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Morita contexts and closure operators in modules
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Abstract. The relations between the classes of closure operators of two module cat-
egories R-Mod and S-Mod are studied in the case when an arbitrary Morita context
(R, rUs, sVgr,S) is given. By the functors Homz(U,-) and Homs(V,-) two map-
pings are defined between the closure operators of these categories. Basic properties
of these mappings are investigated.
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1 Introduction. Preliminary notions and facts

This work is devoted to the study of closure operators of module categories in the
case when we have an arbitrary Morita context (R, zUs, s Vg, S). The connection
between the classes of closure operators CO(R) and CO(S) of two module cate-
gories R-Mod and S-Mod is investigated. Using the functors HY = Homg(U,-) :
R-Mod — S-Mod and HY = Homg(V,-) : S-Mod — R-Mod two mappings
CO(R) % CO(S) are constructed and their principal properties are shown.

*

Now we remind briefly the basic notions used in continuation. Let R be a ring
with unity and R-Mod be the category of unitary left R-modules. The R-morphisms
of left R-modules will be written on the right: if M, M’ € R-Mod and f: M — M’
is an R-morphism, then zf € M’ is the image of z € M in M’. The product
(composition) of the R-morphisms f: M — M’ and g: M’ — M" is denoted by
f-g: M — M" where z(f - g) def (xf)g for x € M. By L(M) the lattice of
submodules of M € R-Mod is denoted.

The closure operator C' of the category R-Mod is a function which associates to
every pair N C M, where M € R-Mod and N € L(M), a submodule Cy;(N) of
M such that:

(c1) N C Cp(N) (extension);
(c2) if N1, Ny € L(M) and N1 C Na, then Cp(Ny) C Cpr(Na) (monotony);

(c3) for every R-morphism f: M — M’ and N € L(M) the follwing relation is
true:  [Cy(N)]f € Car (Nf) (continuity) ([3,4,6,7]).
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110 A.1. KASHU

By CO(R) we denote the class of all closure operators of the category R-Mod.

The Morita context (R, rUs, s Vg, S) consists of two rings R and S, two
bimodules Us and Vg, and two bimodule morphisms (,) : U®,V — R and
[,]: V®,U — S, related by associativity:

(u,v)u’ = ufv, ], [v,uv) = v(u,v),

where u,u’ € U and v,v" € V [1,2,5,8-10].
The images of these morphisms [ = (U,V) € R and J = [V,U] € S are ideals
of R and S, respectively, and are called trace-ideals of the given Morita context.
Throughout this paper we will consider that an arbitrary Morita context
(R, rUs, sVg, S) with the associated morphisms (,) and [,] is fixed. Then the
following pair of functors is determined:
HY=Homg(U,-)

R-Mod S-Mod,
HY = Homg(V,-)

accompanied by two natural transformations:
¢ lp_noa — HVHU7 Yt lg_poa — HUHV7

which are defined as follows.
For every module X € R-Mod we have the R-morphism ¢, : X — HVHY(X)
which acts by the rule:

def
u(v(zepy)) = (u,v)z, (1.1)
where £ € X, v € V and u € U. Similarly, for every module Y € S-Mod the
S-morphism ¢, : Y — HYHY(Y) is defined such that:

v(ulyby)) <= [v,u]y, (1.2)

forevery ye Y, ue U andv e V.
These natural transformations ¢ and @ are in concordance with the functors
HY and HV by the following relations:

HU((px) = T,Z)HU(X), (13)

HV(¢Y) = PrV(y) (1.4)
for every X € R-Mod and Y € S-Mod.

2 Mappings between the classes of closure operators

Now we will study the situation described in Section 1: we have a Morita context
HU

(R, rUs, sVg,S) and consider the functors R-Mod —— S-Mod with the natural
HV

transformations ¢ : 1z yoa — HVHY and ¢ : 1g_yoa — HYHY. Our purpose
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is to construct two mappings:
CO(R) — CO(S)
(=)
between the classes of closure operators of the categories R-Mod and S-Mod.
We begin with the mapping CO(R) =) CO(S). Let C € CO(R). We will
define a function C* in S-Mod which associates to every inclusion n : N =Y
of S-Mod a submodule C%(N) C Y. With this intention we apply H" to n and

consider in R-Mod the decomposition of the morphism H V(n) with respect to the
given closure operator C":

V(n) ¢

HY(N) HY(Y) ———— HY(Y) /Cyyviy) (Im HY(n))

ngv—(n) UTig
Im HY(n) —=< Cirviyy (Tm HY(n)),

where H"(n) is the restriction of HVY(n) to its image, j® and 4% are the inclusions,
7% is the natural epimorphism. Since H"(n) is a monomorphism, it is obvious that
its restriction HY(n) is an isomorphism.

Further, by HY and (defined by (1.2)) we obtain in S-Mod the situation:

n

N 2 Yo
HUHY(N) HH ) HUH(Y) _ ) o [;1‘7(1/) /Crviyy(Im HY(n))]
glHU(fIV(n)) THU%)

HY(Im HY(n)) 6 o [Coviyy (Im HY(n))].

Definition. For every closure operator C € CO(R) we define the function C* in
S-Mod by the following equivalent rules:

CL(N) £ Ker [y, - HUx)] or C3(N) £ [Im HYG) Y (2.1)

where n: N =Y is an arbitrary inclusion of S-Mod.

The equivalence of two forms of representation of a module C% (N) follows from
the left exactness of the functor HY, which implies the relation: Im HY(i%) =
Ker HY(7?).

In a completely similar manner the inverse mapping CO(S) er, CO(R) can
be defined. Namely, for every closure operator D € CO(S) and every inclusion
m: M — X of R-Mod we consider in S-Mod the decomposition of H Y(m) with
respect to the operator D:
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HY(m) 5
HY(M) HY(X) ——=—— HY(X)/Dyu(x, (Im HY(m))
%‘/HU(m) uTi;_z;
Im HY(m) —2— Dyogx) (Im HY(m)) .

Applying HY and using ¢ (deﬁned by (1.1)) we obtain in R-Mod the diagram:

M = X< _
le . ls&x \\\\\\\\
HVHY(M) — 2 vy 20) HV[I;U?X) / Dyvx) (Im HY(m))]
mlH”(W) THV(VS)
HY(Im 1%m)) 9 BV (Do, (Im HY(m)) .

We define the function D* in R-Mod by the following equivalent rules:

D* (M) <= Ker [p, - HY(m)] or D% (M) <= [Im HY(i)]p; L, (2.2)

for every inclusion m : M =5 X of R-Mod.

The total symmetry of the investigated situation and of the used methods of
construction delivers us from the necessity to repeat for this mapping the results
obtained for the previous one. By this reason in continuation we will study mainly

the mapping CO(R) &) CO(S) and for the inverse mapping we indicate only
some affirmations without proofs.

Theorem 2.1. For every closure operator C € CO(R) the function C* defined by
the rule (2.1) is a closure operator of the category S-Mod.

Proof. For the function C* we will verify the conditions (c¢1) — (¢3) of the definition

of closure operator.

(c1) From the construction of C* and since ¢ is natural we have: n -1, =1, -

HYHV (n), therefore n-vy, =t -HY(HY (n))-HY(j2)- HU(i%). Hence Im (n-1,) C

Im HY(i), i.e. Nip, C Im HY(i), which means that N C [Im HY(i%)]y ! gt
C%(N).

(c2) Let Y € S-Mod and N; C No, where N1, Ny € L(Y). We denote the
corresponding inclusions as follows:

. - - C
ZZN1—1—>N2, 7”L1:N1—:—>Y, nQ:NQ_:—)K

where i-ng =n;. By HV we obtain in R-mod the situation:
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HY(Ny)

Vd%
\

HY () HY(Y),

M

HY(Ny)

whence it follows the inclusion x : I'm HY(ny) —— I'm HY(ns).
Now we will consider in R-mod the decompositions of the morphisms H"(n;)
and HV(n3) with respect to the given operator C:
HV(ny) jot
HY(Ny) == Im H"(n1) —== Cyyvy, (Im H"(n1))

| ol
| 7V(ny) \
I I
D

HY (i) Al K il HY(Y),
: | HVUV)) ™
gz Y -
HV(N2) — Im Hv(n2) < CHV(Y) (Im Hv(n2))

Hv(nz) S

where x implies the inclusion [ by the condition (cg) for C.
Applying HY to this diagram we obtain in S-Mod the following situation:

HYHY(N;) — HU[CHV(Y) (Im HY(m))]

%,
| HUHVN\
' vy

HYHV(3) | HU(1) HYHY(Y)<—1Y.

N (n2)
o N

HUHV(N2) — HU[CHV(y) ([m Hv(n2))]

Since this diagram commutes, it follows that I'm HY(ip!) C Im HY(i%?), therefore
[Im HY(igH)]g t € [Im HY(i¢?)]e;t, which by the definition means that C% (N1) C
C% (Na), proving (c2).

(c3) For an arbitrary S-morphism f:Y — Y’ and an inclusion n : N =Y
of S-Mod now we will show that [C%.(N)]f € C7,(Nf). In S-Mod we have the
situation:




114 A.1. KASHU

where f is the restriction of f on N and n’ is the corresponding inclusion. By
HV we obtain in R-Mod the commutative diagram:

HY (n)

HY(N) HY(Y)
|
| HV(F) lHV(f)
! HY ()
HY(Nf)----~ - HY(Y")

We supplement this diagram considering the decompositions of the morphisms
HY(n) and HY(n') with respect to the operator C:

HY(N)
HV(n)
/ ) = n
TC

JImHY(n) === Coy, (Im HY(n) > HY(Y) ——> HY(Y)/Cyiy, (Im H ()
| - | - |
[ HEY(HY L EY)) lHV(f) | =
\V ’Vl/ \V 74"/ ﬂ_n/ \V
v, T H () = Gy (Im HY() 22 HY(Y') = HY(Y') /Gty (Im V()
\
:le(n/) H\/(n )
\*
HY(Nf)

Here the morphism HY(f) implies [H"(f)]’, which in its turn by the condition (c3)
for C' determines the morphism [H"(f)]”. Then in a natural way the morphism 7
can be defined such that the diagram commutes.

Finally, passing in S-Mod by HY and using 1) we obtain the diagram:

P HY(xn,
co(N) —= v 2 gV T gUHY(Y) /Oy, (I HY (1))
|
! f lHUHV(f) | HY ()
.t < U ) v ! Vi
Cy(Nf) —=y' —— HYHV(Y') —= HY[H"(Y") /Gy, (Im H"(n'))] .

By the definition of C* and commutativity of this diagram it follows that:
* def n n
OY(N) — Ker [¢Y ’ HU(WC)] C Ker W)y : HU(WC) : HU(W)]
= Ker[f -4, - HU(x)].

Therefore [C7(N)]f C Kerly,, - H Urn)] def C%./(Nf), which shows the condition
(cg) for C* ending the proof. O

By the symmetry for the inverse mapping CO(S) Sl CO(R) it follows
that for every closure operator D € CO(S) the function D* defined by the rule

(2.2) is a closure operator of R-Mod.
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Further we will illustrate the previous constructions by two particular cases, con-
sidering the effect of the studied mappings to the extremal (trivial) closure operators
C =0z and C = 1.

1. Let C = Og, ie. Cx(M) = M for every inclusion M C X of R-Mod. By the
construction of C'* in this case for every inclusion n : N S, Y of $-Mod we have:
Covieyy Im HY(n)) = ImHY(n), ji= 1, jr-it = i%:ImH"(n) = HY(Y)
and I'm HY(i%) = Im HVH"(n). Therefore C(N) = [Im HVHY(n)] ;!

We denote by D, the closure operator of S-Mod defined by the rule:

(Do)y (N) <= [Im HVHY (n)] 4!

for every inclusion n : N <Y of S-Mod. Then from the foregoing it follows that
0% = D, and is clear that D, is the least closure operator of the form C* for some
C € CO(R).

2. Let C = 1z, ie. Cx(M) = X for every inclusion M C X of R-Mod.
Then by the construction of C* for every inclusion n : N S5 Y of S-Mod we
have i, = 1, ie. CHV(Y)(ImHV(n)) = HY(Y), hence HY(i”) = 1. Therefore
C% (N) = [HYHY(Y)] 4t =Y, which means that C* = 1.

By these arguments and using the symmetry we have:

Proposition 2.2. 1) 0. = D,, 0/ = C;
2) 1= 1s 1= Iy. 0

In conclusion of this section we give some remarks on the closure operators
defined by the trace-ideals I = (U,V) C R and J = [V,U] C S of the studied

Morita context (R, rUs, sVz,S). Theideals I and J define two preradicals (7, in
R-Mod and 7, in S-Mod) by the rules:

T (X) dof {z € X|Iz =0} = Ker gy,

def
(YY) ={yeY ! Jy =0} = Kery,,
where X € R-Mod and Y € S-Mod. These preradicals imply two closure operators
(C" in R-Mod and C” in S-Mod) defined as follows:

(M) L {z e X | Iz C M},

CLN) L {y ey |JyC N},

for every M C X of R-Mod and N CY of S-Mod.
Now we will show the connection between the closure operators C* and C” in
the studied situation. Let m : M —=> X be an arbitrary inclusion of R-Mod. Using

CT we have the situation:
M = X.
777 =
X y
S <
C% (M)
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We apply the functor HY and consider the decomposition of the morphism
HY(m) with respect to the operator C:

jm
Im HY(m) < S, (Im HY(m))
c ig]
= | HO(m) -
HY(m
)
1‘10 [ Gl
HU(ig‘I)
HY(CHM)) = Im HY(iT)

where HU(m) is the restriction of HY(m) and H (i) is the restriction of H U(WC”I).
The connection between the operators C' and C”(the transition from C’to C”)
can be expressed as follows.

Proposition 2.3. For every inclusion m : M =, X of R-Mod the relation
ImHU(z'g”I): oo (Im HY(m))  holds.

aY(x)
Proof. The left part consists in the following morphisms of HY(X):
ImHYi%) = {f:U— X|3g:U - CyM), f=g-il}
={f:U—=X|Uf C CAM)}={f:U— X|I(Uf) C M}
— {f: U= X|(UV)(Uf) = (UV.U)f € M}
={f:U-X|U(V.U])f € M}.
On the other hand, by the definitions we have:

Yoo ImHY(m)) = {f:U—X|Jf = [V,U|f € ImH"(m)}

7Y(X)

={f:U—X|U(V,U]f) € M}

Comparing the obtained expressions we see the relation of proposition. O

The symmetric relation (which shows the inverse transition from C” to C') also
i;lt/iu(eiz ImHV(ig‘]) = II{V(Y) (ImH"(n)) for every inclusion n : N =5 Y of
-Mod.

3 “Star” mappings and partial order

Further we will investigate the properties of the mappings CO(R) % CO(95)
(=)
defined in Section 2. We begin with the verification of the behavior of these mappings
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with respect to the partial orders in the classes CO(R) and CO(S). The order
relation in CO(R) is defined in a natural way:

C < D<= Cx(M) C Dx(M)
for every pair M C X of R-Mod.

Theorem 3.1. The mapping CO(R) & CO(S) defined by the rule (2.1) is
monotone, i.e. C < D implies C* < D*, where C,D € CO(R).

Proof. Let C,D € CO(R) and C < D. Then for every inclusion n: N — Y of
S-Mod we have in R-Mod the situation:

Crviy) (Im HY(n)) HY(Y /CHV(Y) (Im HY(n))

% zg |
C S !
- |
N I 7 |
\ mno - 7 \ |
~
|
_ — 17&5
= v

Dyv( )(ImHV( n)) Y)/Dyviyy(Im HY(n)),

ImHV

™

where the inclusion 4 follows from the relation C' < D, and 7 is defined by i.
Therefore HY (77) - HY (1) = HY (%) and so Ker HY (7)) C Ker HY (77).

Now it is clear that Ker [¢, - HY(7%)] C Ker [¢, - HY(7)], which means that
C%(N) C D% (N) for every inclusion N CY of S-Mod, i.e. C* < D*. O

Similarly, the inverse mapping CO(S) =r
Dy < Dy implies D* < Dy* for Dy, Dy € CO(S).

CO(R) also is monotone:

Concerning the order relations in the classes of closure operators, the following
property of the studied mappings deserves to be mentioned.

Theorem 3.2. For every closure operator C € CO(R) is true the relation: C' < C**.

Proof. Let C € CO(R) and m : M —— X be an arbitrary inclusion of R-Mod. We
will compare the R-modules Cx (M) and C*}(M). With this aim we consider the
following inclusions R-Mod:

By HY we obtain in S-Mod the diagram:

HY%(m)

HY(M)

ElHU(m) K=

Im HY(m) ™~ -
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where HY(m) is the restriction of HY(m) and s is the respective inclusion. To
obtain the module C*} (M) we construct firstly the module CI’;U(X)(Im HY(m)),
applying the definition of C* for the inclusion & (See (2.1)). For that we consider
in R-Mod the decomposition of H"(x) by the operator C, using ¢:

c
M - Cx (M) : X
c | c
m | \\
!
HYHU(M) | AN
| \
= | BTG % O
! \
HY (Im HY(m)) av, N
!
P\ = HYR) \L\ \\
Im HY (k) — > Crupvix)(Im HY(k)) “—~ HVHY(X) —> HVHY(X) /B,
where 7, = ¢, - H'(HY(m)) - H(k) and B = Cyvyux)(Im HY(k)). Using the

commutativity and the condition (c3) for C, we obtain the morphism 4,0)’(, which
preserves the commutativity of diagram.

Further we apply the functor HY and consider the decomposition of HY(m)
with respect to C*, obtaining in S-Mod the diagram:

HY(m)

2Y() HYG) G

HY(M) ———— > HY (Cx (M) HY(X) HY(X)/Ker f
N . 7
= | 7T (m) | ~ % o | ~
im, | N <7 |
c* A 7
Im HY(m) c T A | Im f
B |
|
Vim 1 (m) R V(e |1 Y0V (x) 7
|
UV Im HY(m)) ! | A
|
|
mU@ O\ = | BU(HV (%) ! |
HYGE) v HYGE) HY(x)

HY(Im HY(r)) ——> HU[CHVHU(X)(I"L HY(n))] HYHVHEY X) < HY HYEY%)/B],
where we denote f = vy, - HY(m£) and A = C’I"‘{U(X)(Im HY(m)).
By the definition of C* for the inclusion x we have:

Im HY(m)) det

;{U(X)( — Ker [wHU(X) ’ HU(Wg)] = Ker f.

Using the first isomorphism theorem for the morphism f, we obtain HY(X) / Ker f &
Im f. This isomorphism together with the respective inclusion determines the
monomorphism f, preserving the commutativity of diagram. We remark also that

by the relation (1.3) we have HY(p,) = ¢ aUx) (for the dual result (1.4) is used ).
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Now we will show that the morphism HY(i) factors through the morphism
i™, . Indeed, by the construction we have if - 75 = 0, hence HUY(if - 75) =
HY(it) - HY(r%) = 0. The commutativity of diagram implies the relations:

HY(0) - f = HY(p) - HGZ) - HY(ng) = H(g)-0= 0,

def

therefore Im HY(i) C Ker f == CHU(X) (Im HY(m)). So the morphism HY(i) can

be represented in the form: HY(i) = HUY(i) - i"%, preserving the commutativity of
diagram.

In continuation we follow the construction of the closure operator C** for the

initial inclusion m : M —— X, using the module ;{U(X) (Im HY(m)). For that we

apply the functor HY to the necessary part of the previous diagram:

m
<
J

M - CX(JY) - X
l‘PM % le
HVHY(j HYEY(:) HY (x7)
HVHU(M) (4) HVHU(OX (M)) ﬁ HVHU(X) % HV[HU(X)/A]
V(K) _ - /V/@%*\ l HV(
“lHV(HU(m)) _ /H/k/ tHV(HU(i)) " HVHU(‘PX)ll HV(#’HU(X)) 7 HY(F)
V] U A \% VU \\/V P = IRV
HY(Im HY(m)) — > V() HYHUHYHY(X) 5 BT EY 0/ B],

where g = ¢, - HY(77.) and by the definition C*} (M) = Kerg.

We observe that since f is a monomorphism, H V(T) also is a monomorphism,

therefore Ker (g - H'(f)) = Kerg el C*5(M). Since CI*{U(X) (Im HY(m)) det

Ker [{,ux, - HY(7F)], we have the relation % - ¢h,u - HY(nf) = 0, therefore
HY (i gy HO(mg)] = HY(i) - HY ($0x)) - HHY(nE) = 0.
Using this fact, now from the commutativity of the last diagram we obtain:
iy HY(xl) - HY(F) HY(HY()) - HY(igx) - HY (n%) - HY(f) =

= Pogon”

HY(HY(q)) - [HY(ig) - H (v x) - HHY (7)) =

- (‘OCX(M) '

HY(HY(i))-0=0.

= Pogany

Therefore Cx (M) C Ker [y - HY(7)-HV(f)] = Ker [p, - HY(7™)] det C* (M).
So we have Cx(M) C C*f (M) for every inclusion M C X, which means
that C < C**. O

The symmetric result also is true: D < D** for every operator D € CO(S).
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4 Intersection of closure operators and “star” mappings

In this section we will study the behavior of the “star” mappings relative to the
intersection of closure operators. The intersection in CO(R) is defined as follows:

(\ Ca) (M) Z= () [(Ca)x (M),

acd ac

where {C, | € A} € CO(R) and M C X.
Preliminarily we formulate two facts which show the concordance of kernels and
preimages of morphisms with the intersection of submodules (see Lemma 4.1).

Let {Co|a € A} € CO(R) and n : N =Y be an inclusion of S-Mod. By
the definition we have:

(Ca)y (N) == Ker [4,, - HY(x2 )], (4.1)

where 7 HY(Y) — HY(Y)/[(Ca)uviy, (Im HY(n))] is the natural epimorphism.

Similarly, for the operator A C, we have:
ac

(ACa)', (N) <= Ker [y, - HY(z" )], (4.2)

acA acd

with the natural epimorphism 7" ., HY(Y) = HY(Y)/ (A Ca)uviy, Im HY (n))].

ac ae

Lemma 4.1. For every family of operators {Cy ‘ a € A} C CO(R) and for every

inclusion n: N ——Y of S-Mod the following relations are true:

a)  Ker HU(W"/\ o) = ﬂ [ Ker HU(W&)]; (4.3)
acd acA
b) [ﬂ (KerHU(wga))]¢;1 = () [(Ker HY(x2)) 4571 (4.4)
acll acld

Proof. a) We consider the kernels of morphisms:
HY(m2) : HYH'(Y) — HU[HV(Y)/(COC)HWW (ImH"(n))],
HU(?;\%CQ) : HYHY(Y) — HY[HY(Y) /(Q/E\Q?Q)Hwy) (Im HY(n))].
By the definition of HY we have:
Ker HU(nl) = {f : U — H'(Y) | f - =l =0}

= {f:U = H(Y)|[Imf C(Ca)iy,(Im H"(n))},



MORITA CONTEXTS AND CLOSURE OPERATORS IN MODULES 121

KerHU(WT/‘\Ca) ={f: U—>HV(Y)|f'7T7\ c. =0}

acA acA

= {f: U= B )| Imf S (NCa) iy, (Im HY(n))
ac

- ﬂ [(Ca)HV(Y) (Im Hv(n))] }

aed

Therefore

() [Ker HYxz )] = {f: U = H(Y) | Im f C (Ca)py, Im H"(n)) Yo € A}
aed

={f:U—HN)|Imf < () [(Caly,(Im H(n))]}.
ac?l

Comparing with the previous relation, now it is clear that Ker H U(7T7\ o) =
acd

N [Ker HY(n2 )], i.e. (4.3) is true.
ael

b) In continuation we consider the composition of morphisms:

y B, gy 206, o [HY(Y)/(Ca)yivy, (Tm HY(n))],

by which the module (Ca)% (N) = Ker [, - HY(n% )] is defined.
Then we have:

Y€ [ﬂ KerHU(Wga)}zby_l &y, € ﬂ[KerHU(Wga)] &
ac aced
& Yy, € KerHU(Wga) Va e A & ye [KerHU(wga)]¢;1 Va € A &

& ye ([(Ker HY(x))w ],
ac

which proves the relation (4.4). O

(=)
e

Now we can show the concordance of the mapping CO(R)
the intersection of closure operators.

CO(S) by

Theorem 4.2. For every family of closure operators {Co|a € A} C CO(R) the
following relation is true:

(AC.) = AC.-

ae ae
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Proof. For every inclusion n : N —— Y of S-Mod the modules (C’a)’;(N ) and
( ACa),(N) are defined by the rules (4.1) and (4.2). From Lemma 4.1 it follows
ac?l

that:
(A\Ca), (V) 2 Ker [, - HU(wh )] = [KerHY(wh o))
acA acA acd
2 [ Ker BV v 2 (N [(ker Bz, )45
ac ac
= () [Ker (o - B%xe,))] 2 N [(Ca), ()] = (ANC), (),
aed acd aed
which means that (A Co)" = A Cy. O
acd aed

The symmetric result also holds: ( A Da)* = A D, for every family of opera-
ael ac

tors {D, |a € A} C CO(S).
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