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Regularized gradient-projection algorithm for solving
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convex minimization and generalized equilibrium

problems
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Abstract. Our purpose in this paper is to propose an iterative algorithm for finding
a common element of the fixed points set of common solutions of a one-parameter non-
expansive semigroup, the set of solutions of constrained convex minimization problem
and the set of solutions of generalized equilibrium problem in a real Hilbert space
using the idea of regularized gradient-projection algorithm under suitable conditions.
Finally, we give an application.
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1 Introduction

Let H be a real Hilbert space with norm ‖.‖ and inner product 〈., .〉 and let C
be a nonempty, closed and convex subset of H. A mapping G : C → C is called
nonexpansive if

‖Gx−Gy‖ ≤ ‖x− y‖, ∀x, y ∈ C. (1)

One parameter family of mappings T := {G(t) : 0 ≤ t < ∞} is called a continuous
Lipschitzian semigroup on C if the following conditions are satisfied:

(1) G(0)x = x for all x ∈ C;

(2) G(s + t) = G(s)G(t) for all s, t ≥ 0;

(3) for each t > 0, there exists a bounded measurable function Lt : (0,∞) → [0,∞)
such that ‖G(t)x −G(t)y‖ ≤ Lt‖x− y‖, x, y ∈ C;

(4) for each x ∈ C, the mapping G(.)x from [0,∞) into C is continuous.

A Lipschitzian semigroup T is called nonexpansive if Lt = 1 for all t > 0 and
asymptotically nonexpansive if lim sup

t→∞
Lt ≤ 1. Let F (T ) denote the common fixed
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point set of the semigroup T i.e. F (T ) := {x ∈ C : G(t)x = x,∀t > 0}.

We say that a mapping G : C → C is said to be

(i) k-Lipschitz continuous if

‖Gx−Gy‖ ≤ k‖x− y‖, ∀x, y ∈ C, k > 0;

(ii) monotone if
〈Gx−Gy, x− y〉 ≥ 0, ∀x.y ∈ C;

(iii) α - strongly monotone if there exists a constant α > 0 such that

〈Gx−Gy, x− y〉 ≥ α‖x− y‖, ∀x, y ∈ C;

(iv) η- inverse strongly monotone if there exists a constant η > 0 such that

〈Gx−Gy, x− y〉 ≥ η‖Gx−Gy‖2, ∀x, y ∈ C.

Let F : C × C → R be a bifunction and ψ : C → H be a nonlinear mapping. The
generalized equilibrium problem is to find x ∈ C such that

F (x, y) + 〈ψx, y − x〉 ≥ 0, ∀ y ∈ C. (2)

The set of solutions of generalized equilibrium problem (2) is denoted by GEP (F,ψ).
Thus

GEP (F,ψ) := {x ∈ C : F (x, y) + 〈ψx, y − x〉 ≥ 0, ∀ y ∈ C}.

In the case of ψ ≡ 0, problem (2) reduces to an equilibrium problem, which is to
find x ∈ C such that

F (x, y) ≥ 0, ∀ y ∈ C (3)

and the set of solutions is denoted by EP (F ). Problem (2) includes, as a special case,
optimization problems, variational inequalities, minimax problem, Nash equilibrium
problem in noncooperative games, etc, (see for example, [2,12,14]). Several problems
in physics, optimization and economics can be reduced to generalized problem (2).
Some methods have been proposed to solve the generalized equilibrium problem,
equilibrium problem and related optimization problems (see, for example, [1,5,6,14,
16,18,19,22] and the references contained therein).

For solving the generalized equilibrium problem, the bifunction F : C × C → R

is assumed to satisfy the following conditions:

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e. F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;

(A3) for each x, y, z ∈ C, limt↓0 F (tz + (1 − t)x) ≤ F (x, y);
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(A4) for each x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous.

Let A : H → H be a single-valued nonlinear mapping and let M : H → 2H be a
set-valued mapping. The variational inclusion problem is to find u ∈ H such that

θ ∈ A(u) +M(u), (4)

where θ is the zero vector in H. The set of solutions to variational inclusion (4) is
denoted by I(A,M). Consider the following constrained minimization problem:

min
x∈C

g(x) (5)

where g : C → R is a real-valued convex and continuously Fréchet differentiable
functional. Assume that the constrained convex minimization problem (5) has a so-
lution, we denote the set of solutions of (5) by Γ. The Gradient-Projection Algorithm
(GPA) generates a sequence {xn} according to the recursive formula

xn+1 = PC(I − γn∇g)xn, ∀n ≥ 0, (6)

where the parameters γn are real positive numbers, and PC is the metric projection
from H onto C. It is well known that the convergence of the algorithms (6) is
determined by the gradient ∇g and the metric projection onto C. If the gradient ∇g
is only assumed to be inverse strongly monotone, then the sequence {xn} defined by
the algorithm (6) can only converge weakly to a minimizer of (5). If the gradient
∇g is Lipschitz continuous and strongly monotone, then the sequence generated by
(6) can converge strongly to a unique minimizer of (5) provided the parameters γn

satisfy appropriate conditions.
In 2011, Xu [24] proposed average mappings to GPA, and he constructed a

counter-example which shows that the GPA does not have strong convergence in an
infinite-dimensional space. Moreover, he provided two convergent modifications of
GPA which are shown to converge in norm.

Also, in 2011 motivated by Xu, Cent et al.[4] presented the following iterative
algorithm:

xn+1 = PC [θnγf(xn) + (I − θnµF )Tn(xn)] , n ≥ 0, (7)

where f : C → H is an l-Lipschitzian mapping with constant l > 0, and F : C → H
is a k-Lipschitzian and η-strongly monotone operator with constants k, η > 0. Let
0 < µ < 2η/k2, 0 ≤ γl < τ and τ = 1 −

√

1 − µ(2η − µk2). Let Tn and θn satisfy
θn = 2−λnL

4 , PC(I − λn∇g) = θnI + (1 − θnTn). Under suitable conditions, it is
proved that the sequence {xn} generated by (7) converges strongly to a minimizer
x∗ of (6).

In 2012, Tian and Liu [11] introduced the following iterative method in a Hilbert
space: x1 ∈ C and

{

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αnγf(un) + (1 − αnA)Tn(un), ∀ n ∈ N,
(8)
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where F : C × C → R, un = Qrn(xn), PC(I − λn∇g) = θnI + (I − θn)Tnθn =
2−λnL

4 , and {λn} ⊂ (0, 2/L, and {αn}, {βn}, {θn} satisfy appropriate conditions.
Furthermore, they proved that the sequence {xn} converges strongly to a point
q ∈ Γ ∩ EP (F ), which solves the variational inequality

〈(A− γf)q, q − z〉 ≤ 0, z ∈ Γ ∩ EP (F ).

However, it is known that the minimization problem (5) has more than one
solution, so regularization is needed to find a unique solution. Now, consider the
following regularized minimization problem:

min
x∈C

gα(x) := min
x∈C

{

g(x) +
α

2
‖x‖2

}

,

where α > 0 is the regularization parameter, g is a convex function with a 1/L-
ism continuous gradient ∇g. Then the Regularized Gradient Projection Algorithm
(RGPA) generates a sequence {xn} by the following recursive formula:

xn+1 = PC(I − γ∇gαn)xn = PC [xn − γ(∇g + αnI)(xn)] , (9)

where the parameter αn > 0, γ is a constant with 0 < γ < 2/L, and PC is the
metric projection from H onto C. It is well known that the sequence {xn} generated
by algorithm (9) converges weakly to a minimizer of (5) in the setting of infinite-
dimensional space (see [25]).

In 2010, Tian [23] combined the iterative methods of [13,26] to propose a general
iterative method for approximating a fixed point of a nonexpansive mapping T
defined on a real Hilbert space. Let f be a l-contraction on C with 0 < l < 1,
and let S be η-strongly monotone and k-Lipschitzian. For a constant µ satisfying

0 < µ < 2η/k2, a constant t satisfying 0 < t < µ(η − µk2

2 )/l = τ/l, then for x0 ∈ H,
define a sequence {xn} recursively by

xn+1 = αntf(xn) + (1 − αnµS)Txn, n ≥ 0, (10)

where F (T ) denotes the fixed points of mapping T, i.e, F (T ) = {x ∈ H : x = Tx}.
Recently, motivated by the works of Tian [23], Tian and Liu [11], Ming Tian and

Si-Wen Jiao [22] introduced a new iterative algorithm: x1 ∈ C and

{

F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀ y ∈ C,

xn+1 = αntf(xn) + (I − αnµS)Tλn
(un), ∀ n ∈ N,

(11)

for finding an element of Γ ∩ EP (F ), where F : C × C → R, un = Qrn(xn),
PC(I−γ∇gλn

) = Tλn
, ∇gλn

= ∇g+λnI, γ ∈ (0, 2/L). Under appropriate conditions,
they proved that the sequence {xn} generated by (11) converges strongly to a point
q ∈ Γ ∩ EP (F ), which is also a solution to the variational inequality

〈(µS − tf)q, q − z〉 ≤ 0, ∀ z ∈ Γ ∩EP (F ).
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In [18], Y. Shehu introduced an iterative scheme for finding a common element of
the set of common fixed points of a nonexpansive semigroup, the set of solutions of
a generalized equilibrium problem and the set of solutions of a variational inclusion
problem in a real Hilbert space. In particular, they proved the following theorem:

Theorem 1. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F be a bifunction from C × C to R satisfying (A1)-(A4), ψ a µ- inverse-
strongly monotone mapping from C into H, A an α-inverse strongly monotone
mapping from C into H and M : H → 2H a maximal monotone mapping. Let
T : {G(u) : 0 ≤ u < ∞} be a one-parameter nonexpansive semigroup on H such
that Ω := F (T )∩I(A,M)∩GEP (F,ψ) 6= ∅ and suppose f : H → H is a contraction
mapping with a constant γ ∈ (0, 1). Let {tn} ⊂ (0,∞) be a real sequence such that
limn→∞ tn = ∞. Suppose {xn} and {un} are generated by x1 ∈ H,

{

F (un, y) + 〈ψxn, y − un〉 + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀ y ∈ C and

xn+1 = βnxn + (1 − βn)
(

1
tn

∫ tn
0 G(u)[αnf(xn) + (1 − αn)JM,λ(un − λAun)]du

)

,

(12)

for all n 6= 1, where {αn}
∞
n=1 and {βn}

∞
n=1 are sequences in (0, 1) and

{rn}
∞
n=1 ⊂ (0,∞) satisfying:

(i) limn→∞ βn = 0,
∑∞

n=1 |βn+1 − βn| <∞;

(ii) limn→∞ αn = 0,
∑∞

n=0 αn = ∞,
∑∞

n=1 |αn+1 − αn| <∞;

(iii) λ ∈ (0, 2α];

(iv) 0 < a ≤ rn ≤ b < 2µ, lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn| <∞;

(v) limn→∞
tn−tn−1

tn
1

αn(1−βn) = 0.

Then {xn}
∞
n=1 converges strongly to z, where z := PΩf(z).

In this paper, motivated by the works of Y. Shehu [18], Ming Tian and Si-Wen
Jiao [22] and ongoing results, we prove strong convergence theorems for finding a
common element of the set of common fixed points of a nonexpansive semigroup,
the set of solutions of a generalized equilibrium problem and the set of solutions of a
constrained convex minimization problem in a real Hilbert space. Our contribution
lies in the fact that our iterative method solves fixed point problem for nonexpansive
semigroup, generalized equilibrium problem and constrained convex minimization
problem at same time.

2 Preliminaries

Let H be a real Hilbert space and let C be a nonempty, closed and convex subset
of H. For every point x ∈ H, there exists a unique nearest point in C, denoted by
PCx, such that

‖x− PCx‖ ≤ ‖x− y‖ ∀ y ∈ C.
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Such a PC is called the metric projection of H onto C. It is well known that PC is
a nonexpansive mapping of H onto C and satisfies the following:

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖
2, ∀ x, y ∈ H; (13)

〈x− PCx, y − PCx〉 ≤ 0;

‖x− y‖2 ≥ ‖x− PCx‖
2 + ‖y − PCx‖

2, ∀ x ∈ H, y ∈ C.

Lemma 1. [4] The following inequality holds in an inner product space X :

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x + y〉, ∀ x, y ∈ X.

Lemma 2. [9] Let T : C → C be nonexpansive mapping with F (T ) 6= ∅. If {xn}
∞
n=1

is a sequence in C that converges weakly to x and if {(I − T )xn}
∞
n=1 converges

strongly to y, then (I − T )x = y. In particular, if y = 0, then x ∈ F (T ).

Lemma 3. [20]. Let D be a nonempty, bounded, closed and convex subset of a real
Hilbert space H and let T := {G(u) : 0 ≤ u < ∞} a nonexpansive semigroup on D,
then for any h ≥ 0,

lim
t→∞

sup
x∈D

∥

∥

∥

∥

G(h)

(

1

t

∫ t

0
G(u)xdu

)

−

(

1

t

∫ t

0
G(u)xdu

)
∥

∥

∥

∥

= 0.

Lemma 4. [24]. Assume that {an}
∞
n=0 is a sequence of non-negative real numbers

such that
an+1 ≤ (1 − δn)an + δnσn + bn, n ≥ 0,

where {γn}
∞
n=0 and {bn}

∞
n=0 are sequences in (0, 1) and {δn}

∞
n=0 is a sequence in R

such that

(i)
∑∞

n=0 δn = ∞;

(ii) either lim sup
n→∞

σn ≤ 0 or
∑∞

n=0 δn|σn| < 0;

(iii)
∑∞

n=0 bn <∞.

Then lim
n→∞

an = 0.

Lemma 5. [2]. Let F : C ×C → R be a bifunction satisfying (A1)-(A4). Let r > 0
and x ∈ H. Then there exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀ y ∈ C.

Lemma 6. [8] Assume that F : C × C → R is a bifunction satisfying (A1)-(A4).
For r > 0 and x ∈ H, define a mapping Qr : H → C as follows:

Qr(x) =

{

z ∈ C : F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀ y ∈ C

}

.

Then the following hold:
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(1) Qr is single-valued;

(2) Qr is firmly nonexpansive, i.e. ‖Qr −Qry‖
2 ≤ 〈Qrx − Qry, x − y〉 for any

x, y ∈ H;

(3) F (Qr) = EP (F );

(4) EP (F ) is closed and convex.

Lemma 7. [22] Let H be a real Hilbert space and C be a nonempty, closed and
convex subset of H. Let f : H → H be a contraction with constant l ∈ (0, 1), and
S : C → H be a k-Lipschitzian and η-strongly monotone operator with k > 0, η > 0.
Suppose that ∇g is 1/L-ism continuous. Let Qrn be sequence of mappings defined
as in Lemma 2.6. Consider the following mapping Xn on H defined by

Xn(x) = αntf(x) + (I − αnµS)Tλn
Qrn(x), ∀x ∈ H, n ∈ N,

where PC(I − γ∇gλn
) = Tλn

, ∇gλn
= ∇g + λnI, γ ∈ (0, 2/L), {αn} ⊂ (0, 1),

µ ∈ (0, 2η/k2), 0 < t < µ(η − µk2

2 )/l = τ/l. Then Xn is a contraction. i.e.

‖Xn(x) −Xn(y)‖ ≤ (1 − αn(τ − tl))‖x− y‖.

3 Main Results

Lemma 8. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be
a monotone mapping and let g : C → R be a real-valued convex function, and
assume that the gradient ∇g is 1/L-ism with a constant L > 0. Let f : H → H
be a contraction with the constant 0 < l < 1 and let S : C → H be η-strongly
monotone and k-Lipschitzian. Fix a constant µ satisfying 0 < µ < 2η/k2, a constant

t satisfying 0 < t < µ(η − µk2

2 )/l = τ/l. Let T := {G(u) : 0 ≤ u < ∞} be a one-
parameter nonexpansive semigroup on H such that Υ := F (T )∩Γ∩GEP (F,ψ) 6= ∅,
and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn = ∞. Suppose {xn}

∞
n=1 and

{un}
∞
n=1 are generated by x1 ∈ H as follows:















F (un, y) + 〈ψxn, y − un〉 + 1
rn
〈y − un, un − xn〉 ≥ 0,∀ y ∈ C;

Tλn
(un) = PC(I − γ∇gλn

)un;

xn+1 = βnxn + (1 − βn)
(

1
tn

∫ tn
0 G(u)[αntf(xn) + (1 − αnµS)Tλn

(un)]du
)

,

(14)

where un = Qrn(xn), ∇gλn
= ∇g + λnI, Tλn

= PC(I − γ∇gλn
), γ ∈ (0, 2/L). Let

{βn}, {rn}, {αn}, {λn} satisfy the following conditions:

(i) limn→∞ βn = 0,
∑∞

n=1 |βn+1 − βn| <∞;

(ii) αn ⊂ (0, 1) limn→∞ αn = 0,
∑∞

n=0 αn = ∞,
∑∞

n=1 |αn+1 − αn| <∞;
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(iii) {λn} ⊂ (0, 2/γ − L), λn = o(αn),
∑∞

n=1 |λn+1 − λn| <∞;

(iv) {rn} ⊂ (0,∞), lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn| <∞;

(v) limn→∞
tn−tn−1

tn
1

αn(1−βn) = 0.

Then {xn}
∞
n=1, {yn}, {un} and

{

1
tn

∫ tn
0 G(u)yndu

}

are bounded.

Proof. First, we show that (I − γ∇gλn
) is nonexpansive. For all x, y ∈ C and

γ ∈ (0, 2/L), we have

‖(I − γ∇gλn
)x− (I − γ∇gλn

)y‖2 = ‖(x− y) − γ(∇gλn
x−∇gλn

y)‖2

= ‖x− y‖2 − 2γ〈x− y,∇gλn
x−∇gλn

y〉

+γ2‖∇gλn
x−∇gλn

y‖2

≤ ‖x− y‖2 −
2γ

L
‖∇gλn

x−∇gλn
y‖2

+γ2‖∇gλn
x−∇gλn

y‖2

= ‖x− y‖2

+ γ

(

γ −
2

L

)

‖∇gλn
x−∇gλn

y‖2

≤ ‖x− y‖2. (15)

Next, we show that {xn} is bounded. Let p ∈ F (T ) ∩ Γ ∩ GEP (F,ψ) 6= ∅ and by
Lemma 6, we know that

‖un − p‖ = ‖Qrn(xn) −Qrn(p)‖ ≤ ‖xn − p‖. (16)

Now, let yn := αntf(xn) + (1 − αnµS)Tλn
(un), n ≥ 1. So

‖yn − p‖ = ‖αntf(xn) + (I − αnµS)Tλn
(un) − p‖

≤ ‖(I − αnµS)Tλn
(un) − (I − αnµS)Tλn

(p)‖

+‖(I − αnµS)Tλn
(p) − (I − αnµS)T (p)‖

+αnt‖f(xn) − f(p)‖ + αn‖tf(xn) − µS(p)‖

≤ (1 − αnτ)‖un − p‖ + ‖Tλn
(p) − T (p)‖

+‖αnµSTλn
(p) − αnµST (p)‖

+ αntl‖xn − p‖ + αn‖tf(p) − µS(p)‖

≤ (1 − αn(τ − tl))‖xn − p‖

+ (αnµk + 1)‖Tλn
(p) − T (p)‖ + αn‖tf(p) − µS(p)‖. (17)

For x ∈ C, note that
PC(I − γ∇gλn

)x = Tλn
x

and
PC(I − γ∇g)x = Tx.
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Then we get

‖Tλn
x− Tx‖ = ‖PC(I − γ∇gλn

)x− PC(I − γ∇g)x‖

≤ λnγ‖x‖. (18)

It follows from (17) and (18) that

‖yn − p‖ ≤ (1 − αn(τ − tl))‖xn − p‖

+αn(τ − tl)

[

λn

αn
.
(αnµk + 1)γ

τ − tl
‖p‖ +

‖tf(p) − µS(p)‖

τ − tl

]

. (19)

From (14), we obtain

‖xn+1 − p‖ =

∥

∥

∥

∥

β(xn − p) + (1 − βn)

(

1

tn

∫ tn

0
[G(u)yn −G(u)p]du

)∥

∥

∥

∥

≤ βn‖xn − p‖ + (1 − βn)‖yn − p‖

≤ βn‖xn − p‖ + (1 − βn)(1 − αn(τ − tl))‖xn − p‖

+αn(1 − βn)(τ − tl)

[

λn

αn
.
(αnµk + 1)γ

τ − tl
‖p‖ +

‖tf(p) − µS(p)‖

τ − tl

]

= [1 − αn(τ − tl)(1 − βn)] ‖xn − p‖

+αn(1 − βn)(τ − tl)

[

λn

αn

.
(αnµk + 1)γ

τ − tl
‖p‖ +

‖tf(p) − µS(p)‖

τ − tl

]

.

Since λn = o(αn), there exists a real number M1 > 0 such that λn

αn
≤M1. Thus,

‖xn+1 − p‖ ≤ [1 − αn(τ − tl)(1 − βn)] ‖xn − p‖

+αn(1 − βn)(τ − tl)
M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖

τ − tl

≤ max

{

‖xn − p‖,
1

τ − tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖)

}

...

≤ max

{

‖x1 − p‖,
1

τ − tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖)

}

n ≥ 1.

So, {xn} is bounded. Hence, {yn}, {un} and
{

1
tn

∫ tn
0 G(u)yndu

}

are also bounded.

Lemma 9. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be
a monotone mapping and let g : C → R be a real-valued convex function, and
assume that the gradient ∇g is 1/L-ism with a constant L > 0. Let f : H → H
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be a contraction with the constant 0 < l < 1 and let S : C → H be η-strongly
monotone and k-Lipschitzian. Fix a constant µ satisfying 0 < µ < 2η/k2, a constant

t satisfying 0 < t < µ(η − µk2

2 )/l = τ/l. Let T := {G(u) : 0 ≤ u < ∞} be a one-
parameter nonexpansive semigroup on H such that Υ := F (T )∩Γ∩GEP (F,ψ) 6= ∅,
and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn = ∞. Suppose {xn}

∞
n=1 and

{un}
∞
n=1 are generated by (14). Then lim

n→∞
‖xn+1−xn‖ = 0 and lim

n→∞
‖un+1−un‖ = 0.

Proof. From (17), we have

‖yn − p‖ ≤ (1 − αn(τ − tl))‖xn − p‖

+αn(τ − tl)
1

τ − tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖)

≤ ‖xn − p‖ +
1

τ − tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖)

≤ max

{

‖x1 − p‖,
1

τ − tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖)

}

+
1

τ − tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖)

≤ ‖x1 − p‖ +
2

τ − tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖) .

PutD = {w ∈ H : ‖w−p‖ ≤ ‖x1−p‖+
2

τ−tl
(M1(αnµk + 1)γ‖p‖ + ‖tf(p) − µS(p)‖)}.

Then D is a nonempty, bounded, closed and convex subset of H. Since G(u) is non-
expansive for any u ∈ [0,∞), D is G(u)-invariant for each u ∈ [0,∞) and contains
{yn}. Without loss of generality, we may assume that T := {G(u) : 0 ≤ u < ∞} is
a nonexpansive semigroup on D. By Lemma 3, we get

lim
n→∞

∥

∥

∥

∥

(

1

tn

∫ tn

0
G(u)yndu

)

−G(h)

(

1

tn

∫ tn

0
G(u)yndu

)
∥

∥

∥

∥

= 0, (20)

for every h ∈ [0,∞). Furthermore, observe that

‖xn+1 −G(h)xn+1‖ ≤

∥

∥

∥

∥

xn+1 −
1

tn

∫ tn

0
G(u)yndu

∥

∥

∥

∥

+

∥

∥

∥

∥

(

1

tn

∫ tn

0
G(u)yndu

)

−G(h)

(

1

tn

∫ tn

0
G(u)yndu

)
∥

∥

∥

∥

+

∥

∥

∥

∥

G(h)

(

1

tn

∫ tn

0
G(u)yndu

)

−G(h)xn+1

∥

∥

∥

∥

≤ 2

∥

∥

∥

∥

xn+1 −
1

tn

∫ tn

0
G(u)yndu

∥

∥

∥

∥

+

∥

∥

∥

∥

(

1

tn

∫ tn

0
G(u)yndu

)

−G(h)

(

1

tn

∫ tn

0
G(u)yndu

)
∥

∥

∥

∥

≤ 2βn

∥

∥

∥

∥

xn −
1

tn

∫ tn

0
G(u)yndu

∥

∥

∥

∥
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+

∥

∥

∥

∥

(

1

tn

∫ tn

0
G(u)yndu

)

−G(h)

(

1

tn

∫ tn

0
G(u)yndu

)
∥

∥

∥

∥

,

from lim
n→∞

βn = 0 and (20), we get lim
n→∞

‖xn+1 −G(h)xn+1‖ = 0 and hence

lim
n→∞

‖xn −G(h)xn‖ = 0. (21)

Next, we show that ‖xn+1 − xn‖ → 0, n → ∞. Since ∇g is 1/L-ism, PC(I −
∇gλn

) = Tλn
, so we have that

‖Tλn
(un−1) − Tλn−1(un−1)‖ = ‖PC(I − γ∇gλn

)un−1 − (I − γ∇gλn−1)un−1‖

≤ ‖(I − γ∇gλn
)un−1 − (I − γ∇gλn

)un−1‖

= γ‖∇g(un−1) + λn−1un−1 −∇g(un−1) − λnun−1‖

= γ|λn − λn−1|‖un−1‖.

Thus, we get

‖yn − yn−1‖ = ‖(αntf(xn) + (I − αnµS)Tλn
(un) − (αn−1tf(xn−1)

+(I − αn−1µS)Tλn−1(un−1)‖

≤ ‖αntf(xn) − αntf(xn−1)‖ + ‖αntf(xn−1) − αn−1tf(xn−1)‖

+‖(I − αnµS)Tλn(un) − (I − αnµS)Tλn
(un−1)‖

+‖(I − αnµS)Tλn
(un−1) − (I − αn−1µS)Tλn−1(un−1)‖

≤ αntl‖xn − xn−1‖ + t|αn − αn−1|.‖f(xn−1)‖ + (1 − αnτ)‖un − un−1‖

+‖Tλn
(un−1) − Tλn−1(un−1)‖

+‖αn−1µSTλn−1(un−1) − αnµSTλn
(un−1)‖

≤ αntl‖xn − xn−1‖ + t|αn − αn−1|.‖f(xn−1)‖

+(1 + αn−1µk)‖Tλn
(un−1) − Tλn−1(un−1)‖

+|αn − αn−1|.‖STλn
(un−1)‖ + (1 − αnτ)‖un − un−1‖

≤ αntl‖xn − xn−1‖ + |αn − αn−1|. (t‖f(xn)‖ + µ‖STλn
(un−1)‖)

+(1 − αnτ)‖un − un−1‖

+γ(1 + µk)|λn − λn−1|.‖un−1‖.

Since from Lemma 8, {un}, {f(xn)} and {STλn
(un)} are bounded, then there exists

a constant M2 > 0 such that

M2 ≥ max {γ(1 + µk)‖un−1‖, t‖f(xn)‖ + µ‖STλn
(un−1)} , ∀ n ≥ 1.

Hence

‖yn − yn−1‖ ≤ αntl‖xn − xn−1‖ + (1 − αnτ)‖un − un−1‖

+M2(|αn − αn−1| + |λn − λn−1|). (22)
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From un+1 = Qrn+1(xn+1) and un = Qrn(xn), we note that

F (un, y) + 〈ψxn, y − un〉 +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C (23)

and

F (un+1, y) + 〈ψxn+1, y − un+1〉 +
1

rn+1
〈y − un+1, un+1 − xn+1〉 ≥ 0, ∀y ∈ C. (24)

Putting y = un in (23) and y = un+1 in (24), we have

F (un, un+1) + 〈ψxn, un+1 − un〉 +
1

rn
〈un+1 − un, un − xn〉 ≥ 0

and

F (un+1, un) + 〈ψxn+1, un − un+1〉 +
1

rn+1
〈un − un+1, un+1 − xn+1〉 ≥ 0.

So, from (A2), we have

〈ψxn+1 − ψxn, un − un+1〉 +

〈

un+1 − un,
un − xn

rn
−
un+1 − xn+1

rn+1

〉

≥ 0

and hence,

0 ≤

〈

un − un+1, rn(ψxn+1 − ψxn) +
rn
rn+1

(un+1 − xn+1) − (un − xn)

〉

=
〈

un+1 − un, un − un+1 +

(

1 −
rn
rn+1

)

un+1 + (xn+1 − rnψxn+1)

−(xn − rnψxn) − xn+1 +
rn
rn+1

xn+1

〉

=
〈

un+1 − un, un − un+1 +

(

1 −
rn
rn+1

)

(un+1 − xn+1) + (xn+1 − rnψxn+1)

−(xn − rnψxn)
〉

.

It then follows that

‖un+1 − un‖
2 ≤ ‖un+1 − un‖

{∣

∣

∣

∣

1 −
rn
rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖ + ‖xn+1 − xn‖

}

and so we have

‖un+1 − un‖ ≤

∣

∣

∣

∣

1 −
rn
rn+1

∣

∣

∣

∣

‖un+1 − xn+1‖ + ‖xn+1 − xn‖.

Without loss of generality, we assume that there exists w ∈ R such that rn > w > 0,
∀n ≥ 1. Then

‖un+1 − un‖ ≤ ‖xn+1 − xn‖ +
1

rn+1
|rn+1 − rn|‖un+1 − xn+1‖
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≤ ‖xn+1 − xn‖ +
1

w
|rn+1 − rn|M3, (25)

where M3 := supn≥1 ‖un − xn‖.
From (22) and (25), we get

‖yn − yn−1‖ ≤ αntl‖xn − xn−1‖ + (1 − αnτ)‖un − un−1‖

+M2(|λn − λn−1| + |αn − αn−1|)

≤ αntl‖xn − xn−1‖

+(1 − αnτ)

(

‖xn − xn−1‖ +
1

w
|rn − rn−1|M3

)

+M2(|λn − λn−1| + |αn − αn−1|)

≤ (1 − αn(τ − tl))‖xn − xn−1‖ +
M3

w
|rn − rn−1|

+M2(|λn − λn−1| + |αn − αn−1|). (26)

Let zn := 1
tn

∫ tn
0 G(u)yndu; n ≥ 1. Then we have

‖zn − zn−1‖ =

∥

∥

∥

∥

∥

1

tn

∫ tn

0
[G(u)yn −G(u)yn−1]du+

(

1

tn
−

1

tn−1

)
∫ tn−1

0
du+

1

tn

∫ tn

tn−1

G(u)yn−1du

∥

∥

∥

∥

∥

.

Given that
(

1
a
− 1

b

)

b = −a−b
b
, a, b 6= 0; if p ∈ Ω, we can write

‖zn − zn−1‖ =
∥

∥

∥

1

tn

∫ tn

0
[G(u)yn −G(u)yn−1]du

+

(

1

tn
−

1

tn−1

)
∫ tn−1

0
[G(u)yn−1 −G(u)p]du +

1

tn

∫ tn

tn−1

[G(u)yn−1 −G(u)p]du
∥

∥

∥
.

Thus,

‖zn − zn−1‖ ≤ ‖yn − yn−1‖ +

(

2|tn − tn−1|

tn

)

‖yn−1 − p‖. (27)

Substituting (26) into (27), we obtain

‖zn − zn−1‖ ≤ (1 − αn(τ − tl))‖xn − xn−1‖ +
M3

w
|rn − rn−1|

+M2(|λn − λn−1| + |αn − αn−1|)

+

(

2|tn − tn−1|

tn

)

‖yn−1 − p‖. (28)

From (14), we have xn+1 = βnxn + (1 − βn)zn and this implies that

‖xn+1 − xn‖ = ‖βnxn + (1 − βn)zn − βn−1xn−1 − (1 − βn−1)zn−1‖
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= ‖βnxn − βn−1xn−1 + βnxn−1 − βnxn−1(1 − βn)zn

−(1 − βn−1)zn−1 + (1 − βn)zn−1 − (1 − βn)zn−1‖

≤ βn‖xn − xn−1‖ + (1 − βn)‖zn − zn−1‖

+|βn − βn−1|(‖xn−1‖ + ‖zn−1‖). (29)

Using (28) in (29), we obtain

‖xn+1 − xn‖ ≤ βn‖xn − xn−1‖

+(1 − βn)
[

(1 − αn(τ − tl))‖xn − xn−1‖ +
M3

w
|rn − rn−1|

+M2(|λn − λn−1| + |αn − αn−1|) +

(

2|tn − tn−1|

tn

)

‖yn−1 − p‖
]

+|βn − βn−1|(‖xn−1‖ + ‖zn−1‖)

≤ [1 − αn(τ − tl)(1 − βn)] ‖xn − xn−1‖

+
M3

w
|rn − rn−1| + |βn − βn−1|(‖xn−1‖ + ‖zn−1‖)

+M2(|λn − λn−1| + |αn − αn−1|) +

(

2|tn − tn−1|

tn

)

‖yn−1 − p‖

≤ [1 − αn(τ − tl)(1 − βn)] ‖xn − xn−1‖

+D
[

|rn − rn−1| + |βn − βn−1| + (|λn − λn−1| + |αn − αn−1|)

+
2|tn − tn−1|

tn

]

,

where D := max{supn≥1(‖xn‖ + ‖zn‖), supn≥1 ‖yn − p‖, M3
w
,M2}. From Lemma 4

taking δn = αn(τ − tl)(1 − βn), bn = 2D|tn−tn−1|
tn

and
σn = D(|rn − rn−1| + |βn − βn−1|+ |λn − λn−1| + |αn − αn−1|), by using conditions
(i)-(v), it follows that

lim
n→∞

‖xn+1 − xn‖ = 0. (30)

Since lim
n→∞

|rn+ − rn| = 0, then from (25) and (30), we have that

lim
n→∞

‖un+1 − un‖ = 0. (31)

Lemma 10. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be
a monotone mapping and let g : C → R be a real-valued convex function, and
assume that the gradient ∇g is 1/L-ism with a constant L > 0. Let f : H → H
be a contraction with the constant 0 < l < 1 and let S : C → H be η-strongly
monotone and k-Lipschitzian. Fix a constant µ satisfying 0 < µ < 2η/k2, a constant

t satisfying 0 < t < µ(η − µk2

2 )/l = τ/l. Let T := {G(u) : 0 ≤ u < ∞} be a one-
parameter nonexpansive semigroup on H such that Υ := F (T )∩Γ∩GEP (F,ψ) 6= ∅,
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and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn = ∞. Suppose {xn}
∞
n=1 and

{un}
∞
n=1 are generated by (14). Then lim

n→∞
‖un−Tλn

(un)‖ = 0 and lim
n→∞

‖yn−un‖ = 0.

Proof. From (14), (15) and (16), we obtain

‖xn+1 − p‖2 =

∥

∥

∥

∥

βn(xn − p) + (1 − βn)

(

1

tn

∫ tn

0
[G(u)yn −G(u)p]du

)
∥

∥

∥

∥

2

≤ βn‖xn − p‖2 + (1 − βn)‖yn − p‖2 = βn‖xn − p‖2

+(1 − βn)‖αn(tf(xn) − µSp) + (1 − αnµS)(Tλn
(un) − p)‖2

≤ βn‖xn − p‖2 + (1 − βn)
[

αn‖tf(xn) − µSp‖2

+(1 − αnµS)‖Tλn
(un) − p‖2

]

≤ βn‖xn − p‖2 + (1 − βn)
[

αn‖tf(xn) − µSp‖2

+(1 − αnµS)(‖un − p‖2 + γ

(

γ −
2

L

)

‖∇gλn
(un) −∇gλn

p‖2)
]

≤ βn‖xn − p‖2 + (1 − βn)
[

αn‖tf(xn) − µSp‖2

+(1 − αnµS)(‖xn − p‖2 + γ

(

γ −
2

L

)

‖∇gλn
(un) −∇gλn

p‖2)
]

≤ ‖xn − p‖2 + αn‖tf(xn) − µSp‖2

+γ

(

γ −
2

L

)

‖∇gλn
(un) −∇gλn

p‖2.

Therefore we have

−γ

(

γ −
2

L

)

‖∇gλn
(un) −∇gλn

p‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2

+αn‖tf(xn) − µSp‖2

≤ ‖xn+1 − xn‖(‖xn − p‖ + ‖xn+1 − p‖)

+αn‖tf(xn) − µSp‖2.

Since lim
n→∞

αn = 0 and lim
n→∞

‖xn+1 − xn‖ = 0 by Lemma 9, we obtain

lim
n→∞

‖∇gλn
(un) −∇gλn

p‖ = 0.

From (14), we obtain (noting that (I − γ∇gλn
) is nonexpansive)

‖Tλn
(un) − p‖2 = ‖PC(I − γ∇gλn

)un − PC(I − γ∇gλn)p‖2

≤ [〈(un − γ∇gλn
un) − (p− γ∇gλn

p), Tλn
(un) − p〉]

=
1

2

[

‖(un − γ∇gλn
un) − (p− γ∇gλn

p)‖2 + ‖Tλn
(un) − p‖2

−‖(un − γ∇gλn
) − (p− γ∇gλn

p) − (Tλn
(un) − p)‖2

]
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≤
1

2

[

‖un − p‖2 + ‖Tλn
(un) − p‖2

+‖(un − Tλn
(un)) − γ(∇gλn

un −∇gλn
p)‖2

]

≤
1

2

[

‖un − p‖2 + ‖Tλn
(un) − p‖2 − ‖un − Tλn

(un)‖2

+2γ〈un − Tλn
(un),∇gλn

un −∇gλn
p〉 − γ2‖∇gλn

un −∇gλn
p‖2

]

.

So, we have

‖Tλn
(un) − p‖2 ≤ ‖un − p‖2 − ‖Tλn

(un) − un‖
2

(32)

+2γ〈un − Tλn
(un),∇gλn

un −∇gλn
p〉 − γ2‖∇gλn

un −∇gλn
p‖2.

From (14) and (32), we have

‖xn+1 − p‖2 =

∥

∥

∥

∥

βn(xn − p) + (1 − βn)

(

1

tn

∫

tn

0

[G(u)yn −G(u)p]du

)∥

∥

∥

∥

2

≤ βn‖xn − p‖2
+ (1 − βn)‖yn − p‖2

≤ βn‖xn − p‖2
+ (1 − βn)

(

αn‖tf(xn) − µSp‖2
+ (1 − αnµS)‖Tλn

(un) − p‖2
)

≤ βn‖xn − p‖2 + αn‖tf(xn) − µSp‖2

+(1 − βn)[‖un − p‖2 − ‖Tλn
(un) − un‖

2

+2γ〈un − Tλn
(un),∇gλn

un −∇gλn
p〉 − γ2‖∇gλn

un −∇gλn
p‖2

]

≤ βn‖xn − p‖2
+ αn‖tf(xn) − µSp‖2

+(1 − βn)[‖xn − p‖2 − ‖Tλn
(un) − un‖

2

+2γ〈un − Tλn
(un),∇gλn

un −∇gλn
p〉 − γ2‖∇gλn

un −∇gλn
p‖2

]

≤ ‖xn − p‖2 + αn‖tf(xn) − µSp‖2 − (1 − βn)‖un − Tλn
(un)‖2

+2(1 − βn)γ‖un − Tλn
(un)‖‖∇gλn

un −∇gλn
p‖. (33)

From (33), we have

(1 − βn)‖un − Tλn
(un)‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + αn‖tf(xn) − µSp‖2

+2γ‖un − Tλn
(un)‖‖∇gλn

un −∇gλn
p‖.

Since lim
n→∞

‖xn+1 −xn‖ = 0 by Lemma 9, lim
n→∞

αn = 0 and lim
n→∞

‖∇gλn
un−∇gλn

p‖ =

0, we obtain
lim

n→∞
(1 − βn)‖un − Tλn

(un)‖ = 0.

Since lim
n→∞

βn = 0, we obtain

lim
n→∞

‖un − Tλn
(un)‖ = 0. (34)

From yn = αntf(xn) + (1 − αnµS)Tλn
(un), we obtain yn − Tλn

(un) = αn(tf(xn) −
µSTλn

(un)). So,

‖yn − Tλn
(un)‖ = αn‖(tf(xn) − µSTλn

(un))‖ → 0, as n→ ∞. (35)
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Next we show that lim
n→∞

‖un − xn‖ = 0. Indeed, for any p ∈ F (T ) ∩ Γ ∩ EP (F ), by

Lemma 6 we have

‖un − p‖2 = ‖Qrn(xn) −Qrn(p)‖2

≤ 〈xn − p, un − p〉

=
1

2
(‖xn − p‖2 + ‖un − p‖2 − ‖un − xn‖

2).

This implies that

‖un − p‖2 ≤ ‖xn − p‖2 − ‖un − xn‖
2. (36)

Then, from (18) and (36), we derive that

‖yn − p‖2 = ‖αntf(xn) + (I − αnµS)Tλn
(un) − p‖2

≤ [((1 − αnτ)‖un − p‖ + αntl‖xn − p‖)

+(λnγ(1 + αnµk)‖p‖ + αn‖tf(p) − µS(p)‖)]2

≤ ‖un − p‖2 + (α2
nt

2l2 + 2αntl)‖xn − p‖2

+λ2
nγ

2(1 + αnµk)
2‖p‖2 + α2

n‖tf(p) − µS(p)‖2

+2λnγ(1 + αnγ)‖p‖.‖tf(xn) − µS(p)‖

+2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖

+2αn(1 + tl)‖xn − p‖.‖tf(p) − µS(p)‖

≤ (1 + αntl)
2‖xn − p‖2 − ‖un − xn‖

2

+λ2
nγ

2(1 + αnµk)
2‖p‖2 + α2

n‖tf(p) − µS(p)‖2

+2λnγ(1 + αnγ)‖p‖.‖tf(xn) − µS(p)‖

+2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖

+2αn(1 + tl)‖xn − p‖.‖tf(p) − µS(p)‖. (37)

From (14) ,(37) and by the convexity of ‖.‖2, we obtain

‖xn+1 − p‖2 =

∥

∥

∥

∥

βn(xn − p) + (1 − βn)

(

1

tn

∫ tn

0
[G(u)yn −G(u)p]du

)
∥

∥

∥

∥

2

≤ βn‖xn − p‖2 + (1 − βn)‖yn − p‖2

≤ βn‖xn − p‖2 + (1 − βn)
[

(1 + αntl)
2‖xn − p‖2

−‖un − xn‖
2 + λ2

nγ
2(1 + αnµk)

2‖p‖2

+α2
n‖tf(p) − µS(p)‖2 + 2λnγ(1 + αnγ)‖p‖.‖tf(xn) − µS(p)‖

+2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖ (38)

+2αn(1 + tl)‖xn − p‖.‖tf(p) − µS(p)‖
]

.

Thus, we get

(1 − βn)‖un − xn‖
2 ≤ βn‖xn − p‖2 + (1 − βn)

[

(1 + αntl)
2‖xn − p‖2 − ‖xn+1 − p‖2
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+λ2
nγ

2(1 + αnµk)
2‖p‖2 + α2

n‖tf(p) − µS(p)‖2

+2λnγ(1 + αnγ)‖p‖.‖tf(xn) − µS(p)‖

+2λnγ(1 + tl)(1 + αnµk)‖xn − p‖.‖p‖

+2αn(1 + tl)‖xn − p‖.‖tf(p) − µS(p)‖
]

.

Since {xn} is bounded by Lemma 8, αn → 0, βn → 0, λn → 0, n → ∞ and
‖xn+1 − xn‖ → 0 by Lemma 9, we have

lim
n→∞

‖un − xn‖ = 0. (39)

Furthermore, from (34), (35), (37) and for every h ∈ [0,∞), we have that

‖G(h)yn −G(h)xn‖ ≤ ‖yn − xn‖

≤ ‖un − xn‖ + ‖un − Tλn
(un)‖ + ‖Tλn

(un) − yn‖ → 0, (40)

as n→ ∞. Hence, from (21) and (40), we obtain

‖G(h)yn − xn‖ ≤ ‖G(h)yn −G(h)xn‖ + ‖G(h)xn − xn‖ → 0, n→ ∞.

Also, we have that

‖xn − Tλn
(un)‖ ≤ ‖xn − un‖ + ‖un − Tλn

(un)‖ → 0, n→ ∞.

Hence, for every h ∈ [0,∞) we have that

‖G(h)yn − yn‖ ≤ ‖G(h)yn − xn‖ + ‖xn − Tλn
(un)‖

+ ‖Tλn
(un) − yn‖ → 0, n→ ∞. (41)

Next, we show that ‖xn − Tλn
(xn)‖ → 0, n→ ∞.

‖xn − Tλn
(xn)‖ = ‖xn − un + un − Tλn

(un) + Tλn
(un) − Tλn

(un) − Tλn
(xn)‖

≤ ‖xn − un‖ + ‖un − Tλn
(un)‖ + ‖Tλn

(un) − Tλn
(xn)‖

≤ ‖xn − un‖ + ‖un − Tλn
(un)‖ + ‖un − xn‖.

From (34) and (39), we have

‖xn − Tλn
(xn)‖ → 0, n→ ∞.

From (34) and (35), we obtain that

‖yn − un‖ ≤ ‖un − Tλn
(un)‖ + ‖yn − Tλn

(un)‖ → 0, n→ ∞. (42)
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Lemma 11. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be
a monotone mapping and let g : C → R be a real-valued convex function, and
assume that the gradient ∇g is 1/L-ism with a constant L > 0. Let f : H → H
be a contraction with the constant 0 < l < 1 and let S : C → H be η-strongly
monotone and k-Lipschitzian. Fix a constant µ satisfying 0 < µ < 2η/k2, a constant

t satisfying 0 < t < µ(η − µk2

2 )/l = τ/l. Let T := {G(u) : 0 ≤ u < ∞} be a one-
parameter nonexpansive semigroup on H such that Υ := F (T )∩Γ∩GEP (F,ψ) 6= ∅,
and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn = ∞. Suppose {xn}

∞
n=1 and

{un}
∞
n=1 are generated by (14). Then

lim sup
n→∞

〈yn − z,−(µS − tf)z〉 ≤ 0,

where z = PΥ(I − µS + tf)z.

Proof. Now if we take a subsequence {ynk
} of {yn} such that

lim sup
n→∞

〈yn − z,−(µS − tf)z〉 = lim sup
n→∞

〈ynk
− z,−(µS − tf)z〉, (43)

by (42) and ynk
⇀ q, we have that unk

⇀ q. Note that

‖un − T (un)‖ ≤ ‖un − Tλn
(un)‖ + ‖Tλn

(un) − T (un)‖

≤ ‖un − Tλn
(un)‖ + λnγ‖un‖.

Hence, by using the fact that ‖un − Tλn
(un)‖ → 0 by Lemma 10 and λn → 0, we

get ‖un − T (un)‖ → 0. From Lemma 2 we get q ∈ F (T ) = Γ. Next, we show that
q ∈ GEP (F,ψ). Since un = Qrnxn, for any y ∈ C, we obtain

F (un, y) + 〈ψxn, y − un〉 +
1

rn
〈y − un, un − xn〉 ≥ 0.

Furthermore, replacing n by nj in the last inequality and using (A2), we obtain

〈ψxnj
, y − unj

〉 +
1

rnj

〈y − un, un − xn〉 ≥ F (y, unj
). (44)

Let zt := ty + (1 − t)q for all t ∈ (0, 1] and y ∈ C. This implies that zt ∈ C. Then,
by (44), we have

〈zt − unj
, ψzt〉 ≥ 〈zt − unj

, ψzt〉 − 〈zt − uuj
, ψxnj

〉 −

〈

zt − unj
,
unj

− xnj

rnj

〉

+ F (zt, unj
)

= 〈zt − unj
, ψzt − ψunj

〉 + 〈zt − unj
, ψunj

− ψxnj
〉

−

〈

zt − unj
,
unj

− xnj

rnj

〉

+ F (zt, unj
). (45)

Since lim
j→∞

‖xnj
− unj

‖ = 0, we have lim
j→∞

‖ψxnj
− ψunj

‖ = 0. Furthermore, by the

monotonicity of ψ, we obtain 〈zt − unj
, ψzt − ψunj

〉 ≥ 0.
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Since lim
j→∞

‖ynj
−unj

‖ = 0 and lim
j→∞

ynj
= q, we obtain that lim

j→∞
unj

= q. Then, using

assumption (A4) in (45), we obtain

〈zt − q, ψzt〉 ≥ F (zt, q), j → ∞. (46)

Using (A1), (A4) and (46), we also obtain

0 = F (zt, zt) ≤ tF (zt, y) + (1 − t)F (zt, q)

≤ tF (zt, y) + (1 − t)〈zt − q, ψ〉

≤ tF (zt, y) + (1 − t)t〈y − q, ψzt〉

and hence
0 ≤ F (zt, y) + (1 − t)〈y − q, ψzt〉.

Letting t→ 0 and using assumption (A3), we have, for each y ∈ C,

0 ≤ F (q, y) + 〈y − q, ψq〉. (47)

Hence q ∈ GEP (F,ψ).
Next, we show that q ∈ F (T ). Assume that q 6= G(h)q for some h ∈ [0,∞). Then

by Opial’s condition, we obtain from (41) that

lim inf
j→∞

‖ynj
− q‖ < lim inf

j→∞
‖ynj

−G(h)q‖

≤ lim inf
j→∞

(‖ynj
−G(h)ynj

‖ + ‖G(h)ynj
−G(h)q‖)

≤ lim inf
j→∞

‖ynj
− q‖.

This is a contradiction. Hence, q ∈ F (T ). Thus q ∈ Υ := F (T ) ∩ Γ ∩ GEP (F,ψ).
By (43) and property of metric projection, we obtain

lim sup
n→∞

〈yn − z(µS − tf)z〉 = lim
j→∞

〈ynj
− z, (µS − tf)z〉

= 〈y − z, (µS − tf)z〉 ≤ 0. (48)

Theorem 2. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be
a monotone mapping and let g : C → R be a real-valued convex function, and
assume that the gradient ∇g is 1/L-ism with a constant L > 0. Let f : H → H
be a contraction with the constant 0 < l < 1 and let S : C → H be η-strongly
monotone and k-Lipschitzian. Fix a constant µ satisfying 0 < µ < 2η/k2, a constant

t satisfying 0 < t < µ(η − µk2

2 )/l = τ/l. Let T := {G(u) : 0 ≤ u < ∞} be a one-
parameter nonexpansive semigroup on H such that Υ := F (T )∩Γ∩GEP (F,ψ) 6= ∅,
and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn = ∞. Suppose {xn}∞n=1 and
{un}

∞
n=1 are generated by (14). Then {xn}

∞
n=1 converges strongly to z, where z :=

PΥ(I − µS + tf)z.
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Proof. Now,

yn − z = αntf(xn) + (I − αnµS)Tλn
(un) − z

= ((I − αnµS)(Tλn
(un) − (I − αnµS)Tλn

(z))

+((I − αnµS)Tλn
(z) − (I − αnµS)T (z))

+αnt(f(xn) − f(z)) + αn(tf(q) − µS(z)).

So, from (16) and (18), we derive

‖yn − z‖2 = 〈(I − αnµS)(Tλn
(un) − (I − αnµS)Tλn

(z), yn − z〉

+〈(I − αnµS)Tλn
(z) − (I − αnµS)T (z), yn − z〉

+αnt〈f(xn) − f(q), yn − z〉 + αn〈−(µS − tf)z, yn − z〉

≤ (1 − αnτ)‖un − z‖.‖yn − z‖

+λnγ(1 + αnµk)‖z‖.‖zn − z‖ + αntl‖xn − z‖.‖yn − z‖

+〈−(µS − tf)z, yn − z〉

≤ (1 − αn(τ − tl))‖xn − z‖.‖yn − z‖

+λnγ(1 + αnµk)‖z‖.‖yn − z‖ + αn〈−(µS − tf)z, yn − z〉

≤ (1 − αn(τ − tl))
1

2
(‖xn − z‖2 + ‖yn − z‖2)

+αn

[

〈−(µS − tf)z, yn − z〉 +
λn

αn
γ(1 + αnµS)‖z‖.‖yn − z‖

]

.

This implies that

‖yn − z‖2 ≤
1 − αn(τ − tl)

1 + αn(τ − tl)
‖xn − z‖2

+
2αn

1 + αn(τ − tl)

[

〈−(µS − tf)z, yn − z〉 +
λn

αn

γ(1 + αnµk)‖z‖.‖yn − z‖

]

≤ (1 − αn(τ − tl))‖xn − z‖2
+

2αn

1 + αn(τ − tl)

[

〈−(µS − tf)z, yn − z〉

+
λn

αn

γ(1 + αnµk)‖z‖.‖yn − z‖
]

. (49)

Using (14) in (49), we obtain

‖xn+1 − z‖2 =

∥

∥

∥

∥

βn(xn − z) + (1 − βn)

(

1

tn

∫ tn

0
[G(u)yn −G(u)p]du

)
∥

∥

∥

∥

2

≤ βn‖xn − z‖2 + (1 − βn)‖yn − z‖2

≤ βn‖xn − z‖2 + (1 − βn)
(

(1 − αn(τ − tl))‖xn − z‖2

+
2αn

1 + αn(τ − tl)

[

〈−(µS − tf)z, yn − z〉

+
λn

αn
γ(1 + αnµk)‖z‖.‖yn − z‖

])
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≤ [1 − (1 − βn)αn(τ − tl)]‖xn − z‖2

+
2αn(1 − βn)

1 + αn(τ − tl)

[

〈−(µS − tf)z, yn − z〉

+
λn

αn
γ(1 + αnµk)‖z‖.‖yn − z‖

]

.

Since {yn} is bounded by Lemma 8, there exists a constant M > 0 such that

M ≥ ‖yn − z‖, n ≥ 1.

Then, we have that

‖xn+1 − z‖2 ≤ (1 − δn)‖xn − z‖2 + αnσn, (50)

where δn := (1 − βn)αn(τ − tl) and

σn := 2(1−βn)
1+αn(τ−tl)

[

〈−(µS − tf)z, yn − z〉 + λn

αn
γ(1 + αnµk)‖z‖M

]

.

By (48) and λn = o(αn), we get lim sup
n→∞

σn ≤ 0. Now applying Lemma 4 to (50)

we conclude that xn → z as n→ ∞. This completes the proof.

Remark 1. Examples of sequences {αn}
∞
n=1, {βn}

∞
n=1, {tn}

∞
n=1, {rn}

∞
n=1 and {λn}

∞
n=1

in Theorem 2 are

αn =
1

n
1
4

, βn =
1

(n+ 1)
1
4

, tn = n, rn =
n

n+ 1
, λn =

1

n+ 1
, n ≥ 1.

Corollary 1. Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let F : C × C → R be a bifunction satisfying (A1)-(A4), ψ : C → H be a
monotone mapping and let g : C → R be a real-valued convex function, and assume
that the gradient ∇g is 1/L-ism with a constant L > 0. Let f : H → H be a
contraction with the constant 0 < l < 1. Let T := {G(u) : 0 ≤ u < ∞} be a one-
parameter nonexpansive semigroup on H such that Υ := F (T )∩Γ∩GEP (F,ψ) 6= ∅,
and {tn} ⊂ (0,∞) be a sequence such that limn→∞ tn = ∞. Suppose {xn}

∞
n=1 and

{un}
∞
n=1 are generated by x1 ∈ H as follows:















F (un, y) + 〈ψxn, y − un〉 + 1
rn
〈y − un, un − xn〉 ≥ 0,∀ y ∈ C;

Tλn
(un) = PC(I − γ∇gλn

)un;

xn+1 = βnxn + (1 − βn)
(

1
tn

∫ tn
0 G(u)[αnf(xn) + (1 − αn)Tλn

(un)]du
)

,

(51)

where un = Qrn(xn), ∇gλn
= ∇g + λnI, Tλn

= PC(I − γ∇gλn
), γ ∈ (0, 2/L). Let

{βn}, {rn}, {αn}, {λn} satisfy the following conditions:

(i) limn→∞ βn = 0,
∑∞

n=1 |βn+1 − βn| <∞;

(ii) αn ⊂ (0, 1) limn→∞ αn = 0,
∑∞

n=0 αn = ∞,
∑∞

n=1 |αn+1 − αn| <∞;
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(iii) {λn} ⊂ (0, 2/γ − L), λn = o(αn),
∑∞

n=1 |λn+1 − λn| <∞;

(iv) {rn} ⊂ (0,∞), lim infn→∞ rn > 0,
∑∞

n=1 |rn+1 − rn| <∞;

(v) limn→∞
tn−tn−1

tn
1

αn(1−βn) = 0.

Then {xn}
∞
n=1 converges strongly to z, where z := PΥf(z).

4 Application

Consider the problem of finding a zero of maximal monotone operator in a Hilbert
space H. It is well known (see [3]) that the initial value problem

du(t)

dt
+Au(t) ∋ 0 for every t ≥ 0, u(0) = x,

for any x ∈ D(A) has a unique solution u : [0,∞) → H and D(A) is closed and
convex. Putting G(t)x = u(t), we have that the family of mappings T = {G(t) : 0 ≤
t < ∞} of D(A) onto itself is a one-parameter nonexpansive semigroup on D(A).
Moreover, we know from [3] that A−10 = F (T ). So, we can apply our Theorem 2 to
find zero of A with H = D(A). Then the method (14) has the form x1 ∈ H,

{

yn = (1 − αn)xn,

xn+1 = (1 − βn)xn + βn

(

1
tn

∫ tn
0 G(s)ynds

)

, n ≥ 1.
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