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binary quasigroups
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Abstract. The recursive derivatives of an algebraic operation are defined in [1],
where they appear as control mappings of complete recursive codes. It is proved
in [1], in particular, that the recursive derivatives of order up to r of a finite binary
quasigroup (Q,-) are quasigroup operations if and only if (Q,-) defines a recursive
MDS-code of length r 4+ 3. The author of the present note gives an algebraic proof of
an equivalent statement: a finite binary quasigroup (@), -) is recursively r-differentiable
(r > 0) if and only if the system consisting of its recursive derivatives of order up to
r and of the binary selectors, is orthogonal. This involves the fact that the maximum
order of recursive differentiability of a finite binary quasigroup of order ¢ does not
exceed q — 2.
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The notions of recursive derivative and recursively differentiable quasigroup have
been introduced in [1], where the authors considered recursive MDS-codes (Maxi-
mum Distance Separable codes).

Let denote by A®) the recursive derivative of order ¢ > 0 of a binary groupoid
(Q, A), which is defined as follows:

A0 = 4,

AW (z,y) = Ay, A (z,y)),

AD(z,y) = A(ATD (2, y), AV (2,y)), Vt > 2,Va,y € Q.

A quasigroup (Q, A) is called recursively r-differentiable if the recursive deriva-
tives A, AM AW are quasigroup operations (r > 0).

The notion of recursive derivative of a k-ary quasigrup (@, A), where k > 2, is
defined in a similar way:

A0 = 4,
AO (k) = A(zpyq, .y xp, AO (2F), . ACD(h) if 1 <t < k;
AW (zh)y = A(AER) (h), L ARD (k) if t > K Va2 € Q

(we denote by x¥ the sequence 1,3, ..., Tg).
The length n of the codewords in a k-recursive code

C(n, A) = {(x1, ez, A© (a;'f), ...,A(”_k_l)(xlf))\xl, o Zp € Q)
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given on an alphabet @Q of ¢ elements, where A : Q¥ — Q is the defining k-ary
operation, satisfies the condition n < r+ k41, where r is the maximum order of the
used recursive derivatives of (@, A). On the other hand, C(n, A) is an MDS-code if
and only if d =n — k + 1, where d is the minimum Hamming distance of this code.
At present it is an open problem to determine all triplets (n, d, ¢) of natural numbers
such that there exists an MDS-code C of length n, on an alphabet of ¢ elements,
with |C] = ¢* and with the minimum Hamming distance d, for each k& > 2. This
general question implies, in particular, the problem of determining the maximum
order of recursive differentiability of finite k-ary quasigroups (k > 2).

It is known that there exist recursively 1-differentiable finite binary quasigroups
of each order, excepting 1, 2, 6, and possibly 14, 18, 26 [1,2]. Estimations of the
maximum order r of recursive differentiability of finite n-quasigroups (n > 2) are
given in [1,3-6]. General properties of recursively differentiable binary quasigroups
are studied in [5, 8].

The recursive differentiability of quasigroups is closely connected to the orthog-
onality of the recursive derivatives [1,5,8]. It is shown in [1] that a k-quasigroup
defines an MDS-code of length n if and only if its first n — k — 1 recursive derivatives
are strongly orthogonal. Hence the defining k-quasigroup operation of a recursive
MDS-code of length n is recursively (n — k — 1)-differentiable. On the other hand, it
is known that a system of binary quasigroups is strongly orthogonal if and only if it
is (simply) orthogonal [7]. It is proved in [1] that the recursive derivatives of order
up to r of a finite binary quasigroup (Q, %) are quasigroup operations if and only if
(@, *) defines a recursive MDS-code of length r + 3.

In the present note we give an algebraic proof of the statement: a finite binary
quasigroup (@, %) is recursively r-differentiable if and only if the system consisting
of its recursive derivatives of order up to r is strongly orthogonal. This statement
implies the fact that » < ¢ — 2, where ¢ = |@Q| and r is the maximum order of the
recursive differentiability of the quasigroup Q.

Two binary operations A and B, defined on a set Q, are called orthogonal if the
system of equations A(x,y) = a, B(x,y) = b has a unique solution in @, for every
a,b € Q. It follows from the previous definition that two binary operations A and
B, defined on a set Q, are orthogonal if and only if the mapping

c:QxXQ— QX Q;U(‘Tay) = (A(xay)7B(xay))

is a bijection.

A system of binary operations {4j, As, ..., Ay}, n > 2, is said to be orthogonal
if each two operations are orthogonal.

Denoting by F' and E the binary selectors on a set Q: F(z,y) = x and E(z,y) =
y, Yo,y € Q, we get that a binary groupoid (@, A) is a quasigroup if and only if A
is orthogonal to each of two selectors.

Let (@, A) be a binary quasigroup. It was observed by G. Belyavskaya [8] that
A®) = Ap", Yk > 1, where § = (E, A). An analogous representation for the recursive
derivatives of k-ary operations (k > 2) was given in [5].
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Theorem 1. A finite binary quasigroup (Q, A) is recursively n-differentiable if and
only if the system {F,E, A, AW . A™} is orthogonal.

Proof. Let (Q,A) be a recursively n-differentiable finite binary quasigroup. Then
the recursive derivatives AY ..., A(™ are quasigroup operations, so each recursive
derivative A* of the system is orthogonal to the selectors F and E.

Now, let & and s be two distinct numbers between 0 and n: 0 < k < s <n. As

(AW, AB)) = (A6, A6°) = (A, AL=P)6F,

where 6 = (E, A) is a bijection, we get that A®) and A®) are orthogonal if and only
if A and AG—*) are orthogonal, i.e. if and only if A and A are orthogonal, for
every m = 1,2, ...,n. On the other hand,

A (@, y) = AMD(E, A)(w,y) = A"V (y, Az, ),

hence the system of equations

is equivalent to

which has a unique solution as A and A™~1) are quasigroup operations. Therefore
the system {F, E, A, AV ..  A™} is orthogonal.

Conversely, if the system {F, E, A, AW A(")} is orthogonal, then each of the
recursive derivatives A, A ... A" is orthogonal to the selectors F' and E, hence
the recursive derivatives of order up to n are quasigroup operations, i.e. (Q,A) is
recursively n-orthogonal.

O

Corollary 1. The maximum order r of recursive differentiability of a finite binary
quasigroup of order q does not exceed q — 2.

Proof. The proof follows from the fact that there exist at most ¢ — 1 pairwise orthog-
onal latin squares of order ¢, which implies that the maximum order r of recursive
differentiability satisfies the inequality » +1 < g — 1, hence r < ¢ — 2. O

It is shown in [1] that there exist recursively (¢ — 2)-differentiable finite binary
quasigroups of every primary order ¢ > 3. However, it is an open problem to find
the maximum order of recursive differentiability of finite k-ary quasigroups of order
q, for k > 2 and an arbitrary non-primary q.
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