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Existence of solutions to multi-point boundary value
problem of fractional order on the half-line
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Abstract. The purpose of this paper is to establish the existence of solutions to
multi-point fractional boundary value problem on an infinite interval. Using the fixed
point theory, sufficient conditions are obtained that guarantee the existence of at least
one solution. At the end, an example is presented to illustrate the main results
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1 Introduction

In this paper, we will consider the boundary value problem (bvp for short)

Dgyu(t) = f(t,ult), Dgr tu(t), Dy 2ult)), ¢ € (0,+00),

-« a— : oa— & (11)
f§’+ u(0) = 0, D0+ 2“(0) =0, tl}l-gloo D0+ 1u(t) = Z; ciu(&),
where 2 < o < 3, ¢1,¢2,...,¢p, are given constants with p € N* and 0 < & < & <

s <€y <Aoo, fi]0,+00) x R xR x R — R is given function. D, refers to the
standard Riemann-Liouville fractional derivative and [ is the standard Riemann-
Liouville fractional integral.

Fractional equations are a natural generalization of the classical integer-order
differential equations. They turn out to be very adequate for modeling dynamics of
many processes involving complex systems that can be found in science, engineer-
ing, aerodynamics, etc. Fractional differential equations arise in many engineering
and scientific disciplines as the mathematical models of systems and processes in the
fields of physics, chemistry, electrical circuits, biology, and so on. Fractional deriva-
tives turn out to be an excellent tool for the description of memory and hereditary
properties of various materials and processes.

This is the main advantage of fractional differential equations in comparison with
classical integer-order models. Further, the concept of nonlocal boundary conditions
has been introduced to extend the study of classical boundary value problems. This
notion is more precise for describing natural phenomena than the classical notion
because additional information is taken into account.
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38 ABDELLATIF GHENDIR AOUN

Recently, several papers have studied questions of existence of solutions for
some classes of bvps to fractional differential equations on finite intervals, see, e.g.,
[2,6,7,9,15,16] and references therein. Different methods have been employed. How-
ever, research works on the existence of multiple solutions to fractional differential
equations with nonlocal boundary condition on infinite intervals are few, we refer
to [3-5,10,13,14] and references therein.

By using famous Leray-Schauder Nonlinear Alternative theorem, Y. Gholami
[3] obtained an unbounded solution to the following multi-point bvp in unbounded
interval

Dgu(t) +a(t) f(t, u(t),u'(t)) =0, :16 (0, 400),
w(0) =2/(0) =0, lim Dy tu(t) = 3 A5 ul&),

where 2 < a < 3, f € C([0,+00) x R x R,R), a € C([0,400),[0,+0)), 0 < & <
£o < ... <&nm < +oo, i € Rwith Y 6 < 1.

i=1
In [13], Shen, Zhou and Yang established the existence results of positive solutions
to the bvp

Dgyu(t) + f(t u(t), DG u(t)) =0, t € (0,+00),
m—2
w(0) =0, u/(0)=0, DJ u(+oo)= ; Biu(&),

where 2 < a <3, f € C([0,+o0) x R x R,R) and I'(«r) — z Bi*~1 £ 0. Using the

Schauder fixed point theorem, they have shown the ex1stence of one solution with
suitable growth conditions imposed on the nonlinear term.

K. Ghanbari, Y. Gholami [4] discussed the existence and multiplicity of positive
solutions to an m-point nonlinear fractional bvp on an infinite interval

Dgu(t) + Aa(t) f(t, u(t)) =0, t € (0,4+00),
m—2
uw(0) +u/(0) =0,  lim Dgtu(t) = 3 Bu/(&),
—Too i=1
where 2 < a < 3, f € C([0,+00) x [0,400),[0,+00)), a € C([0,+00),[0,+00)), A
is a positive parameter and 0 < & < & < ... < &p_2 < +00, f; € [0,400) with
0< Z(a—l)ﬁzéo‘ P <T(@).
Z. Bal Y Zhang [2] studied the multi-point bvp on bounded interval
Dgult) = f(t u(t), DFTu(®), Diu(®)), - t€ (0, 1),
I u(®) =0, DG u(0) = Ditulm),  w(1) = 3 aqulm),

where2 < a<3,0<n<1,0<m <m<...<nn <1, m>2 f:[0,1]xR3 =R

satisfying the Caratheodory conditions and Z a;ng~ ! Z Ny 2 — 1, that makes
=1
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the above problem at resonance. They established an existence theorem under a
nonlinear growth restriction on f. Their method is based upon the coincidence
degree theory of Mawhin.

Motivated by the above works and by recent studies of nonlocal boundary value
problems of fractional order, we consider a more general problem of fractional differ-
ential equations of arbitrary order with nonlocal boundary conditions. Precisely, we
investigate the problem (1.1).

The work presented in this paper is a continuation of previous works and is
concerned with a bvp of fractional order set on the half-axis. The main difficulty
in treating this class of the fractional differential equations is the possible lack of
compactness due to the infinite interval. In order to overcome these difficulties, we
use a special Banach space in which similar inequalities as finite interval can be
established. The main tool used in this paper is Krasnosel’skii’ s fixed point theorem
(nonlinear alternative). Under a compactness criterion, the existence of solutions is
established.

The plan of the paper is as follows. In Section 2, we outline some basic concepts
of fractional calculus. In Section 3, we prove some technical lemmas which we use
in the main results. Section 4 is devoted to our main existence results. In Section 5,
an example of applications is supplied to illustrate our theoretical results.

2 Preliminaries

We start with some definitions and lemmas on the fractional calculus (see [8,11]).
One of the basic tools of the fractional calculus is the Gamma function which extends
the factorial to positive real numbers.

Definition 2.1. For a > 0, the Euler Gamma function is defined by

“+oo
o) :/ tte~tat.
0
Proposition 2.1. Let a >0, p >0, ¢ > 0 and n be a positive integer. Then

P(a+1)=al(a), T <n + %) _ % Bp.q) = L@

Hence
IF'Na+n)=ala+1)(a+2)...(a+n—1)(a).

(1) = /0+Oo etdt=1, T (%) =/,

rorn=n, T () = Y2

2 22nn

In particular
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Definition 2.2. The fractional integral of order o > 0 for function h is defined by

1

eht) = g [ (=9 sy

provided the right hand side is point-wise defined on (0, +00).

Definition 2.3. For a given function h defined on the interval [0,4+00), the
Riemann-Liouville fractional derivative of order a > 0 is defined by

where n = [a] + 1.
Lemma 2.1. /8] Let a > 0, then

O DS u(t) = ut) + et et 4 et
for somec; eR, i=1,2,..,n, n=a]+1.

Proposition 2.2. [11] The following composition relations hold:

(a) DO IS h(t) = h(t), a>0, heL'0,+o0).

(b) D IJ h(t) =17 h(t), v>a>0, helL'0,+00).

(c) IS, I h(t) = I h(t), a>0, ~v>0, heL0,+o0).

(d) D‘Oﬂt)‘ = %V‘_a, for X\ > —1, in particular for Dy, t*~™ =0,

m=1,2,..., N, where N is the smallest integer greater than or equal to c.
A I'(A+1 A
() Iot = sy t™™, a>0, A> -1

The following result is needed to prove our main existence result. This is a
nonlinear alternative for Krasnosel’skii’ s fixed point theorem [1].

Theorem 2.1. [1] Let U be an open set in a closed, convex set C' of a Banach space
E. Assume 0 € U, F(U) bounded and F : U — C' is given by F = Fy + Fy, where
Fy : U — E is continuous and completely continuous and Fy : U — E is
a nonlinear contraction (i.e., there exists a constant 0 < | < 1, such that
| Fo(x) — Ba(y)|| < ||z —yll, for all z, y € U). Then either

(A1) F has a fized point in U, or

(A2) there is a point u € OU and X € (0,1) with u = \F'(u).

3 Related Lemmas

Consider the Banach spaces X, Y defined by

B u(t)|
X = {u € C([0, +o0),R), e < too
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with the norm

_ ju®)|
||UHX - i;lo) 1+ ta—1

and

Y = {u € X, Dg‘j2u, Dg‘jlu € C([0, +0),R),

| D5 Pu(t)] !
sup ——— < +o00, sup |D2u(t)| < 400
e tzlg\ or u(t)]
with the norm
-2
|u(?)] |Dgi u(t)] _1

ully = max < su , su , sup |[DSTu(t)| g .
el {tzlgl-l-to‘_l tzg) 1+t tzg‘ o+ u()

Now, we list some conditions in this paper for convenience:
(H1) The function f:[0,400) x R x R x R — R is continuous.
(H2) There exist nonnegative functions (1 + t*1)p(t), ¥(t), (1 + t)u(t), ¢(t) €
L0, +00) such that
|f(t,z,y,2)| < o(t)|x] + )|y + pu(t)|z| + ¢(t) for all z, y, z € R and t € [0, 400).

(H3) 0 < ijc (1+&71) < T(a).

Lemma 3.1. Let h € L'[0,+00), then the bup
Dg.ult) = (D), te (0,450)

Prou(0) =0, DO=%u(0) =0, lim DOlu(t) = S (e (3.1)
o+ ’LL( ) ) o+ u( ) ’ t—gl—noo o+ ’LL() ‘Z:lczu(gz)y
1=

has a unique solution given by

U L t —$)* h(s s—ta_l o s)ds ta_li:pc-u-
0 = a7 [ =9 b = s [ heds s 3.

i=1

Proof. By Lemma 2.1 and from D, u(t) = h(t), we have
u(t) = I h(t) + 1t ot 4 ¢4t 3, for some constants ¢, o, c3 € R.

So the solution of (3.1) can be written as

1 t
u(t) = m /0 (t - S)a_lh(s)ds + Clta_l + CQta_z + Cgta_g’

[0

Moreover

r
IT%u(t) = Igch(t)+ 01%1? + ol (a — 1)t + 3l (a — 2)
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1 [t I
= 2/6—69M$®+w1gwﬁ+qrm—1ﬁ+gma—m,
0

together with Ig’jau(O) =0, c3=0.
On the other hand, we have

DST?u(t) = DYTPISh(E) + el ()t + col'(a — 1)
= [0+h( ) + 1T ()t + el — 1)

= /Ot(t — $)h(s)ds + e1T'(a)t + col'(ar — 1).

From Dgfzu(()) = 0 we known that ¢y = 0.
Furthermore

Doty = DOTUIS () +eiT(a)
i.e.,
Dg‘;2u(t) = I3 h(t) +al(a)

:lfh@@+qmw.
0

From tligl Dg‘;lu( )= Z ciu(&;), we get ¢ = F( Z; u(&) — F(a +°O h(s)ds.
Therefore, the unique solutlon of fractional bvp (3.1) is

[y

_L t _Sa_l ) S_E +oo ) 12PC
o) = gy | (6= = gy [ s+ T e

Now, define the following operators T, T5, 1T on Y by

MO = g | (=90 Fou(e). D ). D () s
a—1 +o0
“F@ [, Fe ). DG ). D u(s)ds,
o1 i=p
(Tou)(t) = T(a) ciu(&i),

—1

(Tu)(t) = (Thu)(t) + (Tru)(t).

We will prove the existence of a fixed point of T". For this we verify that the operator
T satisfies all conditions of Theorem 2.1.

Since the Arzela-Ascoli theorem fails to work in the space Y, we need a modified
compactness criterion to prove T} is compact.
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Lemma 3.2. [12/ Let Z = {u €Y, |lully <} be such thatl >0, Z; = {—u(t) u €

1+to¢717
a—2
Z}) Z2 == {Dgglu(t), u € Z} G/I’Ld Z3 = {M

o W€ Z . Then Z is relatively

compact on'Y if Z1, Zy and Zs are equicontinuous on any compact interval of [0, +00)
and are equiconvergent at infinity.

Definition 3.1. Zy, Zs and Z3 are called equiconvergent at infinity if and only if
for all e > 0, there exists 6 = () > 0 such that

' u(ty)  u(tz)
L+t 14!

<e, | DS Mu(ty) — DSt u(ts)| < e and

DS u(t) DS 2ults)

1+ 1+t

for any t1, t9 > andu € Z.
Let Q. ={ueY, Jul|y <r}, (r>0)be the open ball of radius r in Y.
Lemma 3.3. If (H1) — (H4) hold, then T(%,) is a bounded set.

Proof. We have

(Tw)(t)

b | T+t T

>0 14 ¢ta-l

1 bt —s)t a—1 a—2
e ([t D00, DA

ta—l

+00
e [ ). D u(e). Dy () s

Z_:Cz’u(fé) >
=1
1 +00 .
[(a) (2 /0 (r((L+ 577 H)p(s) + () + (L + s)uls)) + ¢(s))ds

i=p
—H"Zci (1 + 5;)‘_1)> .

=1

ta—l
i + ol

N

In addition

+o0o
sup [ DG Tult)] < 2 / [ (s,u(s), Dg:u(s), D >uls))lds +

i=p
> cu(&)
i=1

+00
< 2/0 (r((L+ 5" H(s) +9(s) + (1 + s)u(s)) + ¢(s))ds

i=p

Ty ¢ (1 + 5?_1)

i=1
I'(«)

o

_|_
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Also
a—2 U 400 i=p
sup | P2 <2 [ 170 DR (). Dt + X o)
+o0o
< 2A (((1+ 5% )p(s) +9(5) + (1 + 5)u(s)) + 6(5))ds
riZTci (1 +§?_1)
+ F(a) .
So

|Tully < +oc, for u € Q,.

Lemma 3.4. If (H1), (H2) hold, then Ty : Q, — Y is completely continuous.

Proof. We firstly verify that the set 77(€2,) is bounded.
By definition of the operator 7} we have, for any u € €,

u t —_s a—1
DO < s ([ S . 5 ), Dt s +
a—1 +o00o
+# /0 | f(s,u(s),Dgglu(s),pgﬁu(s))yds>

ros [ 00+ 006) + (14 ) + 96
F(a) 0 r s (s S S)u(S S S.

N

In addition

D57 o) < 2 [ |5(svu(s) D als), D (o)l ds

“+oo
< 2 /0 (r((1+ 55 V)p(5) + () + (1 + 5)u(5)) + 6(5))ds.
Also
a—2 ” +00
PO < [T (o). D o). D )
+oo
< 2 /0 (H((L+ 52 () +6(5) + (L + 8)uls)) + 6(s))ds.
Hence

“+oo
Ty < 2/0 (r((1+ 5" DY(s) + (s) + (1 + 8)u(s)) + 6(s))ds, for u € T

Now, we divide the proof into three steps.
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Claim 1. We show that T is continuous.
Let up, — u as n — +oo in ., we have

(Thun)(t) — (Thu)(t)
14+ to-1 141

2 oo o o
Sqar [ ) DG (). D (s)

~ f(s,u(s), Dy uls), DG 2u(s))|ds

2 teo oa— a—
S W/O |f(87un(5)7D0+ 1u"(s)’l)0+ 2un(s))|d8
2 oo a—1 a—2
T Y R
< i/m(\lu Iy ((1+ 527D (s) + 1 (s) + (14 s)u(s)) + ¢(s))ds
L(a) Jo !

2 +oo . ot : ;
g [ Ol () 00s) + (14 s)(s) + o)

4 +oo -
ST </0 (r((1 45" )p(s) +9(s) + (1 + s)uls)) + ¢<s))ds> < +o0.

Using the continuity of f, we obtain that
|f (s, un(s), D= un(s), D7 *un(s)) — f(s,uls), DG uls), Dg; 2u(s))| — 0,
asn — +00o,

which tmplies

(T1un)(®) (i) (®)|
14ttt 14t '

T uy, — Thul|lx = sup
>0

uniformly as n — +00.
Moreover

+o00
‘D‘O’flTlun(t) — D‘O’flTlu(tﬂ < 2/0 If(s,un(s), Dg‘flun(s), Dg‘f2un(s))
—f(s,u(s), Dgi tuls), D§-*u(s))|ds
+oo
<4 </0 (r((1+s*Hp(s) +¥(s) + (1 + s)u(s)) + qs(s))ds) < +00.
Also

Dy *Tiun(t)  DyT*Thu(t)
1+t 1+t

oo a—1 a—2
<2 [ 50009 DG a9 D (5)

—f(s,u(s), Dgi tu(s), Dy ?u(s))|ds

<4 </0+°°(7,((1 + 5 D(s) +¥(s) + (1 + s)u(s)) + ¢(S))d8> < o0,

45
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Using again the continuity of f, we get

DS Tiug(t) B DS Tyu(t)
1+t 1+t

sup‘D0+ Tyup(t) — D0+1T1u |—>0 sup
>0 >0

uniformly as n — +o00. We conclude
T uy, — Thully — 0, uniformly as n — 400, as claimed.

Claim 2. We show that T} : Q, — X is relatively compact.

According to the above Ti(,) is uniformly bounded. We show that functions from

_ — DT Q
7O : a—1 ot D182
{Ht;} , functions from {Dg7 T18} and from {T

} are equicontinuous on

any compact interval of [0, 400).
Let I C [0,400) be a compact interval. Then, for any t1, to € I such that t; < tq,
and for u € Q,., we have

‘(Tlu)(tl) _ (Tu)(t2)
I S 7

1
- T(a)

t1 _ Na—1
[ (o), DG o), D)) s

+o0 ta 1 o L
—/0 Wf( u(s), D u(s), Dy “u(s))ds
/ 1 + ta Ty ja—1 f( ( )7 Dg;lu(s)’ Dgfzu(s))ds

a—1
+/0 - g —2— (s, u(s), Dy tu(s), Dy u(s))ds

ol

t1 _
[ ;1 (s us), DG u(s), DG 2u(s)ds

t2 -
/0 tll +:a T f (s, u(s), Dy uls), Dgi u(s))ds

tl—S
1+t0{1 f

/ e fsu(s). D (). Dt s

(s, u(s), Dy u(s), DG *u(s))ds

g o 1 ol
+ s,u(s), DY u(s), DS “u(s))|ds
L T e o), D ), D)

1 t2 o o
< e (] 10060, D o). D) s

(tl _ s)a—l (t2 _ s)a—l

14497t 1+t

|f (s, uls), D§Tuls), DG 2u(s))lds

/
0

+o0o |t111 1 ta 1| - -
“ (gD 500 Do ele) Do uls)lds
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<L ( 0 s els) + 0ls) + (1 )l + o))

" I(a)
to (tl _ S)a—l (t2 _ S)a—l
+/0 e
(r((1 4 s*"N)p(s) +1(s) + (1 + s)p(s)) + ¢(s))ds
+o0 ‘t(ll_l . t(;—l‘
+/o L+eg DI+

(r((L+ s H(s) +(s) + (1 + s)u(s)) + ¢(s))ds) .

The last term converges to 0 uniformly as |t; — to| — 0.
Moreover

tlﬂ&u@;Dgﬂugxpﬁﬂu@»ﬁ
0

" Fs,uls), DE (), DS u(s)lds
0

|D8‘+_1T1u(t1) — Dgﬂr_lTlu(tg)‘ =

< / (L 57V (s) + 0(s) + (1+ $)u(s)) + 6(s))ds,

which converges to 0 uniformly as [t; — ta| — 0. Also

D8‘+_2T1u(t1) - D8‘+_2T1u(t2)
1+ 1+ts

h l1—s a—1 a—2
/0 1+t1f(s,u(s),D0+ u(8)7D0+ u(s))ds

"2 to — s a—1 a—2
— [ su(e). D (). D) ds

L bt
(1+t1)(1 + 5

it —s _ o
< | [ T s u(s). D ). D u())ds

+o0o
) /0 £(s, u(s), D& Vu(s), DT 2u(s))ds

" t1—s5 a—1 a—2
_/0 1+t1f(s,u(s),D0+ u(s)7D0+ u(s))ds

[0 s, D ate), Dt
0

[T o u(e), D ), Dt
0

_ +oo
§ +’t51><1t 1+‘ t2) /0 £ (s, u(s), DG Mu(s), DG *u(s))|ds

< / (L 57V (s) + 0(s) + (1+ $)uls) + b(s))ds

2t; — tof
1+ 6)(1+t

+00
)A (r((L+ s H(s) +9(s) + (1 + s)u(s))
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+¢(s))ds,

which converges to 0 uniformly as |[t; — to| — 0.
Then, for any € > 0 there exists a § > 0 such that

‘ (Thw)(t1)  (Thu)(ta)

IR

<,

Dgﬂr_lTlu(tl) — Dgﬂr_lTlu(tg)‘ <e€

and

- <e,

Dg‘;2T1u(t1) Dg‘;2T1u(t2)
1+ 1+ 19

for all u € ﬁr, Zf|t1 —t2| <4, ty, to € 1.

Showing that, the functions belonging to {

DT,
1+t

T:Q,
TriaT

} and the functions belonging to

{Dg‘flTlﬁf} and to { } are locally equicontinuous on [0, +00).
Claim 3. We show that the functions from {%}, {Dgﬁr_lTlﬁr} and from

{ D7 PTQ,

7 } are equiconvergent at infinity.

For any u € Q,, we have

/+OO | f(s,u(s), DS u(s), DY u(s))| ds < +oo.
0

Considering condition (H2), for given € > 0, there exists a constant L > 0 such that

/+OO \f(s,u(s),Dgflu(s), Dg‘f2u(s))\ds < €.
L

On the other hand, since lim D7 _ | gnd lim =L

t——+o0 1+ta71 t——+o00

7t = 1, there exisis a
constant § > L > 0 such that for any t1, to > 6 and 0 < s < L, we have

(tl o 8)0{—1 (t2 o 8)0{—1 (tl o 8)0{—1 (tQ o 8)0{—1
a—1 a—1 - a—1 —1+1- a—1
14 ¢ 1+t 14t 1+t
_ B (tl—L)a_l . (tQ—L)a_l _
h 1+t T
and
tl—s_tg—s:tl 8_1+1_t2—8
1+t 1+ 19 1+1% 1+ 19
< 1_t1—L _t2— -
1+t 1+t
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Thus, for any t1, ta >0 > L >0, we get

(Thu)(t)  (Thu)(t2)| _

1
1+t97 144571 D(a)

2} _ e)a—1
/0 (tll T 2—1 f(s,uls), D u(s), Dy 2u(s))ds

+oo ta 1 a—1 a—2
s et ), Dt

& (t2 — s)a ! a—1 a—2
- a—1 f(Svu(8)7D0+ u(s)7D0+ ’LL(S))dS
0 1+t

+o0 a—1
+ / 12 (s, u(s), DS u(s), DET2u(s))ds
o 1+t

_ 1 </L (tl _ S)a—l (t2 _ s)a—l
S D) \Jo | 14t 141"

!f(sy u(s), D7 tuls), Do ?u(s))|ds

t1 t .
+/ - Sa 1 f(37u(3)7D(?Ilu(s)yDg;2U(8))’d8
L 1+t

to t .
+/ . Sa 1 f(37u(3)7nglu(s)yDgfzu(S))’dS
L 1+t

w2 [ sl DG (), DG a9

_ 1 </L (tl _ S)a—l B (t2 _ s)a—l
S D) \Jo | 140! 14157

£ (s,u(s), DgT uls), Do *u(s))|ds

L a—1 a—2
+2 [ 15 u(s). D (). D)

“+oo
waf |f<s,u<s>,Dg;1u<s>,Dg:2u<s>>|ds>

1 a— a—
< F— sSup ’f(37u(3)7D0+ lu(s)7D0+ 2“’(3))‘[’5
(a) s€[0,L], ueQ,

42 sup [ f(su(s). DG u(s), DY ()L 4 d< )
s€[0,L], ueQ,

Furthermore

" F(s,u(s), D2 u(s), DEs2u(s))ds

t1

‘DS‘JITlu(tl) — D8‘+_1T1u(t2)| =

< /+OO |£(s,u(s), DO u(s), DO 2u(s))|ds < e
X ’ » 0ot » 0+
L
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and

Dg*Tu(t) Dy *Thu(ty)
14+t 1+t

h t1—s a—1 a—2
= /0 1+t1f(37u(3)7D0+ ’U,(S),D0+ u(s))ds

t2 to — s a—1 a—2
_/0 f(s,u(s), Dy u(s), Dgi~u(s))ds

| " (s uls), DO uls), DS Pu(s))ds

1+t
“+oo
12 a—1 a—2
+1+t2 f(s,uls), Dyyuls), Doy “u(s))ds
< /L h=s Tr=s ]f(s u(s), DO u(s), DT 2u(s))|ds +
S 0 1+t1 1+t ) o+ ’ 0+
h th—s a—1 a—2
+ I 1+t1’f(37u(3)7D0+ ’U,(S),D0+ u(s))]ds

" ta — s a— a—
+/L 1+t2’f(37u(3)7D0+ 1“(3)7D0+ 2“(3))’618

oo a—1 a—2
+2 /0 £ (s, u(s). DG u(s), DY u(s) s

t —s
1+t 1+@

+2 /L |£(s,u(s), DO u(s), DO 2u(s))|ds
0 ’ 0+ » 0+

L
</
0

|f (s, uls), D§Tuls), Do ?u(s))lds

—+o0

4 / (s u(s), Do u(s), DO 2us))|ds
L

< s [f(s u(s), DO Muls), DO Pu(s)) | Le
s€[0,L], ueQ

+2 sup  [f(s,u(s), Dgtuls), Dy 2u(s))|L + de.
s€[0,L],u€Q,

a—2m 5
Which yields that the functions from {lftffn} {Dg+ ' Q) and from {DO%?(ZT}

are equiconvergent at infinity.

According to Lemma 3.2, it follows that 77 (€,.) is relatively compact, ending the
proof of the Lemma. O

Lemma 3.5. If (H3) holds, then Ty : Q. — Y is a contraction mapping.
Proof. We have

i=p

i=p
Zcz Sz chv(gz)
=1

t_l
141

1

Tgu(t) Tg’l)(t)
1+t 14 ¢t
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1 i=p i=p
P(Oé) ; Czu(gz) ; sz(éz)
i=p
ci(1+&7)
< i=1 o ]
ol
Moreover
-1 =p i=p
-1 -1 _
DgT Tyu(t) — DS Too(t)| = T T ;Ciu(&') - Z;cw(ﬁi)
1= 1=
i=p

e (1+&77)

I(a)

lu = vlly.

Also

Dy Toult) Dy *Tou(t)
14t 1+t

" 1=p 1=p
T2 <; ciu(&i) — ; CW(&')) '

1=
Z C; (1 + f?_l)
< = B ‘
=l

We conclude

i=p 1

e (1+67)

[ Tou — Toolly < = (o) Ju—vlly.

From (H3), we infer that T is a contraction mapping.

4 Main results

Theorem 4.1. Further to assumptions (H1) — (H3), assume that
(H4) there exists p > 0 such that

p

oo Plipci(lﬁffl)
2 fo 7 (p((1+ s Np(s) +¥(s) + (1 +5)u(s)) + d(s)) ds + 57—

Then, the problem (1.1) has at least one solution.

Proof. Consider the parameterized bvp
Dg.ult) = Af(t,u(t), Dy u(t), Do 2u(t),  t € (0,+00),
w0 =0, D) =0, lim DG tult) = 3. cu(é),

o1

(4.1)
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for A € (0,1).
To solve problem (4.1) is equivalent to finding the fixed point of equation u = \T'u.
Let

Q,={ueY, |uly <ph

From Lemma 3.3, the set T'(€2,) is bounded and by Lemma 3.4, the operator

Ty : Q, — Y is completely continuous, while Lemma 3.5 implies that the operator
T . ﬁp — Y is contractive. So it remains to prove that u # AT'u for u € 0§, and
A€ (0,1).

Arguing by contradiction, if there exists u € 0§, with v = AXT'u, then for A € (0,1)
we have

u(t ANTu)(t
sup| | — gy | AT
>0 |1+1 >0 |1+1

(Tu)(t)
< I SvAA
| o
1 t(t__s)a_l a—1 a—2
<t (] S s o). D ). D (s
ta—l

+o0o
/O (s, u(s), D2 Yu(s), Do 2u(s))ds
i ciu(&i) )
=1

+o0
— s,u(s), DO u(s), DA 2u(s))|ds
S (2 e D5 s, D)

e

ta—l
e

1
o

1=p
. a-1y_ 1 .
+ ;Cz(l +&; )1 n 5?_1u(§z) )

<L (2 / (1 4 5 )p(s) + 6(s) + (1 + $)uls)) + o(s)) ds
P(a) 0 '
pE el +€

T T

In addition

sup ‘Dg‘flu(tﬂ = sup |)\D‘0”+_1Tu(t)|
>0 >0
< sup |D8‘f1Tu(t)‘

>0

N

+o0o
2 [ 17 ule). DG ), DG us) s +
0

i=p
> cu(&)
i=1
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+o00
<2 [ (P ) + 0 + (L4 ) + 0(e) ds

1=p
pya(l+&70
i=1

" T(a)
and
Do 2u(t) DT Tu(t)
SUp | = | = sup A
Dg‘jou(t)
ST
ty
< [ 3518 ) D5 ule), Dy P
—I—L - |f(s,u(s), DT u(s), D2 u(s))|ds + L iifc-u(é)
1—|—t 0 ’ » 0ot » =0+ 1_|_ta_1 i:1l ?
+00
<2 /O (((1+ 5% Y)p(s) + (5) + (1 + $)u(s)) + 6(s)) ds
i=p 1
p ;Cz’(l +&)
T T
So
“+oo
lully <2 /0 (P((1+ 5% ) (s) + (s) + (1 + $)a(s)) + 6(s)) ds
i=p 1
p ;Cz’(l +&)
T T
and thus
i=p 1
o Py ci(l+€07)
p<2 [ (o145 plo) +(5) + (1 o) + () s+~
This implies that
P < 1,

+oo Pfipci(l-%?*l)
2 Jo 7 (p((1+ s Np(s) +¥(s) + (1 + 5)u(s)) + d(s)) ds + —7——

contradicting condition (H4). With Theorem 2.1 we conclude that bvp (1.1) has at
least one solution. O
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5 Example

Example 5.1. Consider the bup on infinite interval

‘3
5 30 2, u(t) D2 u(t)
D ut) = £ \/i u(t) + - wornr + 60(1+t)3 +e7t, te(0,+00),

1
12,u(0) =0, D0+u(0) 0, lim D0+u( )= llou(l) + u(4) + &u(9).

In this case, « = 3, T'(3) ~ 1.329340388, ¢ = 15, ¢2 = 55, 3 = g5, &1 =1, & =
47 53 =9.
We will apply Theorem 4.1 to show that the problem (5.1) has at least one solution.

Let
o—30t

flt,z,y,2) = x + Y + - +et
1+ V8 (60462 ' 60(1+1t)3
Choose
1200(5)
P7 5ar(3) - 67
Then

(H1) f:][0,400) x RxR xR — XR is continuous.

30t

(H2) |f(t,z,y,2)| < 1+\/—\xl+ (60+t 2|yl + 55 1+t3]2\ + et So we may take

e—30t 1 1

p(t) = VB P(t) = 60+ 02’ p(t) = 001+ 17" P(t) =

and note that (1 + Vt3)p(t), (t), (1+t)u(t), ¢(t) € L0, +o0) such that

+o00 3 1 oo 1
1+ s2 = o3 ~ 60
/0 < —|—S2><p(8)ds 30" J, P(s)ds 60’
400 1 +oo
/ (1+s)u(s)ds = —, ¢(s)ds =
0 60" Jo
(H3) Wehav67—61 1+\/_ )+ e 1+\/_ ) +es( 1+\/g —verify0<7<r(%)
with Zcz(z) Zcz(l)\F()
(H4)
P Y
25 G+ 57 el) +000) + (L ) + o) oty 94 ST
2
Thus,
p

2[5 (p((1+ 527 1)p(s) + (s) + (1 + s)u(s)) + 6(s)) ds + 15
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601 (3)
+8I'(3) + 67

- 1201(3) > 1.

p

Hence, all conditions of Theorem 4.1 are satisfied, we deduce that the bup (5.1) has
at least one solution.

Acknowledgement. The author is grateful to the referee for his/her valuable com-
ments which led to the improvement of this paper.
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