Capitolul 9. Functii de mai multe variabile.

1. Sa se determine si sa se reprezinte domeniile de definitie ale
urmatoarelor functii:

1.1.

1.3.

1.5.

1.7.

1.9.

1.11.

1.13.

1.15.

1.17.

1.19.

1.21.

1.23.

u =T +y.
u=+\/4—x%—19>2

xQ yQ
Yy
¢ 0 T

1

V42— 16

w=/4—a2 — 2+ /a2 +9y2 - 1.

?+y?—ux
U=y ——.
20 — 1% — y?

u =

Ve

Cln(1—a2—y2)

U = arccos .
r+vy

. T
u = arcsin — + arccos (1 — y).
Y

u = +/sin [ (22 + y2)].

1.2.

1.4.

1.6.

1.8.

1.10.

1.12.

1.14.

1.16.

1.18.

1.20.

1.22.

1.24.

U = +/2Y.

u=+z2+y>—1.

u:\/(x2+y2—4)(9—x2—y2).

1
U= ————
V9 — 22 — 2
u=yy1—cosz.
2?4yt —y
U= —.
2y — 2% — 2
u=1In(x+y).

uzlg(y2—4x—|-8).

. T
u = arcsin —.
Y

rz—1
Y

u = arcsin

u = ctg [1(z +y)].

u=lgx —Incosy.



2. Sa se studieze existenta limitelor:

2 .2 _
2.1, lim——2 22, lim~—Y.
2=0 12 4y 20T 4y
2,,2
1
2.3, lim —— vy 5o 2.4, limysin —.
=0 22y + (y — x) =20 T
2 2
2
9.5 lim - Y 2.6, lim ——2—.
229 |z] + [yl 20 2 +y
) x . tgay
2.7. lim . 2.8. lim .
0Tty =Y

3. Sa se calculeze:

LY

\/ 1-1
lim L

3.1, lim—o?f 3.2.
202 —ry +4 +=9 2xy
: 4,2 2,4
33, lim oY 34, lim— Y TV
0T z:gl—COS(I + y?)
2 1
3.5, lim (1 4 2% + ¢?) =2 H2. 3.6. lim (2 + ¢?) sin .
g ( ) lim (2% +9%) sin 5=
1\ =+v 2 1 .2
3.7, lim (1 + —> " 38 lim 1Y
it x =g ety
23 +y3 2y y?
3.9. £1£I(} = +y2. 3.10. 11132 (xQ +y2> .
y—0 y—00
23:2
In® (z + y) +

T+
3.11. lim . 312, lim (1 + —) '
b /124 y2 — 22+ 1 05 x




4. Sa se studieze continuitatea functiilor urmatoare in punctul

(0,0) :
ry 2 2
_ W 2240,
41 flry) =8 @@+ 7 v
O 9 x:y:
r—y 2 2
0
12 fay={ wryp TV
0 ) :L‘:y:
Ty 2 2
O ) x:y:
2 2
2 I =Y 2 2
44, floy) =3 Y mre 0 Y 70
0 , T=9y=
@+ )In(@® +y?) , Py A£0,
4.5. f(x,y)—{ 0 oy
22y s
46. f(x,y) = 2+ 32 v +y #0,
0 , t=y=0
V? +y? 2 2
- 0
4.7 f(x,y) = sinzy vy A0,
O ) x:y:
: 1 2 2 O
18 flay) =4 MaEge 0 Y 70,
3 , r=y=0
_3-x—y , P*+y*#0,
49.  f(z,y) = { 5 a—y—
x3+y3 9 9
110, flry) =4 sigge 0 LTV A0
0 , t=y=0



5. Sa se calculeze derivatele partiale de primul ordin ale urmatoarelor
functii:

5.1. f(z,y) =2® —2zy +y* + 1. 5.2.  f(z,y) = 23 — 3%y + 22y + .
Ty r—y
53. f(r,y) = . 54. f(z,y) = .
fly) =— Hey) =17,
5.5.  fl(z,y) = L 5.6.  f(z,y) = arctg L
Y Yy
5.7. f(z,y) = In (2% + 3?). 5.8.  f(z,y) = x?cosy.
59. flx,y) =e"v. 5.10. f(z,y) =In(Vz + ¢9).
511, f(x,y) = av. 512, f(x,y) :a;y—l—g.
x
5.13. f(x,y) = ye Y. 5.14. f(x,y) = Ly
y
2 .2
5.15. f(x,y) zlnm. 5.16. f(x,y) =In (y—l—\/xz—l—y?).
Vi +yr—zo
517, f(x,y) = arctg x_—i—y 5.18. f(x,y) = arcsin Tt v
T—y Ty
2 2 z Y
5.19. f(z,y) = (2 + y°) arctg —. 5.20. f(x,y) = arccos .
Yy x? + 52
5.21. f(x,y) = arctg Ty ) 5.22. f(x,y) = v,
11—y
5.23. f(xz,y) =€"lny +sinylnz. 5.24. f(x,y) =1In(2? + y* + 3).
5.25. f(x,y,z) = (cosx)¥>. 5.26. f(z,y,2) =2y +yz + xz.

5.27. f(z,y,2) = /2% + y% + 22 528. f(z,y,2) =y=.

5.29. f(z,y,2)=In(1+zx+y*+2%). 530. f(x,y,2z)=sinxcos(yz).



6. Sa se calculeze derivatele partiale de ordinul doi pentru
urmatoarele functii:

6.1. flz,y) =2 +9* — 22%y + 3ap>. 6.2. f(a:,y):xy—l—%.

6.3. f(z,y) =" — 23y +xy* — oy~ 6.4. f(z,y) = — ’ 5
sin y
6.5. f(z,y) =ycos(z—vy). 6.6. f(z,y) =19".
6.7. f(z,y) = arctg Ty ) 6.8. f(x,y) = Tt Y
1—zy r—y
6.9. f(z,y) = arccos (zy). 6.10. f(x,y) =In(e® +¢e’).
6.11. f(z,y) =In(2”+¢*). 6.12. f(z,y) = Va2 + /45,
T+y
6.13. f(x,y) = arctg T 6.14. f(x,y) = ye®.
%
6.15. f(z,y) = eY(cosz + ysinx). 6.16. f(x,y) = T oa
—2x
6.17. f(x,y) = arcsin N 6.18. f(z,y) =e""v.
Va2 + y?
6.19. f(x,y) = arcctg Ly 6.20. f(x,y) =22+ 9%
x
6.21. f(x,y)=yln L 6.22. f(x,y) = ey,
Y
6.23. f(z,y) = (372 + y2) arctg Y. 6.24. f(x,y) = xe’ + ye”.
x
6.25. f(x,y) = arcctg Ty 6.26. f(x,y) = arcsin <
.25. : —— .26. Y T
z T z Yy
6.27. f(z,y) =evIn-—. 6.28. f(z,y) =evIn=.
Y x
/22 _ o2 .
6.29. f(x,y) = arccos vT Y 6.30. f(x,y) = (cosx)*"Y.
Va2 +y?



7. Sa se arate ca functiile urmatoare verifica relatiile indicate, in
ipoteza ca ele sunt diferentiabile de ordinul cerut de relatiile

respective:

7.1. f(x,y) = e"cosy verifica % giyé = 0.

7.2, f(z,y) = xJC_yy verifica gjc]; + a?:gy + ngJ; == i "
7.3. f(z,y) =In(e* +¢Y) verifica % + g—gjj =1

74. f(x,y) =In(e” +¢e¥) verifica gi]; : ng; = (;{3@/)2
7.5. f(z,y) =In (.T2 + y2) verifica % giy‘]; =0.

7.6. f(x,y) =" (xcosy —ysiny) verifica % giy]; = 0.
7.7. f(x,y) =In (ZB2 + zy + y2) verifica xa—f + yg—zjj =2
7.8. f(x,y) =Iny/(z —a)2+ (y—b)%, {a,b} CR verifica

7.9.

f(z,y) = 2%y" verifica x% + yg;:

0*f  O*f
52z T 3y?

— = (v +y+Inf(z,y) flz,y).

= 0.



of of of

7.10. f(z,y,2) = (x —y)(y — 2)(z — x) verifica A + 8_3/ + B = 0.
1 L. O%f 9 f  0f
7.11. f(z,y,2) = \/m verifica 92 + e + 5.7 = 0.
1 1 1
7.12. f(.%y,z) = + +
T—Yy yYy—z zZ—z

verifica + + +

Pf PO (05 PPy
oxr?  Oy2 022 oxdy  Oydz 0z0x)

of of  of _

1 . :1 & Y z ﬁ S _1
713. f(z,y,2) =In(e" + e’ + %) verifica o _8y+_8z
roy t-w .. Of of of of
7.14. f(z,y,2,1) Z—t+y—z verifica (9x+8y+8z+at 0

8. Sa se calculeze 88—{, unde [ = f(x,y), z=p(t), y=1(t):
8.1. f(x,y) =2%y> x=t, y=1t>
8.2. f(x,y) =2° —xy+9y° x=cost, y=sint.
8.3. f(z,y) = my2 — ny, r =sint, y = cost.
84. f(z,y)=e“In(z+y), v=1-13 y=1
8.5. f(w,y) =e""%, x=sint, y=1t>
8.6. f(r,y) =In(e* +¢e¥), z=1% y=1—1t%
8.7. f(z,y) =2 +ay+vy?, x=13 y=1t%

8.8. f(z,y) = 62(5”2*1’2), x = cost, y =sint.



8.9. f(x,y):lnsin%, r =31 y=Vi2 + 1.
Y

8.10. f(x,y) =2, x =cosz, y=2x.

9. Sa se calculeze g si g—f, daca f = f(u,v), u = p(z,y), v = VY(z,y):
x> Oy

9.1. f(u,v) =u’Inv, u:g, v=u1x+ 2y.
x
9.2. f(u,v) =u? —v* wu=uzxsiny, v==xcosy.
9.3. f(u,v) =u® +Vuv, u=ux-+y, v="2.
)

1

9.4. f(u,v) = u+ , u=ay, v=1x—1.
CoS v

9.5. f(u,v) = warctguv, u=1=t> v=1t>+1.

T
9.6. f(u,v) =usinv+wvcosu, u=—, v=uaxy.
Y

v
9.7. f(u,v) = arctg —, w=xcosy, v=2xsiny.
u

9.8. f(u,v) =u", u=ysinz, v=1rcosy.

2y

9.9. f(u,v) =u®+v*, u= . v=12°—3y.
f(u,v) P y
9.10. f(u,v) =In (u®+v*+1), u:sinf, v= /.

) )



10. Sa se calculeze diferentiala de ordinul I pentru functiile

urmatoare:

101, f(z,y) = 2*y* + 2y® + 2.
10.3.  f(x,y) = 2* + sin 3y.
10.5.  f(z,y) =In (x + y2).
107, f(z,y) = 2%y + 2y + >
109, fla,y) = oy + —=.

) \/5

Y2

10.11.  f(z,y) = el
10.13.  f(z,y) = cos 2z + sin 2x.
10.15. f(x,y) = 2* + y* + sinxy.
10.17.  f(z,y,2) = xy=.
10.19. f(z,y,2) =sin(z+y + 2).

10.2.

10.4.

10.6.

10.8.

10.10.

10.12.

10.14.

10.16.

10.18.

10.20.

f(z,y) = zyev.

oty
22— 3y

f(z,y)
—lnte X

[z, y) ntg

f(z,y) =sinz cosy.

fla,y) = (2*+ )"

fx,y) = eV
f(z,y) = ycosz® + xsiny’.

fx,y) = Va2 + ¢

f(z,y,2) =¥,
z
f(x,y, z) = arcsin )
( ) ’x2+y2—|—2’2

11. Sa se scrie diferentialele de ordin II pentru functiile:

11.1.

11.3. f(z,y) = 52’y + 3zy + y* + 3.

flz,y) =2 — 2y +20° + 30 — 2y + 5. 11.2. f(x,y) = ™.

114, f(z,y) = —e™.
y



11.5.

11.7.

11.9.

11.11.

11.13.

11.15.

11.17.

11.19.

flz,y) = V1+ 22y + 42

flz,y) =1In (ZE2 +y).

f(z,y) = 2* + y* + cos zy.

_r Y
Yy
= arcctg ——.
f(z,y) Sy
. T
x,1Y) = arcsin ——.
f(z,y) e

f(z,y) = xze¥ + ye”.

fz,y) = Vat + /32

11.6.

11.8.

11.10.

11.12.

11.14.

11.16.

11.18.

11.20.

f(z,y) = e’sinz.

fla,y) = (a® +42)".
1

flz,y) =

flz,y) =e"tgy.

2

flz,y) =e™".

[, y) = (sinz)®.

flx,y) = (2 + ¢?) arctg g

12. Utilizand diferentiala, sa se calculeze cu aproximatie:

12.1.

12.3.

12.5.

12.7.

12.9

V1,013 + 1,983,

Y/(5,02)2 + (1,41)2.

sin 29° cos 62°.

(L9
C _— .
e 1,03

. In (\3/1,02+ /0,98 — 1).

10

12.2.

12.4.

12.6.

12.8.

12.10.

(3,01)%%,
(2,02)%01,
sin 31° tg 46°.

1,97
arcctg (m - 1>.

1 023,01

$/0,99/1, 035




13. Sa se scrie formula Taylor (pana la termenii de gradul III
inclusiv) corespunziatoare urmatoarelor functii in punctele in-

dicate:

13.1.
13.2.
13.3.
13.4.

13.5.
13.6.
13.7.
13.8.
13.9.

13.10. f(z,y) =In(1+)In(1 +y),

fla,y) = 2y’ + 2zy — 22% + 30+ y — 2,

f(z,y) = 2® = 3xy® + y* + 22 — 3y + 1,
f(z,y) = 2* — 52° — zy + y* + 10z + 5y + 10,
flay)=Vae+y, (0,1).
fle,y)=In(1+2z+y), (1,0).

F(z,y) = e siny, <ng>'
flz,y)=e*In(l+2), (0,0).

fl,y) =2, (1,1).

flz,y) = e’ cosz,  (0,m).

(1,1).

(—1,2).

(1,2).

(1,-1).

14. Sa se determine valorile maxime gi minime ale urmatoarelor
functii f: R? — R:

14.1.

14.3.

14.5.

14.7.

14.9.

f(z,y) = 2* +9* — 9oy + 18.

f(z,y) = 2° + 32y® — 32% — 3y* + 2.
1 1
flx,y) =2>+ay+v*+ =+ —.
r Yy
f(z,y) = 32* — 2° + 3y + 4y.

Fla,y) = (2$2 +y2) e_(;,;2+y2).

11

14.2.

14.4.

14.6.

14.8.

14.10.

fla,y) =2 +y* —day + 2.

flz,y) = —2* -2y —y* +x+y.
f(z,y) = 2° +9° — 6zy.

f(z,y) = 2° + 3zy® — 152 — 12y + 8.

flz,y) =3 — /a2 + 12



14.11.

14.13.

14.15.

14.17.

14.19.

20 20
fle,y) =oy+ —+ —.
x Yy

fly) =1—va?+y
flx,y) =2z +y+4sinzsiny.

f(x,y) =2° +y° — 3z + 4P

fla,y) = (z+y°) Ve

14.12.

14.14.

14.16.

14.18.

14.20.

flz,y) = 2yeV ™.

r+y
[z, y) = —F/——=—.
(@3] Vai+y?+1
f,y) = yervine,

flz,y) =2y —2* —y+ 62+ 1.

flz,y) = (x—y)*+ (z — 1)*.

15. Sa se determine extremele conditionate ale functiilor f(z,y)
cu legatura F(x,y) = 0:

F(z,y)

4,

™

=r—y——.

4

F(z,y) =2* +y* —5.

F(z,y)=x+y+3.

F(z,y) =2* +9y* — 1.

15.1.  f(z,y) =2y, F(zy) =2*+9°—1.
15.2.  f(z,y) = cos2x + cos2y ,

15.3.  f(zyy) =2y, F(z,y)=xz+y—1
154.  f(z,y)=z+2y,

155.  flr,y) =2 +y* —ay+ao+y—

156.  f(z,y) =2y, F(r,y)=2"+y>—ay.
157 f(z,y)=¢€e", F(z,y)=x+y—1.
158. flr,y)=x—y—4,

15.9.  f(z,y) =2y, F(z,y)=2x+y— 1.
15.10. f(:p,y):g—i—%, Fz,y) = +y* — 1.

12



16. Sa se determine extremele globale ale functiilor pe domeniile

D:

16.1.

16.2.

16.3.

16.4.

16.5.

16.6.

16.7.

16.8.

16.9.

flry) ==y +2, D(x,y) = {(x,y)]|2* +¢y* < 1}.

flx,y) =2 +9° =92y +27, D(z,y) ={(z,9)]|0< 2z <4, 0<y <4}
flry) =2 +y° =3zy , D(z,y) ={(z,9) 0<z <2, —1 <y <2},
flzy) =22 —y+3, Dy ={(zy)|r=20 y=20, z+y<2}
fley)=2-2y+5, D(z,y)={(z,y)|z<0, y=20, y—2z<1}
flry)=a*+y* —ay—x—y, D(xy)={(z,y)|r>0, y=>0, z+y<3}.
flz,y)=2zy , D(z,y) = {(x,y) |2* +y° <4}

flzy) =2y, D(x,y) = {(z,y) |2* +y* <1}

flz,y) = 2* 4+ 42 + > — 20y ,

D — domeniul inchis, marginit de curbele y = 22, y = 4.

16.10. f(z,y)=2y(d—2—y), D(zy)={(z,y)[z>0, y=>0, z+y<6}.

13



