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Abstract. This article contains the results on the pretorsions of the module category
R-Mod and on the closure operators defined by them. The pretorsions of R-Mod can
be described in diverse forms: by classes of modules, filters of left ideals of R, closure
operators, dense submodules, etc. In the set PT of pretorsions of R-Mod the main
operations are studied, as well as their expressions in terms of classes of modules,
filters, operators, etc. The approximations of pretorsions by jansian pretorsions and
by torsions are mentioned.
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1 Introduction. Preliminary notions and facts

In this work the pretorsions of a module category R-Mod and the associated
closure operators are studied. The main operations in the set PT of pretorsions
of R-Mod are investigated. The multilateral descriptions of pretorsions of R-Mod
are accentuated. Pretorsions of R-Mod can be considered as subfunctors of the
identity functor of R-Mod (r); as pretorsion classes of R-Mod (7.); as filters of left
ideals of R (&,); as closure operators of the lattice L(rR) of left ideals of R (¢,);
as closure operators of the category R-Mod (C7); as functions defined by dense
submodules (F7).

The main operations in PR are investigated and the representations of them by
corresponding constructions (T, €., C", etc.) are indicated. For the given pretorsion
r € PT the least jansian pretorsion or torsion containing r is shown.

Let R be a ring with unit 1 # 0 and R-Mod be the category of unitary
left R-modules. A preradical r of R-Mod is a subfunctor of identity functor of
R-Mod, i.e. r(M) C M for every M € R-Mod and f(r(M)) C r(M’) for every
R-morphism f: M — M’ of R-Mod. A preradical r is hereditary (or pretorsion) if
r(N)=r(M)NN for every N € L(M), where L(M) is the lattice of submodules
of M [1-4].
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We denote by PR the class of all preradicals of R-Mod, and by PT the class
(set) of all pretorsions of R-Mod. Every preradical r € PR defines two classes of
modules:

T, ={M € R-Mod | r(M) = M} — the class of r-torsion modules;

F. ={M € R-Mod | (M) = 0} — the class of r-torsionfree modules.

The class X C R-Mod is called pretorsion class if it is closed under homomorphic
images and direct sums. If X C R-Mod is closed under submodules, it is called

hereditary class. It is well known the following description of pretorsions by classes
of modules [1-4].

Proposition 1.1. There exists a monotone bijection between the pretorsions of
R-Mod and hereditary pretorsion classes of R-Mod. It is defined by the rules:

7~ Ty T 19 where r7 (M) = Y. {N, € L(M) | N, € T}.
acl

An important peculiarity of pretorsions consists in the fact that they can be
characterized by the special sets of left ideals of R ([1-4]). A set of left ideals
& C L(rR) is called a preradical filter (left linear topology, topologizing filter) if the
following conditions are satisfied:

(a1) If T€€ and a€ R, then ([:a)={z € R|zacl}cEg,
(ag) If T€€& and I CJ,JeL(rR), then J €&,
(ag) If I,J €&, then INJ € &.

Proposition 1.2. There exists a monotone bijection between the pretorsions of
R-Mod and the preradical filters of R. It is defined by the mappings:
r~& ={I €L(gR) | (R/I) = R/I};

&~ (M)={meM]|(0:m)eé}.

e T

&

Remark. From the Proposition 1.2 follows that PT is a set, in contrast to PR which
in general case is a class.

Therefore investigating the pretorsions we can use the diverse form of their
expressions: 7, T, &,.. The other three forms of presentation of pretorsions will be
indicated in the following account.

2 Operations in the set of pretorsions PT

In the set PT of pretorsions of R-Mod can be defined the following operations:
— the meet )\ rq, where (A ro)(M) = N ra(M), {ra | « € A} C PT;

ac?l ac ac
— the join \/ 1y, where \/ ro, = N{s€PT |s>r, VaecA}
ac?l ac?l

— the product r - s, where (r-s)(M) =r(s(M));
— the coproduct 14 s, where [(r# s)(M)]/s(M) =r(M/s(M)).
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Remarks. 1. The product r-s of two pretorsions coincides with their meet r A s,
since using the heredity of r we have:

(r-s)(M)=r(s(M)) =r(M)n s(M) = (rA s)(M).

So in continuation we consider the set PT (A, V,#) equipped by three operations,
where PT (A,V) is a complete lattice.

2. In [1] the operation (7 :s) is defined in PR by the rule [(r : s)(M)]/r(M) =
r(M/s(M)), so (r : s) = s# r. Our notation is more convenient and more
coordinated with the other notations.

A series of properties of the defined operations are indicated in [1,4], etc.

Now we will show how can be expressed the operations of PT (A,V,#) by the
classes of modules T, corresponding to the pretorsions r € PT. For that we remind
that P. Gabriel [5] defined the product C-ID of two closed (fermeé) classes of modules
as follows:

C-D={M € R-Mod | M/DM € C},

where DM = >~ {N, € L(M) | N, € D}. We will preserve this rule, changing only
ac
the notation for hereditary pretorsion classes:

T, # Ty = {M € R-Mod | M/s(M) € T,.}.

In parallels with the operations in PT, we define the following operations on the
classes of modules of the form T,., where r € PT:

— the meet: N\ Tp, = [\ Trus
aed aed

— thejoin: \/ T, =N {Ts| Ts 2T, VaecA}
ac

— the coproduct: T, # T3 ={M € R-Mod | M/s(M) € T, }.

Now we indicate the concordance between the operations of PT and the operations
with the hereditary pretorsion classes of R-Mod.

Proposition 2.1. T ,, = AT, for every family {ro| o € A} C PT.

ae ac
Proof. By the definitions we have:
MeTp & (Ara)(M) =M Nra(M)=Me ro(M)=M Yaec

acU acd acd
eMeT,, YVaeld s Me \T,.,. O
acd

Similarly from the definitions follows the

Proposition 2.2. Ty, = \7,,. O

ac ac
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Proposition 2.3. T,x, =T, # Ts for every pretorsions r,s € PT.
Proof. By the definition of coproduct we obtain:
M € Trys & (rit s)(M) = M < [(r# s)(M)]/s(M) = M/s(M) <
S r(M/s(M)) =M/s(M) < M/s(M) €T, < MeT,#T,. O

In continuation we will consider the expression of operations of PT by the cor-
responding preradical filters &, of pretorsions r € PT. Denote PF the set of all
preradical filters of R and define in this set the following operations:

— the meet: NE&., = ) &r;

ac ac
— the join: \/ &, =N{E€PF|EDE,, YVaecldl
ael

— the coproduct: E.# € = {I € L(zgR) | 3 H € &, I C H such that
(I:a)e&s Yac H}.

Remark. The latter operation is defined in [4] by changing the order of terms. Our
notation is harmonized with the previous ones.

Now we show the relations between these operations and the operations of PT.

Proposition 2.4. £, , = A&, for every family {ro | « € A} CPT.

ac ac?l
Proof follows from the Proposition 2.1. O
Proposition 2.5. &\, = V&, .

ac ac?l
Proof follows from the Proposition 2.2. O

Proposition 2.6. &,4, = &, # & for every r,s € PT.

Proof. (C) Let I € €,4,. Then from the Proposition 2.3 follows:
R/I € Toys =T # To={M € R-Mod | M/s(M) € T, }.

Therefore (R/I)/ s(R/I) € T,.

Now we consider the left ideal H C R defined by the rule (H/I) = s(R/I).
Then (R/I)/(H/I) € T,,s0 R/H € T,,i.e. H € &.. Moreover, from the definition
of H we have H/I € T,.

So we have a left ideal H € &,, I C H with the condition H/I € T, (i.e.
(I :a) €& for every a € H). By the definition this means that I € £, # ;.

(D) Let I € &, # &, ie. there exists a left ideal H C R such that I C H
and H/I € T,. Consider the left ideal H' C R defined by the rule H'/I = s(R/I).
From the condition H/I € Ty follows that H/I C s(R/I) = H'/I, so H C H'.
Since H € &, now we have H' € &,,i.e. R/H' € T,.
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From the other hand, by Proposition 2.3 and definitions we have:
Ergps={I €EL(rR) | R/TE T, ys= T # Ty =
={M € R-Mod | M/s(M) € T,}} ={I € L(rR) | (R/I)/s(R/I) € T,} =
={I eL(rR) | (R/1)/(H'/I) € T,} ={I € L(rR) | R/H" € T, }.
Now from the relation R/H' € T, obtained above follows that I € & 4. O

3 Pretorsions and closure operators in L(gR)

In this section we will indicate a new form of expression for pretorsions of R-Mod
by some closure operators of the lattice L(rR) of left ideals of R. With this
intention we consider a mapping t: L(grR) — L(rR) and the following conditions
on t:

1°) t(I) D I (extension);
) t(t(1)) =t(I) (idempotency);
3°) ICJ=t()Ct(J) (monotony);
4°) (I = (t(I) :a) Ya€ R (modularity);
) t([ N J) t(I)yn t(J) (linearity).
It is well known that the conditions 1°) - 3°) define the ordinary notion of closure

operator of the lattice L(rR).

Definition 3.1. If the mapping ¢ satisfies the conditions 1°)—4°), then it is
called the modular closure operator of L(rR) [3,6]. If ¢ satisfies the conditions
1°), 3°), 4°), 5°), then it will be called the modular preclosure operator of L(grR).

There exists a monotone bijection between the torsions of R-Mod and the
modular closure operators of L(gR) [3,6]. This bijection is obtained as follows:

re~>ty, t(I)={a€R|(I:a)€é&};
t~ry, me(M)={meM]|t0:m)= R}
Now we will show the generalization of this result for the case of pretorsions [7].

Proposition 3.1. Let r € PT and &, be the associated preradical filter. Define
the operator t, of L(grR) by the rule:

tr(I)={a€eR| (I:a)€c&}.
Then t, is a modular preclosure operator of L(rR).
Proof. Verify the conditions 1°), 3°), 4°), 5°) for t,.
1°) If ae I, then (I:a)=R, R€E&,, so act.(I).

3°) If I C J and a € t.(I),then (I:a) € E,. From therelation (I :a) C (J : a)
by (ag) it follows that (J:a) € &, so a € t,(J).
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4°) By the definitions we have:
t(I:a)={zeR|([I:a):2)=(:za) €&}
(tr(I):a) ={z€R|zact,()} ={z€R|(:za)€ &},
so 4°) is true.
5°) The expressions of 5°) have the form:
t(INnJ)={aceR|(INJ):a)e&}={acR|(I:a)N (J:a) €&}
t.()Nt,(J)={acR|([:a)e&}N{acR|(J:a)e€&}=
={aeR|(I:a)N (J:a)€&},
therefore 5°) is true. O

Proposition 3.2. Let t be a modular preclosure operator of L(grR). Define the
function 1 by the rule:

ri(M)={me M| t(0:m)=R}
for every M € R-Mod. Then r; is a pretorsion of R-Mod.

Proof. 1t is obvious that the set r4(M) forms a submodule of M. Moreover, for

every R-morphism f: M — M’ we have f(ry(M)) ={f(m) | t(0:m) = R}. Since

(0: f(m)) 2 (0:m), we obtain ¢(0: f(m)) 2¢(0:m) =R, so t(0: f(m)) =R, ie.

f(m) € r¢(M’). Therefore f(r¢(M)) C ri(M') and ry is a preradical of R-Mod.
Finally, for every N € L(M) we have:

r(M)NN={neN|ner(M)}={neN|t0:n)=R}=r(N),
so 7 is hereditary, i.e. r; € PT. O

Theorem 3.3. The mappings r ~ r; and t ~ ry define a monotone bijection
between the pretorsions of R-Mod and the modular preclosure operators of L(rR).

Proof. Taking into account the Propositions 3.1 and 3.2, it is sufficient to prove that
the indicated mappings define a bijection, i.e. » =1y, and t =t,,.
Verify the first relation:

re,(M)={meM|t,(0:m)=R}={meM|{acR|(0:am)e & }=R}=
={meM|(0:am) €& Yaec R} ={meM|((0:m):a) €& Vaec R}=
={meM]|(0:m)eé&}=r(M),

SO T =Ty,.
On the other hand, for every modular preclosure operator ¢ of L(grR) we have:

tr,(I)={a€R|(I:a)€ét,},
where €,, = {I € L(rR) | t(I) = R}. Now using the modularity 4°) we obtain:
tr(I)={a€R|t(I:a)=R}={acR| (t(I):a) =R} =

={acR|act(l)}=1t),
therefore ¢t = t,,. O
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We remark the fact that the preradical filter of a pretorsion 7, has the form
&, ={I € L(gR) | t(I) = R}, i.e. it coincides with the set of t-dense left ideals
of R.

In continuation we show haw can be obtained from the Theorem 3.3 the similar
result for the torsions, which was formulated above. We remind that by definition
a torsion is a hereditary radical. As the pretorsions, they can be described by the
filters of left ideals of R. Supplementing the conditions (a;) — (a3) which define the
preradical filters (see Section 1), we now consider the following conditions on the set
of left ideals € C L(rR):

(ag) If Io€ &, ac then (I, € E;
ae

(a5) If ICJ, Je&and (I:j)€& forevery j€ J, then I €E.

If r € PT and &, satisfies the condition (a4), then r is called jansian pretorsion.
Such pretorsions will be considered in Section 7.

The set of left ideals & C L(grR) is called a radical filter (Gabriel filter, left
Gabriel topology) if it satisfies the conditions (a1), (a2) and (as). The description
of torsions of R-Mod by the radical filters of L(grR) consists in the following [1-5].

Proposition 3.4. The mappings
R R {[ € L(RR) ’ T(R/I) = R/[}7

E~wryy T, (M)={meM|(0:m)e&}

define a monotone bijection between the torsions of R-Mod and radical filters
of L(rR). g

Now we will indicate the transition from the pretorsions to the torsions of R-Mod
in terms of the modular preclosure operators of L(gR).

Proposition 3.5. Let v € PT and t, be the associated modular preclosure operator
of L(gR). Then the following conditions are equivalent:

1) r is a torsion;

2) t, satisfies the condition 2°), i.e. it is idempotent.

Proof. 1) = 2) If r is a torsion with radical filter &,, then by the definitions we
have:

tr(I)={a€R|(I:a) €&}

tr(tr(I)) ={be R| (t-(I) : b) € &}.

Let b € t,(t( ) From I C t,(I) follows (I :b) C (t.(I) : b) € &.. Moreover,
for every d € (t,(I) : b) we have ((1:b):d) € &,. Indeed, from d € (t,(I) : b)
follows db € tr(I) ie. (0:db) € . Therefore ((I:b):d) = (I:db) €&, so
((T:0):d) €&,
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Now we can use the condition (as) in the situation (I : b) C (¢,(I) : b) € &,
from which follows that (I : b) € &,, which means that b € ¢,.(I). So we have
tr(tr(I)) C t,(I), which implies the condition 2°).

2) = 1) Suppose that the operator t, is idempotent. By the definitions we

have:
t(I)={a€R|(I:a) €&}, t(tr(I))={beR| (t-(I):b) €&}

Therefore the idempotence of t, means that from the (tT(I ) : b) € &, follows
(I:b)€é,.

It is sufficient to prove that the filter &, satisfies the condition (as). Suppose
that I C J, J €&, and (I :j) € &, for every j € J. From the last condition we
have J C t,(I) and from the J € &, we obtain ¢,(I) € &, therefore (£,(I):b) € &,
for every b € R. By the idempotence of ¢, now follows (I : b) € &, for every b € R,
therefore I € &,. So the condition (as) is satisfied for &,, i.e. r is a torsion. O

Applying Theorem 3.3 and Proposition 3.5, we obtain the mentioned above result
on torsions ([3,6]).

Corollary 3.6. The mappings v ~~ t. and t ~ 14 define a monotone bijection
between the torsions of R-Mod and modular closure operators of L(rR). O

4 Pretorsions and closure operators of R-Mod

An important aspect of pretorsions of R-Mod, closely related by the previous,
consists in the description of pretorsions with the help of some closure operators of
the category R-Mod. We remind firstly the necessary definitions and facts ([8-10]).

A closure operator of R-Mod is defined as a function C, which associates to every
pair N C M, where N € L(M) and M € R-Mod, a submodule of M denoted by
Cy(N), such that the following conditions are satisfied:

(

(

(

c1) N CCuy(N) (extension);
c2) Ny C Ny = Cuy(Ny) C Crp(N2) (monotony);
)

f(Cu(N)) € Cpp(f(N)) for every R-morphism f: M — M’ and N € M
(continuity).

We denote by CO the class of all closure operators of R-Mod. Define in this
class the following operations:

— the meet A\ C,, where (A Ca),,(N) = N [(Ca),,(N)];

C3

ael ael ac?l

— the join \/ Cy, where (\/ Co),,(N) = > [(Ca),,(N)];
aell acll ael

~ the product C - D, where (C'- D), (N) =C,, (D,,(N));

the coproduct C# D, where (C# D), (N) = Cp,, () (V).
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We remind also the main types of closure operators of R-Mod. An operator
C € CO is called:

— weakly hereditary, if Cy(N) = Co (n)(N);
— idempotent, if Cy(N) = Cp(Cr(N));
— hereditary, if Cn(L)=Cn(L)NN, where L C N C M;

~ cohereditary, if (Cy(N)+K)/K = Cyyx((N+K)/K),
where K,N € L(M);

— mazimal, if Cy(N)/N =Cyyn(0) (or: Cpr(N)/K = Chyx(N/K),
where K C N C M);

— minimal, if Cp(N)=Cur(0)+ N (or: Cayr(N)=Cun(L)+ N,
where LC N C M).

There exists a close relation between the class of preradicals PR and the class of
closure operators CO of R-Mod, which is expressed by the following mappings:

1) ®: CO— PR, where ®(C)=r,, r,(M)=Cy(0);

c’ C
2) U;: PR — CO, where Uy(r)=C", [(C")m(N)]/N =r(M/N);

3) Uy: PR — CO, where Uy(r)=Cp, (Cr)m(N)=N+r(M).

The class of maximal closure operators Maz (CQ) coincides with the operators of
the form C”, r € PR, and the pair (®, ¥;) establishes the bijection Maz (CO) = PR.
Dually, the class of minimal closure operators Min (CO) coincides with the class of
closure operators of the form C,, r € PR, and the pair (®, V) defines a bijection
Min (CO) = PR.

In continuation we remind the effect of the defined above mappings to the class
PT of pretorsions of R-Mod. The following statements are proved in [9] (Part IV,
Propositions 2.7, 3.5).

Proposition 4.1. 1) The pair of mappings (®,¥1) defines a monotone bijection
between the pretorsions of R-Mod and the mazimal and hereditary closure operators
of R-Mod.

2) The pair (9, V) determines a monotone bijection between the pretorsions of
R-Mod and the minimal and hereditary closure operators of R-Mod. O

Denoting by Maz (HCQ) the class of maximal and hereditary closure operators
of CO, we have the bijection PT = Maxz (HCQO).

Let r € PT and €&, be the associated preradical filter. Then the maximal and
hereditary closure operator C” of R-Mod is defined by the rule [C},(N)]/N =
r(M/N) and can be expressed by the filter &, as follows.



PRETORSIONS IN MODULES AND ASSOCIATED CLOSURE OPERATORS 33

Lemma 4.2. Cj;(N)={m € M| (N : m) € &}, where (N : m)={a € R|am €N}.
Proof. 1t is obvious that the set {m € M | (N : m) € &,} is a submodule of M,
containing N. Since

r(M/N)={m+NeM/N|(0:(m+N))=(N:m)e¢,},
by the definition of C},(N) follows the statement. O

For the subsequent investigations we need the following conditions on the closure
operator C € CQO:

(ca)  (Cm(N):m) = Cr(N : m) for every N € L(M) and m € M
(modularity);
(¢5) Cu(NNL)=Cpy(N)N Cy(L) for every N,LeL(M) (linearity).

Proposition 4.3. Let v € PT and C" be the respective maximal and hereditary
closure operator of R-Mod. Then C" satisfies the conditions (c4) and (cs5), i.e. it
is modular and linear.

Proof. (c4) From the definitions and Lemma 4.2 we have:
(Cy(N)y:m)={a€eR|ame Cj(N)} ={a€ R| (N :am) =
=((N:m):a) €&},

Ch(N:m)={a€R| ((N:m):a)=(N:am)€ ¢},

o (cy4) is true.

(c5) The expressions of (c5) have the form:
Cry(NNL)y={meM|((NNL):m)=(N:m)n (L:m)€ &},
Cy(N)NnCy(L)y={meM|(N:m)e&}n{meM|(L:m)e&}=
={meM|(N:m)n (L:m)eé&} O

Now we mention the relation of these results with the facts of Section 3. Let
r € PT with the corresponding closure operator C”. If we consider the action of C”
on the lattice L.(grR) (i.e. we fix M = gR), then we obtain a closure operator C},
of L(rR).

Corollary 4.4. If r € PT, then the operator t. of L(gR) defined by the rule
tr(I) ={a€ R| (I:a)€&} coincides with the operator CF, therefore C}, is a
modular preclosure operator of L(rR).

Proof. From the Lemma 4.2 we have Ch(I) = {a € R | (I : a) € &,}, therefore
Ck = t,. From Proposition 3.1 it now follows that C} is a modular preclosure
operator of L(grR). O

Now we show the similar results on the torsions of R-Mod. For that we use the
following



34 A.I. KASHU

Lemma 4.5. Let r € PT and C" be the associated mazximal closure operator. Then
the following conditions are equivalent:

1) r is a torsion;

2) C" is an idempotent closure operator.

Proof. 1) = 2) If r is a torsion, then &, is a radical filter, so it satisfies the
condition (as). Let m € C};(C3;(N)). Then (C};(N):m) € & and it is obvious
that (N : m) C (C3,(N) : m). Moreover, for every a € (C5,(N) : m) we have
am € C3(N), so (N :am)= ((N:m):a) € &. Now we can apply the condition
(as) in the situation (N :m) C (C3;(N) : m) € &, concluding that (N : m) € &,
ie. m € Cj;(N). This proves the relation Cj,(Ci;(N)) € (Cy(N), which is
sufficient for the idempotence of C".

2) = 1) If C" is idempotent, then the operator C =t, of L(rR) satisfies the
condition 2°), i.e. it is idempotent. From the Proposition 3.5 this is equivalent to
the fact that r is a torsion. O

From the Proposition 4.1 and Lemma 4.5 follows the

Corollary 4.6. The pair of mappings (®, V1) define a monotone bijection between
the torsions of R-Mod and mazimal, hereditary and idempotent closure operators of
R-Mod. O

It is interesting that the closure operators of the form C”, where r € PT (i.e.
maximal and hereditary) can be characterized by the conditions (c¢4) and (c5) in-
dicated above. By Proposition 4.3 every closure operator of such type satisfies the
conditions (¢4) and (c5). Now we show that the inverse statement is also true.

Proposition 4.7. Let C € CO and C satisfies the conditions (cq) and (cs5), i.e. it is
modular and linear. Then the set of C-dense left ideals Ec ={I € L(rR)|Cr(I)= R}
is a preradical filter, the pretorsion defined by Ec coincides with v, = ®(C) and

c=cc.
Proof. Verify the conditions (a1) — (a3) for E¢.
(1) If T€&c and a € R, then Cr(I) = R and from (c4) we have
Cr(I:a) = (Cr(I):a) =(R:a) =R,
therefore (I :a) € Ec.

(a2) If T €&c and I C J, then Cr(l) = R and from (c3) we have
Cr(I) € Cgr(J), so CR(J) =R, ie. Je€é&c.

(ag) If I,J € Ec, then Cr(I) = Cgr(J) = R, so from (c5) we obtain
Cr(INJ)=Cr(I)N Cr(J)=R,ie. INJ € &c.

This proves that E¢ is a preradical filter, therefore it defines a pretorsion T’SC.

It coincides with r, = ®(C), since from the definitions and (c4) we have:
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TEC(M):{mEM|(O:m)EEC}:{m6M|C’R(O:m):R}:

={meM | (Cy(0):m)=R}={meM|meCy0)} = Cnp(0) =r,(M).

The similar arguments show that C"c = C. Indeed, for every N C M using (c4)
we obtain:
(Ce)y(N)={meM|(N:m)eéc}t={meM|Cr(N:m)=R}=

={meM|(Cu(N):m)=R}={meM|me Cy(N)}=Cu(N). O
From Propositions 4.3 and 4.7 follows the

Corollary 4.8. The pair of mappings (¢, V1) defines a monotone bijection between
the pretorsions of R-Mod and the modular and linear closure operators of CO. 0O

5 Relations between the operations of PT and CO

By Proposition 4.1 the pair of mappings (®, ;) defines a monotone bijection
PT = Max (HCO). Now we specify the form of operations in Maz (HCO):
— the meet: (\Cq), (N) = ﬂm [(Ca) (V)]

ae aE

— the join: \/ Cq = N{D € Maz (HCO) | D D C, VaecU};
ael

— the product: (C-D)y(N) = Cun(Dy(N)).

In the case of pretorsions the relation r-s = r A s was mentioned (Section 2).
Similarly, in the case of hereditary closure operators the coproduct coincides with
the meet.

Lemma 5.1. If C, D € CO and C is hereditary, then C# D = C A D.

Proof. For every N C M from the heredity of C' used in the situation N C Dy, (N)C M
we obtain:

(C#D)u(N) =Cp (v)(N)=Cu(N)NDy(N) = (CAD)y(N). O

For this reason in the case of hereditary closure operators we consider only
three operations: meet, join and product, so we have the bijection: PT(A,V, #) =
Max (HCO)(A, V, -). The following statements show the concordance of operations
in this bijection.

A ra
Proposition 5.2. Ces2 = AC" for every family {r,| a € A} C PT.
acl

Proof. Since €p,, = A&, (Proposition 2.4) we have:

acl ac

(Ca/e\mm)M(N) ={meM|(N:m)ec&p,};

(AC™)y(N)= N [Cip(N)] = N [{meM[(N:m)e&,}] =
acl acl ac

={meM|[(N:m)e N&r, =Ep .} O
ael

acl
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V ra
Proposition 5.3. Cec2 = \/C" for every family {r,| a € A} C PT.
acl

Proof follows from the Proposition 2.5. O

Proposition 5.4. C"#%=C".C*% for any pretorsions r,s € PT.

Proof. We verify the relation Cy/**(N) = C4,(C5,(N)), where N C M.

(©) LetmeC X/[#S(N ). Then from the Proposition 2.6 and from the definitions
we have:

(N:m) € Epps=Er# Es=
={lel(zgR)|IHeE, IcH suchthat ([:a)€ & Yac H}.

So there exists H € &, such that (N :m)C H and ((N:m):a) = (N :am) € &
for every a € H. Therefore for every element am + N € (Hm + N)/N we have
(0: (am+ N)) = (N : am) € &, which means that (Hm + N)/N € T,.
But then (Hm + N)/N C s(M/N) = C3;(N)/N, so Hm C Cj5,(N) and
H C (C5;(N) :m). Since H € &,, now we have (C};(N):m) € &,, which means
that m € CJ; (C3(N)).

(2) Let m € Cf(Cy/(N)). Then (C3(N):m) € & and denoting H =
(C#(N):m) wehave H € & and Hm C C}/(N). From the relation N C C/(N)
follows (N : m) C (C3(N) : m) = H. Moreover, for every a € H we have
am € Ci(N), ie. (N :am)= ((N:m):a) € . By the definition this means
that (N :m) €& #E&=E&,4,, therefore m e C;/*(N). O

From the previous statements we conclude that the mapping ¥; preserves the
meets and joins, but it converts the coproduct into the product.

6 Characterization of pretorsions by dense submodules

Let C' € CO. For every M € R-Mod we denote:
FC(M)={N €L(M) | Cpy(N) = M} — the set of C-dense submodules of M:;
FY(M) ={N € L(M) | Cp;y(N) = N} — the set of C-closed submodules of M.

Thus the operator C' € CO defines two functions 3'10 and F¢, which distinguish
in every module M the set of C-dense submodules F§' (M) and the set of C-closed
submodules F§ (M). In some cases by the help of these functions the operator C
can be reestablished. More exactly, C' can be restored by F{ if and only if it
is weakly hereditary. Dually, C' can be reestablished by .’:Fg if and only if it is
idempotent ([9], Part I).
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Now we remind some results on the function F§' defined by C-dense submodules.
For every C € CO the function F¢ satisfies the following conditions:
1) If NeFY(M,), My €M, a €, then NeF( > M,);
ac

2) If NCPCM and N € F¢(P), then N+ K € F{(P + K) for every
K C M,

3) If f: M—M'is an R-morphism and N € F{ (M), then f(N) € FF(f(M)).

An abstract function F which separates in every module M a set of submodules
F(M) is called a function of type Fi, if it satisfies the conditions 1) — 3). Then F
defines a closure operator C7 by the rule:

(CF)m(N) = Zm{Ma C M| NeF(My)}.

The description of the weakly hereditary closure operators by the functions of type
F, consists in the following (][9], Part I, Theorem 2.6).

Proposition 6.1. The mappings C ~ F§ and F ~ C¥ define a monotone bijec-
tion between the weakly hereditary closure operators of CQ and the functions of
type F1 of R-Mod.

By the restriction of this bijection we obtain the similar result for the hereditary
closure operators of CQ. For that the following condition on the abstract function
F is considered:

(Her) If NCPCM and N € F(M), then N € F(P).

Proposition 6.2. The mappings C ~ F§ and F ~ C7 define a mono-
tone bijection between the hereditary closure operators of CQO and the abstract
functions of type F of R-Mod, which satisfy the condition (Her) ([9], Part II, Corol-
lary 2.3).

In a similar way from the Proposition 6.1 the description of weakly hereditary and
mazximal closure operators can be obtained. With this aim the following condition
on a function F is considered:

(Max) If K CNCM and N/K € F(M/K), then N € F(M).

Proposition 6.3. The mappings C ~ F¢ and F ~» CF define a monotone bijec-
tion between the weakly hereditary and maximal closure operators of CO and
the abstract functions of type Fi, which satisfy the condition (Max) (][9], Part 11,
Corollary 3.3).

From Propositions 6.2 and 6.3 we have

Corollary 6.4. The mappings C ~~ 3'10 and F ~» CF establish a monotone bi-
jection between the hereditary and maximal closure operators of CO and the
abstract functions of type F1, which satisfy the conditions (Her) and (Max).
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Now we can use the fact that the pretorsions of R-Mod are described by the
maximal and hereditary closure operators of R-Mod, since by Proposition 4.1 we
have the bijection: PT & Maz(HCQO). In one’s turn the operators of Max(HCQO)
by Corollary 6.4 can be characterized by the abstract functions of type F; with the
conditions (Max) and (Her). Therefore the followihg is true.

Proposition 6.5. There exists a monotone bijection between the pretorsions of
R-Mod and the abstract functions of type F1, which satisfy the conditions (Max)
and (Her).

This bijection has the form:
7~ F, where F'(M)={NecL(M)|(N:m)ecé& VYVmeM}
F ~» rg, where rg(M) =Y {M, e L(M) | 0 € F(M,)}.

We mention also the fact that for every pretorsion r € PT we have ¥ (rR) = &,.

From the exposed above results follows that every pretorsion r € PT can be
described not only by the class T, and the filter €,., but also by the operator t,
of L(grR), by the operator C" of R-Mod and by the function F|, which selects the
dense submodules.

7 On some approximations of pretorsions

Concluding this work, we mention some simple methods of approximations of
pretorsions by jansian pretorsions and by torsions of R-Mod. By approximations
we means the constructions of the least jansian pretorsion or of the least torsion,
which contains the given pretorsion.

Let r € PT. We denote L, =N {I, € L(rR) | I, € &.}. Then L, is an ideal
of R and it is called the kernel of r. The following conditions for r € PT are
equivalent ([1,3,4]):

1) r is jansian (see condition (a4), Section 3);
2) Leé&,

3) the class T, is closed under products: if M, € T, (a € ), then [[M, € T,
ae
If r is a jansian pretorsion, then &, ={I € L(rR) | I O L,}.
There exists an antimonotone bijection between the jansian pretorsions of R-Mod
and two sided ideals of R. It is defined by the rules:
7~ Lpy I~ & ={I,€L(rR) | I.21I}.
It is obvious that if the pretorsion € PT is jansian, then the associated maximal and
hereditary closure operator C” acts as follows: C},;(N) ={m € M |(N :m) D L,}.
It is easy to show how can be expressed by C" the condition that the pretorsion
r € PT is jansian. For that we consider the following condition to an arbitrary

C e CO:
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(c6) Cm(N Na)= N Cum(Na) for every family {N, | o € A} C L(M)
ac ac?l

(complete linearity).

Proposition 7.1. For every r € PT the following conditions are equivalent:
1) r is a jansian pretorsion;

2) the closure operator C" satisfies the condition (cg).
Proof. 1) = 2) If r is jansian, then:

m e CY, (OQQ[NQ) & ((OQQLNQ) : m) oL, & OQQ[(N@ :m) D L, &

s me () Cy(Ny), sois true (cg).
ac

2) = 1) If C"is complete linear, then CL( () In) = [\ [Cr(la)] =R,
I, €&y I, €&y

so () In=L, €&, ie r isjansian. O
I,€ér
Let r € PT and L, be the kernel of the pretorsion r. Then the ideal L, defines a
jansian pretorsion 7, determined by the preradical filter &, = {I € L(gR) | I 2 L.},
ie. *(M)={meM]|(0:m)DL,} for every M € R-Mod.

Proposition 7.2. ¢ is the least jansian pretorsion containing the pretorsion
r € PT.

Proof. Since &, C &;, we have r < 7 and 7 is a jansian pretorsion with the
kernel L,. If s € PT is jansian and r < s, than &, < &, so L, O L, therefore
7 < s. This means that 7 is the least jansian pretorsion containing 7. O

Taking into account this property, 7 is called the jansian hull of the pretorsion
r € PT [4]. For an ideal I of R we denote by r; the jansian pretorsion defined by
I, so that rp(M) ={me M | (0:m)DI}.

Proposition 7.3. A7, =ry ,  for every family {ro| o €A} C PT.

aed acA

Proof. We compare the respective preradical filters:
Enia= NE&,={I€L(rR)|I€&, Vacd}=
ae acl

={lel(rR)|IDL, YacUAt={IcL(RrR)|I12D)>; Lw}zerzL . O
aed aem?‘a

In continuation we show the other type of approximation of a pretorsion r € PT,
namely by the help of torsions. Every pretorsion r € PT is accompanied by two
classes of modules:

T, = {M € R-Mod | r(M) = M}, F, ={M € R-Mod | r(M) = 0}.
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It is well known that the class T, uniquely reestablishes the pretorsion r, while the
class ¥, not always determines r.

To clarify the situation it is convenient to use the following operators of
“orthogonality”, which act to the abstract classes of modules KX C R-Mod ([1-3]):

%' = {X € R-Mod | Homp (X,Y) =0 Y'Y € X},

%' = {Y € R-Mod | Homg (X,Y)=0 VX € X}.

For every X C R-Mod the class %' is a torsion class (i.e. it is closed under
homomorphic image, direct sums and extensions), and UCl is a torsionfree class (i.e.
it is closed under submodules, direct products and extensions). Moreover, iK” is
the least torsion class containing X, and UCH is the least torsionfree class containing

X. If r is an idempotent radical, then T, = 3": and &, = U’i. In this case T, is
hereditary if and only if &, is stable and this means that r is a torsion.

Lemma 7.4. If r is a pretorsion, then the class F, = ‘J'i is closed under sub-
modules, direct products, extensions and injective envelopes, i.e. F,. is a torsionfree
stable class.

Proof. The first three properties of the class &, = ‘J'i are obvious, since every class

of the form %' is torsionfree. We verify the stability of F, : M € F, implies
E(M) € F,, where E(M) is the injective envelope of M.

Let M € F,,ie. r(M) ={m € M | (0:m) € &} = 0. Suppose that
r(E(M)) # 0. Then there exists an element 0 # x € E(M) such that (0: ) € &,.
Since Rx # 0, we have Rx N M # 0, so there exists an element 0 # m = ax € M,
where a € R, for which (0 : m) = (0 : az) = ((0 : 2) : a) € &,, therefore
0 # m € r(M), contradiction. This shows that r(E(M)) =0, ie. E(M) € F, and
the class JF, is stable. O

Now we remind the relation between the torsions r of R-Mod and the associated
classes T, and F, ([1-3,6]).

Lemma 7.5. 1) The mappings v ~ T, and T ~ 7, where r7 (M) = Y. {N, €
ac
L(M) | N, € T}, define a monotone bijection between the torsions of R-Mod and

the hereditary torsion classes of R-Mod.

2) The mappings r ~> Iy, and F ~ ro, where v (M) = [ {No € L(M)]
ac
M/N, € F}, establish an antimonotone bijection between the torsions of R-Mod

and the stable torsionfree classes of R-Mod.

3’)

Let r € PT. By the Lemma 7.4 the class ¥, is a stable torsionfree class, so by
the Lemma 7.5 F, defines a torsion 7 such that J7 = 3"1 = ‘T,U and Fr =&, ie.

(M) = (| {No € L(M) | M/N, € F,}.
ac?l
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Proposition 7.6. Let r € PT. Then the torsion 7, defined by the class F,, is the
least torsion containing 7.

Proof. By the definitions the class of modules T = F! = T is the least hereditary
torsion class, which contains T,. Therefore 7 is the least torsion containing ». [

The torsion 7 constructed above is called the torsion hull of the pretorsion
r € PT. Then &; is the least radical filter of R, containing the preradical fil-
ter €.. It is obvious that class of modules T can be directly described by the
class T,, as well as the radical filter &; can be expressed by E&,. For example:
& ={I e L(gR) |VYJIDI, J#R, Ja ¢ J suchthat (J:a) € &} ([2],
Chapter VI, Proposition 5.4).

In particular, for the pretorsion Z defined by the preradical filter of essential left
ideals €7 = {I € L(gR) | I ' grR}, the corresponding torsion hull is Zy with the
radical filter (Goldie topology):

€z, ={I € L(rR) | 3J € Ez such that I C Jand (I :b) € €, Vb # J} ([2],
Chapter VI, Proposition 6.3).
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