
regular congruence relation on hyper BC' K-algebras have been introduced
by R. A. Borzooei et al [6]. In [1], [4] and [5], the authors studied the
fuzzy set theory on hyper BC K-algebras and defined the notion of a fuzzy
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congruence relation on a hyper BC K-algebra. Now, in this paper, we follow
the references and we obtain some results as mentioned in the abstract.

2. Preliminaries

Definition 2.1. By a hyper BCK-algebra we mean a non-empty set H
endowed with a hyperoperation “o” and a constant 0 satisfying the following
axioms:

(HK1) (zoz)o(yoz) < zoy,
(HK2) (zoy)oz=(ro2)oy,
(HK3) zoH < {x},

(HK4) z < y and y < x imply = =y,

for all z,y,2z € H, where * <« y is defined by 0 € x oy and for every
A, B C H, A< B is defined by Ya € A, b € B such that a < b.

Proposition 2.2. [10] In any hyper BCK -algebra H for all x,y,z € H the
following hold:

(1) z < z,

(i1) 0ox = {0},

(iti) zoy <K x,

(tw) xo0={x}.

Definition 2.3. A non-empty subset I of hyper BCK-algebra H is said
to be a (weak) hyper BCK-ideal if (xoy CI) zoy < I and y € I imply
x el

Definition 2.4. Let (Hi,01) and (Hg, 02) be two hyper BC K-algebras and
f: Hi — Hs be a function. Then, f is called

e a homomorphism, if f(x o1 y) = f(z) o2 f(y), for all z,y € Hy,
e an isomorphism, if f is a one-to-one and onto homomorphism.

Note. From now on, in this paper, H denotes a hyper BC' K-algebra.
Definition 2.5. Let © be a binary relation on H and A, B C H. Then,

(i) A©B means that, there exist a € A and b € B such that a©b,

(ii) AOB means that, for all a € A there exists b € B and for all b € B
there exists a € A such that a©b,
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(iii) O is called left (resp. right) compatible if Oy implies that aoxOaoy
(xo0a®yoa), for all a,z,y € H,

(iv) © is called a congruence if it is left and right compatible,

(v) © is called regular if x o y©{0} and y o x0{0} imply xOy, for all
T,y € H.

Theorem 2.6. [6] Let © be a regular congruence relation on H, I = [0]g
and H/I = {I, : x € H}, where I, = [z]e. Then H/I with hyperoperation
“o” and hyperorder “<” which is defined as follows,

Inoly={l,:z€zo0y} , I, <Ilj«— 1€l ol,

is a hyper BC K -algebra which is called “quotient hyper BC K -algebra”.

Definition 2.7. Let p be a fuzzy subset of H. Then for all t € [0, 1], the
level subset py of H is defined by iy = {& € H : u(z) > t}. Moreover, p
satisfies the sup property (inf property), if for each non-empty subset 7" of
X there exists zg € T such that p(zg) = Sug,u(:c) (u(xo) = ;relg,u(:c))

xe

Definition 2.8. Let f : Hy — H> be a homomorphism of hyper BCK-
algebras and i be a fuzzy subset of Hy. Then fuzzy subset f~!(u) of Hy is
defined by f~1(u)(x) = p(f(x)), for all x € Hy.

Definition 2.9. Let H be a hyper BC K-algebra. A function p: H x H —
[0,1] is called a fuzzy relation on H. A fuzzy relation p on H is said to be
a fuzzy equivalence relation if for all z,y € H

plx,z) = sup p(y,z), (Fuzzy reflexive)
(y,2)eH?

p(y,z) = p(x,y), (Fuzzy symmetric)
p(x,y) = sup,cy min(p(z, 2), p(z,y)), (Fuzzy transitive).

Definition 2.10. Let p be a fuzzy equivalence relation on H. Then p is
said to be a

o fuzzy left compatible if for all u € a o x there exists v € a oy and for
all v € a oy there exists u € a o x such that p(u,v) > p(z,y), for all
a,x,y € H.

o fuzzy right compatible if for all z € x o a there exists w € y o a and for
all w € yoa there exists z € x o a such that p(z,w) > p(z,y), for all
a,x,y € H.
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o fuzzy congruence relation if p is fuzzy left and fuzzy right compatible.

Theorem 2.11. [5] Let p be a fuzzy relation on H. If p is a fuzzy congruence
relation on H then for allt € [0,1], pr = {(x,y) € Hx H : p(z,y) >t} # 0,
1s a congruence relation on H. Conversely, if p satisfies the sup property
and for allt € [0,1], pr # 0 is a congruence relation on H, then p is a fuzzy
congruence relation on H.

Notation: By Fr(H), Fg(H) and Fco(H) we mean respectively, the set
of all fuzzy relations, fuzzy equivalence relations and fuzzy congruence re-
lations on H.

3. Quotient structures

Definition 3.1. p € Fr(H) is called fuzzy reqular if for all x,y € H,

p(z,y) > min < sup p(a,0), sup p(b, 0)) :

acxoy beyox

Theorem 3.2. If p € Fr(H) is fuzzy reqular, then each py # () is a reqular
relation on H. Conversely, if p satisfies the sup property and each p; # ()
1s a reqular relation on H, then p is fuzzy reqular on H.

Proof. (<) Let for all s € [0,1], ps # 0 be a regular relation on H. We
first show that p is a fuzzy equivalence relation. Let ¢ = sup(, .)ep? p(y, z).
Since, p satisfies the sup property, then p; # (). Now, since p; is a reflexive
relation, then (z,z) € p; and so p(z,x) >t for all z € H. Hence,

plz,z) < sup p(y,2) =t < p(z, )
(y,2)€H?

and so p(z,z) = sup(, .)em2 p(Y; 2). Thus, p is a fuzzy reflexive relation.
Moreover, it is easy to check that p is a fuzzy symmetric and fuzzy transitive
relation. Therefore, p is a fuzzy equivalence relationon H. Now, let

a€xoy beyox

t = min ( sup p(a,0), sup p(b, 0)> .

Since, p satisfies the sup property, then there exist ag € xoy and bg € yox
such that p(ag, 0) = SUP,e oy £(a,0) > ¢ and p(bo,0) = suPyeyor p(b,0) > ¢
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and so agp:0 and bpp;0. This implies that x o yp {0} and y o xp;{0}. Since,
pt is a regular relation, then xp:y and so

p(x,y) >t =min ( sup p(a,0), sup p(b, 0)) :

a€xroy beyox

Therefore, p is a fuzzy regular relation on H.

(=) Let p be a fuzzy regular relation on H, ¢t € [0,1] and p; # 0. We
first show that p; is an equivalence relation on H. Since, p; is a non-empty
subset of H, there exists y,z € H such that (y,z) € p; and so p(y, z) > t.
Since, for all z € H, p(z,z) = sup(, .yep2 p(Y,2) = t, then (z,z) € py and
so pg is a reflexive relation. It is easy to check that p; is a symmetric and
transitive relation on H. Therefore, p; is an equivalence relation on H.
Now, let z oyp;{0} and yoxp {0}, for z,y € H. Then, there exist a € zoy
and b € y o x such that ap,0 and bp0. Since, p is a fuzzy regular relation
on H, then

o) > min ( sup p(1,0), sup p(0.0) ) > min(p(e,0),(0,0) > 1
uecroy veyox

and so zpry. Hence, p; is a regular relation on H. O

Definition 3.3. Let p € Fr(H). Then for all x € H, the fuzzy subset
py : H — [0, 1] is defined as follows: for all y € H,

pa(y) = p(y, ).

Notation. From now on, in this paper, for all y € H we let

1(y) = po(y)(= p(y,0)).
Lemma 3.4. Let p € Fg(H). Then,
(i) for allx,y € H, pz = py if and only if p(x,y) = SUP (i, ) 2 P(W, 2),
(ii) if t€[0,1] and pr # 0, then [0],, = .

Proof. (i) Let pg = py, for x,y € H. Since, p is a fuzzy reflexive relation,
then

p(r,y) = py(r) = po(x) = p(x,2) = sup p(w, z).
(w,2)eH?
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Conversely, let p(z,y) = sup(yen2 pP(u,v), for z,y € H and w € H.
Since, p is a fuzzy symmetric and fuzzy transitive relation, then

pz(w) = p(w, x) = p(z, w) = min(p(z, y), p(y, w))
= min (Sup(u,v)€H2 p(u,v), p(y, w)) = p(y,w) = p(w, y) = py(w).

Similarly, we can show that py(w) > p,(w). Hence, for all w € H,
pz(w) = py(w) and so pg = puy.

(77) Let « € [0],,. Then, 2p;0 and so u(x) = p(z,0) > t. Hence, x € p;.
Conversely, if « € p; then p(x,0) = p(x) >t and so xp;0. Hence, x € [0],,.
Therefore, [0],, = pu- O

Theorem 3.5. Let p be a fuzzy regular congruence relation on H and

H/p=A{p,:z € H}.

[
(¢]

If a hyperoperation and a hyperorder “<” on H/u are defined as follows:

o © Hy = Paoy = {p: 1 2 € T oY},

Po K fly < [ € flg O [y,
then (H/p, o, ) is a hyper BCK -algebra.

Proof. First we show that a hyperoperation “o” is well-defined. Let py = pty
and gy = p,y. Then, by Lemma 3.4(i),

p(z,z') = sup p(u,z) = p(y,y).
(u,z)€H?

Let t = sup(, .)cn2 p(u, 2). Hence, zpiz’ and ypiy'. Since, by Theorem
2.11, p; is a congruence relation on H, then x o yp;z’ oy and 2’ o ypza’ oy
and so zoypir’ oy’. Now, let p; € pyop,. Then, there exists 2’ € xoy such
that pu, = p,. Since, 2’ € z oy and x o yprx’ oy, there exists w € 2’ oy
such that z'prw and so p(2',w) >t = sup, .)ep2 p(u, 2) = p(2',w). Hence
p(z',w) =t. Since p is a fuzzy equivalence relation, then for all u € H,

fz(u) = per (u) = p(u, Z/) = (zl7u) > min(p(z', w), p(w, u))
— min(t, pluw, u)) = plaw, u) = plut,w) = po(u).
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Conversely, for all u € H,

pw(u) = pu, w) = p(w,u) = min(p(w, '), p(2', u)) = min(p(z', w), p(z', u))
=min(t, p(2', u)) = p(2', u) = p(u, 2) = pr(u) = p=(u).

Hence, p,(u) = py(u), for all w € H and so p, = puy. Since, w € 2’ oy/,
then . = p € i, o gty and o pug 0 piy S pify © gy, Similarly, we can show
that pu), o p1y, C pig 0 pry. Therefore, iz 0 f1y = par 0 f,y.

Now we establish the axioms of a hyper BC'K-algebra.

(HK1) Let p1y € (fz © pt2) © (fty © pr2). Then, there exist pu, € g o ps
and fty € fty o pz such that p, € py o 1y, and so there exists a € uow such
that g, = pg. Since, a € uow C (xoz)o (yoz) K xoy, then there exists
b € z oy such that a < b and so 0 € a ob. This implies that p € g =
fa © fiy = o © fiy © (1 © frw) © (e © py)) S (K 0 p12) © (g © 1)) © (1 © piyy)-
Thus, (ka0 ptz) © (py © pz) < pa © py.

(HK2) Let py € (pz © piy) © p1o. Then, there exists v € (x o y) o z such
that ft, = py. Since, v € (zoy)oz = (xoz)oy then fu, = 1y € ({120 f12) O fiy.
This implies that (pg 0 p1y) © prz € (f1e © p12) © p1y. Similarly, we can show
that (pg o pi2) 0 py C (pa © fiy) © pz. Thus, (ke 0 piy) 0 pz = (pz 0 pz) © fuy.

(HK3) Let p, € pg 0o H/p. Then, there exists p, € H/p such that
fz € fiz © iy and so there exists w € x oy such that p. = p,. Since,
roy K x then w < x and so 0 € woz. Thus, it € fhwor = Hw O by = [z 0 lg.-
This implies that p, < p, and so p, 0 H/p < pig.

(HK4) Let pg < pty and pry < pip. Then, p € pz 0 pry and g € py 0 fig.
Hence, there exist 2z € z oy and w € y o x such that p, = po = pw
and so by Lemma 3.4(i), p(z,0) = sup(yp)cp2 p(a,b) = p(w,0). Let t =
SUD(q,b)e H? p(a,b). Then, zp;0 and wp0. Since, z € xoy and w € y o x,
then z o yp{0} and y o zp{0}. Since, by Theorem 3.2, p; is a regular
relation, hence zpy and so p(z,y) > t = sup e p(a,b) = p(z,y).
Thus, p(z,y) = sup(y)em2 (Y, u) and so by Lemma 3.4(i), pz = py. O

Theorem 3.6. If p is a fuzzy congruence relation on H, then p is a fuzzy
hyper BCK -ideal of H.

Proof. Let x < y, for x,y € H. Then 0 € x oy. Since, x € z o0 and p
is fuzzy left compatible, then p(z) = p(x,0) > p(y,0) = u(y). Now, let
xz,y € H and a € x oy. Since, x € z 00, then p(z,a) > p(y,0) and since p
is fuzzy transitive, then

M((L‘) = p(.’E,O) 2 min(p(xaa)up(av()» > min(p(y,O),p(a,O))
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> min  inf p(0,0),p(,0)) = min  inf uta). )

acxo acxoy

This implies that p is a fuzzy hyper BC K-ideal of H. 0

4. Isomorphism theorems

Theorem 4.1. [6] Let f: H — H' be a homomorphism of hyper BCK -
algebras. Then,

(1) kerf is a hyper BCK -ideal of H,
(13) if © is a regular congruence on H and kerf =1, then H/I ~ f(H).

Theorem 4.2. Let p be a fuzzy reqular congruence relation on H and
t = sup(. wyem2 p(2,w). Then there is a hyper BCK-ideal J of H/p such
that
(/) = Hf .
Proof. Since p is a fuzzy reflexive relation on H, then
p(0,0) = sup p(y,2) =t
(y,2)€H?

and so (0,0) € p; and p satisfies the sup property. Hence, by Theorems
2.11 and 3.2, p; is a regular congruence relation on H. By Lemma 3.4(ii),
[0],, = p+ and so by Theorem 2.6, H/pu; is a hyper BCK-algebra. Let I =
pt. Then, by Theorem 2.6, H/py = H/I = {I, : x € H}, where I, = [z],,.
Now, let ¢ : H/p — H/I be defined by ¢(pz) = Ip. Let pg = py, for
Moy py € H/p. Then, by Lemma 3.4(i), p(z,y) = sup(, w)epn2 p(2,w) = t.
Thus, zpy and so I, = I; i.e. ¥(pg) = ¥(py). This implies that v is
well-defined. Moreover, for all p,, 1, € H/p,

V(e © py) = V(ttzoy) = v({pz 1 2 € xoy}) ={v(p:) : 2 € oy}
={l;:z€xoy}=1I;0l,=1(us)0P(uy)
and so 1 is a homomorphism. Now, let
HaOpy —— xpry

for all x,y € H. Since, p; is a regular congruence relation on H, then © is a
regular congruence relation on H/p, too. Now, we show that kery = [u]e.

po € kerp «— P(py) =1 +— I, =1 ——x €1 =10],
e 2pi0 e P Op — p; € [1o.
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It is clear that % is onto. Therefore, by Theorem 4.1(i7), (H/p)/kery ~
H/p. Now, let J = kertp. Then (H/p)/J ~ H/p and by Theorem 4.1(i),
J is a hyper BCK-ideal of H/p. O

Theorem 4.3. Let p be a fuzzy regular congruence relation on H and
pw ={x € H:p(x)=p()}. Then H/p~ H/u*.

Proof. Let t = pu(0). Since, p is fuzzy reflexive, then t = u(0) = p(0,0) =
SUp(y .yem2 P(Y, 2). Now, we must show that u* = [0],,. Let x € u*. Then,
p(x) = p(0) and so p(z,0) = p(0,0) = t. Hence, zp;0 and so z € [0],,.
Hence, p* C [0],,. Moreover, if z € [0],,, then zp;0; i.e, (2,0) € p; and so
p(z,0) =t = supy yep2 p(y,2) = p(x,0). Thus, p(z,0) =t = p(0,0) and
so pu(x) = p(0); i.e, z € p*. Hence, [0],, C u*. Therefore, [0],, = p* and so
by Theorem 2.6, H/u* is well-defined.

Now, let ¢ : H/u — H/u* be defined by ¢(u,) = I, for all z € H,
where I = p*. By the proof of Theorem 4.2, 9 is an epimorphism. Now,
we show that 1 is one-to-one. For this, let p, € kerty. Then, ¥(u,) = 1
and so I, = I. Hence, x € I = p* and so p(z) = p(0). Since, p is fuzzy
reflexive, then p(z,0) = p(0,0) = sup(, .)cp2 p(y,2) and so by Lemma
3.4(i), pz = po = p1. Hence, keryp = {u} = O0g,» and so H/p~ H/p*. O

Theorem 4.4. (First Isomorphism Theorem)
Let p be a fuzzy reqular congruence relation on H and f : H — H' be an epi-
morphism of hyper BCK -algebras such that u* = kerf. Then H/pu~ H'.

Proof. Let ¢ : H/u — H' be defined by ¢(u,) = f(z), for all x € H. First
we show that ¢ is well-defined. For this, let u, = py, for z,y € H. Then
by Lemma 3.4(i), p(x,y) = sup(. wyem2 p(2, w). Let t = sup(, ,yep2 p(2, W).
Hence, zpry. Since, by Theorem 2.11, p; is a congruence relation on H,
then x o ypy oy and x o zpry o x. Since, 0 € y oy, then there exists
a € oy such that ap;0 and so p(a,0) >t = sup(, ,yepm2 p(2,w) = p(a,0).
Hence, p(a,0) = sup, e m2 p(z, w). Since, p is fuzzy reflexive, then u(0) =
p(0,0) = sup(; en2 p(2,w) = p(a,0) = p(a) and so a € p* = kerf.
Hence, 0' = f(a) € f(xoy) = f(z) o f(y) and so f(z) < f(y). Similarly,
since 0 € x oz, then there exists b € y o x such that b € kerf. Hence,
0 = f(b) € flyox) = f(y) o f(x) and so () < f(x). Thus, f(z) = f(y)
and so ¢ is well-defined. Let iz, 1y € H/p. Then, o(ig 0 py) = @(ftaoy) =
flxoy) = f(x)o f(y) = v(iz) o ¢(iy), and so ¢ is a homomorphism.
Now, let p, € kere. Then f(x) = p(uy) = 0 and so x € kerf = u*; ie.,
p(x) = p(0). Thus, p(z,0) = p(z) = u(0) = p(0,0) = sup(. w)epn2 p(z, w).
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Hence, by Lemma 3.4(i), u, = p and so kerp = {u}. Hence, ¢ is one to
one. Since, f is onto, then ¢ is onto, too. Therefore, ¢ is an isomorphism
and so H/p ~ H'. O

Theorem 4.5. Let f : H — H' be an epimorphism of hyper BC K -algebras,
p and o (resp.) be fuzzy reqular congruence relations on H and H', p and
!/

p (resp.) be fuzzy subsets on H and H' such that p, = f_l(u’f(y)), for all
ye€ H. Then H/p~ H'/u'.

Proof. Let ¢ : H/pu — H'/i/' be defined by ¢(u,) = /‘/f(x)v for all x € H.
Now, let pg = py, for pz, py € H/p and 2 € H'. Since, f is onto, then
there exists z € H such that f(z) = 2’. Hence,

/

Nf(x)(zl) = ,U/f(x)(f(z)) = f_l(//f(x))('z) = pie(2) = ,Uy(z)
= [T W) (2) = Wy (f(2)) = 1y, (2).

/

Thus, ,u’f(x) = Wiy and so ¢ is well-defined. Now, let piz, pty € H/p. Then,

Ptz 0 py) = DHaoy) = Wr(zoy) = Hiw)of) = K@) © Ky = P(Hz) 0 9 (tty),

and this implies that ¢ is a homomorphism. Moreover, since f is onto
then ¢ is onto, too. Now, let ¢(uz) = @(py), for pa, py € H/p. Then
u’f(z) = u’f(y) and so for all z € H,

pa(2) = FH ) (2) = W) (F(2) = Wy (F(2)) = F7H ) (2) = 1y (2).

This implies that ¢ is one-to-one. Therefore, ¢ is an isomorphism and so
H/u~H/u. O

Lemma 4.6. Let p and o be two fuzzy regular congruence relations on H
such that py(x) = o(z,y), p(x) = o(x,0), for all x,y € H and p satisfies
the sup property. Then p/u is a fuzzy reqular congruence relation on H/p,

where fuzzy relation p/p on H/p is defined by p/u(pie, 1y) = p(z,y).

Proof. Since, o is a fuzzy regular congruence relation on H, then by Theo-
rem 3.5, H/u is well-defined. Moreover, since p is a fuzzy regular congruence
relation on H, then by some modifications we can show that p/u is a fuzzy
congruence relation on H, too. Now, let

s:min< sup  p/p(pas pt), sup p/u(mw))-
Ha €Oty Mo E My Oy
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Then7 Supp,aeuzo‘u,y p/M(/La,M) > S and Sup/,LbEHyouI p//ﬁ(/ﬁb,ﬂ) 2 S. Since7 p
satisfies the sup property, then p/p so is. Thus, there exist ag € x oy and

by € y o x such that

p(ao,0) = p/p(prag, 1) =  sup  p/p(pia, i) = s
Ha €Mz Oy

and p(bo,0) = p/p(ping, 1) = sup  p/plp, ) = s.
Kb E Ky OLta

Since, p is a fuzzy regular relation on H, then

p/ iz, tiy) = p(x,y) = min( sup p(a,0), sup p(b,0))
aczroy beyox

> min(p(ao, 0), p(bo,0)) = s =min( sup p/p(pta, 1), sup p/plps, 1))
Ha€a Oy My €My Ol

Hence, p/u is a fuzzy regular relation on H/p and so it is a fuzzy regular
congruence relation on H/pu. O

Theorem 4.7. (Second Isomorphism Theorem)

Let p and o be two fuzzy reqular congruence relations on H such that o C p
and there exists a € H such that o(a,a) = 1. Let fuzzy subsets 1, and fi,
on H are defined by ny(x) = p(z,y) and py(x) = o(x,y), for all x,y € H.
Then

(H/p)/(n/p) = H/n,
where (n/p)(pe) = p/ Wtz 1) and (p/ 1) (pas pty) = p(@, y).

Proof. Since, by Lemma 4.6, p/p is a fuzzy regular congruence relation on

H/p and (n/p)(psz) = (p/p)(pa, i), then (H/p)/(n/p) is a hyper BCK-
algebra. Also, it is easy to see that

sup  p(z,w) = sup P/ [z pw)-
(z,w)€H2 (b= ,/J,“))G(H/,LL)Q

Now, let ¢ : H/u — H/n be defined by ¥ () = 1. We have to show that
1 is well-defined. Let pz = iy, for pgz, py € H/p. Then, by Lemma 3.4(7),
o(z,y) = sup(, yyep2 0(2,w) = 1. Since, o C p, then p(z,y) > o(x,y) =1
and so p(z,y) = Sup(, ,)em2 (2, w). Hence, by Lemma 3.4(i), 1, = ny,
which this shows that ¢ is well-defined. It is easy to check that v is an
epimorphism. Now,

ker) = {p, € H/p:ny = Y(uz) =n}

= {Mx € H/,U/ : p(:v, 0) = SUP(z,w)eH? p(z,w) - p<07 0)}
={pe € H/pw: p/ppiz, ) = p/p(p, 1)}
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={pz € H/p: (n/p)(pz) = (/) ()} = (n/p)*
So, (H/u)/(n/p) =~ H/n. O
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