BULETINUL ACADEMIEI DE STIINTE

A REPUBLICII MOLDOVA. MATEMATICA
Number 3(79), 2015, Pages 14-34

ISSN 1024-7696

Rational bases of GL(2,R)-comitants and of
G L(2,R)-invariants for the planar system of differential
equations with nonlinearities of the fourth degree
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Abstract. This paper is devoted to the construction of minimal rational bases of
GL(2,R)-comitants and minimal rational bases of GL(2,R)-invariants for the bidi-
mensional system of differential equations with nonlinearities of the fourth degree.
For this system, three minimal rational bases of GL(2,R)-comitants and two minimal
rational bases of GL(2,R)-invariants were constructed. It was established that any
minimal rational basis of GL(2, R)-comitants contains 13 comitants and each minimal
rational basis of GL(2, R)-invariants contains 11 invariants.
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1 Definitions and notations

Let us consider the system of differential equations with nonlinearities of the
fourth degree

dx dy

E :P1(ZL',y)+P4(5L'7y), E :Q1($>y)+Q4($>y)v (1)

where P;(x,y), Qi(x,y) are homogeneous polynomials of degree i in x and y with
real coefficients.

The goal of this paper is to construct minimal rational bases of G L-comitants
as well as GL-invariants for the above system. It is known (see for instance [1,2])
that invariant polynomials with respect to the group GL(2,R) could be used to
characterize some geometric proprieties of system (1). And clearly the knowledge
of the elements of minimal rational bases essentially limits the number of invariant
polynomials which could be used in the study of this system.

System (1) can be written in the following coefficient form:

d

d_gtc = cx + dy + gzt + 4hay + 6kz?y® + dlxy® + my?,

d

d—‘z = ex + fy +na' + dpa’y + 6q2>y® + dray® + sy’ (2)

We denote by A the 14-dimensional coefficient space of system (1), by a € A the
vector of coefficients a = (¢, d, e, f,g,h,k,l,m,n,p,q,7,s), by ¢ € Q C Aff(2,R)
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a nondegenerate linear transformation of the phase plane of system (1), by q the
transformation matrix and by rq(a) a linear representation of coefficients of the
transformed system in the space A.

Definition 1 (see [1,2]). A polynomial K(a,x) in coefficients of system (1) and
coordinates of the vector x = Z; € R? is called a comitant of system (1) with

respect to the group Q if there exists a function X : Q@ — R such that
K(rq(a), ax) = Mq)K(a,x)
for every g€ Q, a € A and x € R2.

If Q is the group GL(2,R) of nondegenerate linear transformations

u=qx, Agq=detq#0 (3)

of the phase plane of system (1), where u = <Z> is a vector of new phase

a @
@ 4
called GL(2,R)-comitant or center-affine comitant. In what follows only GL(2,R)-
comitants are considered. If a comitant does not depend on coordinates of the vector
X, then it is called invariant.

The function A(q) is called a multiplicator. It is known [1] that the function
A(q) has the form A(q) = Aq*, where y is an integer, which is called the weight of
the comitant K(a,x). If x = 0, then the comitant is called absolute, otherwise it is
called relative.

According to [1] if a GL-comitant K(a,x) is a non-homogeneous polynomial with
respect to x and a, then each its homogeneity is also a G L-comitant. So in what
follows we shall consider only homogeneous invariant polynomials.

We say that a comitant IC(a, x) has the character (p; x; ¢) if it has the weight ¥,
the degree § with respect to coefficients of system (1) and the degree p with respect
to coordinates of the vector x.

Every comitant K(a, x) of system (1) of the character (p; x; ¢) can be represented
in the form

variables and q = < ) is the transformation matrix, then the comitant is

K(a,x) = To(a)z” + Ti(@)z" y + ... + Tpoi(a)zy?™ ' + Ty(a)y?,

where T;(a) are polynomials in coefficients of the system. The polynomial Tjy(a) is
called the semi-invariant of the comitant K(a,x) and is denoted by SK(a). Thus,

1 0°K(a,x)
p! oxP

SK(a) = .
Definition 2. A set S of comitants (invariants) is called a rational basis on M C A
of comitants (invariants) for system (1) with respect to the group Q if any comitant
(invariant) of system (1) with respect to the group Q can be expressed as a rational
function of elements of the set S.
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Definition 3. A rational basis on M C A of comitants (invariants) for system
(1) with respect to the group Q is called minimal if by the removal from it of any
comitant (invariant) it ceases to be a rational basis.

We say that GL(2,R)-comitants (invariants) of a set S are polynomial indepen-
dent if there is no identity between them of the form P(K;) = 0, where P(K;) is a
polynomial in elements of the set S.

Definition 4 (see [3]). Let ¢ and ¢ be homogeneous polynomials in coordinates of

the vector x = <§> € R? of the degrees py and po, respectively. The polynomial

. i . . .
. — — 8] 8]
((107 ¢)(J) (101 j p2 j § : <j> l‘] Zpay axza;b] %

1=

is called the transvectant of index j of polynomials ¢ and 1.

Property 1 (see [4]). If polynomials ¢ and 1) are GL(2,R)-comitants of system (1)
with the characters (py; Xe; 0p) and (py; X Oy), respectively, then the transvectant
of index j < min{p,, py} is a GL(2,R)-comitant of system (1) with the character
(o + Py — 245 X+ Xu + 5 o+ dy). If j > min{py, py}, then (p,9)0) =0.

GL(2,R)-comitants of the first degree with respect to coefficients of system (1)
have the form

_p 0. 1 /0R(ry) | 0Qi(x,y)\ .
R; = Pi(z,y)y — Qi(z,y)x, SZ—Z.< e 9 ,i=1,4.

By using the comitants R; and S; (i = 1,4), and the notion of transvectant the
following GL(2,R)-comitants and invariants of system (1) were constructed (in the
list below, the bracket ”[” is used in order to avoid placing the otherwise necessary
parenthesis 7 (” (up to six)):

K1 =Ry, Ky=8i, Ksz=(Ri,R)"W, K= (RyRy)?,
= (Ry,S0)¥, Ke= (R, 50)®, Kr= (R4, S0V,
Ks = (S4,541)®, Ko =[R4,Rs)Y, Ry )<1>

Ki3 = [Ra, R))® RV, K7 = [[R4, Sy)®, 5,3

Kig = [Ra, 8)®,80)W, Koy = [S4, 84)@, 84V Ql Ry,
Q2=51, Q3= (R, R1)?P, Qu=(Ry, R ), Q5 = (81, R1)®?,

Qs = (Si, R)Y, Q7= (R, R)®, Quo =[Rs, R1)?, R1)?,

Q20 = [R4, R1)®, R)Y, Qa1 =[Sy, R1)®, Ry)W,

Qus = [Re, R1)®, R1)®, Ry)W,
=8, L=(R,R)?, I3=[R,Qs5)", Q5"
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It = [Qu9, R1)V, Q19)W,
= [[R47Q5)(1)7Q5)(1)7Q5)(1)7Q5)(1)
Ty = [54,Q5)", Q5), Q5)

,Qs)Y,

Js = [R4, R1)?,Q5)V,Q5)M, Q5)M

Ji = [Re, R)W,Q5)W,Q5)M, Q5)V, Q)Y

JG = [[547 Rl)(l)7 Q5)(1)7 Q5)(1)7 Q5)(1)

= [[R4,R1)(2) Ry)
Joo = [[34731)(2 R)W,Q5)Y, Q50

Ji = [Ra, Q19)™, Q19)™, Q1) V)

J3 = [Re, R1)?, Q1)

Jy = [Ra, R1)W, ng) Q19)V
[[54,31)

Jo = [[54,Rl) ),Q19)™, Q19

Joo = [Ra, R1)@, R1)W, Q19)M), Q19

9

, Q19
Q

2 Rational bases of GL(2,R)-comitants

2.1 The case K; 20 (R4 # 0)

Theorem 1. The set of GL(2,R)-comitants

{Ki1, Ky, K3, Ku, K5, K¢, K7, K19, K13, Q1, Q2, Q3, Qu}

1 0Ki(a,w) 1

(2) . Qs (1)

)7Q5)(1)7

Ju3 = [[34731)(2),31)( , 1)(1),625 1

)V, Q)

Jo = [[54,Q19)(1) ng)(l) ng)(l)

)1, Q19)W

9)(1 Q1) ,Qw)(l)

)M

)¢

), Q19) V),

6219)(1
) 7Q19)(1)7
Jo1 = [S4, R1)P, R)W, Q1) V).

0K (a,w)

7@5)(1)7

u =

V= —wWeT + WY,

sKiaw) 0w T BK(aw)

aZUQ

17

(4)

is a minimal rational basis of GL(2,R)-comitants for system (1) of differential equa-
tions with nonlinearities of the fourth degree on M ={a € A | Ky #0}.

Proof. Firstly we will show that the set of comitants { K1, Ko, K3, K4, K5, K¢, K7,
Ky, K13, Q1, Q2, Q3, Q4} is a rational basis of GL(2,R)-comitants when K; # 0.
)-comitant K # 0. By using the transformation:
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where w = <WI> € R?, system (1) can be brought to the system:

(0
du  K1Q2+20Q4 —K4Q1 +2K1Q3 4 4
R K
dt ok, T 9K? vt
12K7 4+ 10K, 3 —6K5K4+ 12K Kg — 30K 3 2 9
+ 5K, u’v + 5K12 u‘v® +
+10K12K3 — 15K2 + 4K?K5 — 6K, K7 — 4K2 K13 w0 4
5K}
_K12K10 + K4K123 4
+ I, v (6)
dv Ki1Q2 —2Q4 4 4 3
— =— — P -K —K
7 Qi1u + oK, v 1u —1—5 2u”v +
12K7 — 15Ky o 5  —6K2Ky + 12K, Kg +20K13 4
+ 5K, u‘v® + 5K12 uv® +
+—10K12K3+15K§+16K12K5—24K4K7—16K2K13 A
v,

20K

According to [5, Lemma 4] any GL(2, R)-comitant K(a,x) of system (1) coincides
with the semi-invariant SKC of any comitant K calculated for system (6) in which
coordinates of the vector w are replaced, respectively, with coordinates of the vector
x. In other words

1 . 0PK (b (w1, ws) ,u)

K(av X) = ; our wy=x ° (7)
w2 =Y
where u = Z = q - X, q is the matrix of transformation (5) and b is the vector

of coefficients of system (6). So any GL(2,R)-comitant K(a,x) can be represented
as a rational function of comitants (4) where denominator is a nonnegative integer
power of the comitant K;. Thus, the set of comitatns (4) is a rational basis of
GL(2,R)-comitants for system (1) on M ={a€ A| K; #0}.

Next we will show that this basis is minimal. Indeed, suppose the contrary that
the rational basis (4) is not a minimal one. This means that among the comitants
K; and Q; there exists a polynomial identity P(K;,Q;) = 0 in Rlz,y]. On the
other hand, since each K; or @); is well determined by its semi-invariant SK; or
SQj, respectively, we conclude that the identity P(SK;, SQ;) = 0 must also hold.
To calculate the expressions for these semi-invariants, for simplicity we apply the

D+ F F-D 4P+ H

following substitution: ¢ = + ,d=FE e=-C,f = 5 9= ;_ )

K +2Q 3L+ 4R M+ S P—H 2R — L

h 10 ) 30 7l 5 7m 7n G7 p 5 7"” 10 9y
L_ASTM Q3K

5 2 30
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By using these substitutions system (2) is written in the form:

de. D+ F 4P+H , 4Q+2K 4
%o 2 r+ Ey+ 5 T+ 5 oy +
4R+ 3L 45 +4M
T$2y2+T$y3+Ny4’
dy F—-D 4 4P —4H 4
—=-C -G _— 8
0 T+ 5V x* + : z°y + (8)
4Q — 3K 4R — 2L 45 — M
762 5 x2y2 + 5 xy3 + 5 y4.

For system (8) the comitants Ry, Si, R4 and Sy have the following form
Ry =Cz*+ Dxy+ Ey?, S =F
Ry = Gz® + Ha'y + K2®y? + La*y® + May* + NP, (9)
Sy = Pz 4+ Qa’y + Rxy® + Sy°,

For system (8) semi-invariants of comitants listed in the theorem have the form:

SK; =G,
SKy = P,
1

SK3 = —(3K%*—8HL + 20GM),

50
1
SK, = —%(21{2 — 5GK),

1
SK; = —15(LP — KQ + 2HR — 10GS),

SK = %(3}(}9 _ 4HQ + 10GR),

SKy — —%(31{13 ~5G0), (10)
SKip = —%(—311.1(2 +8H?L + 5GK L — 50GHM + 250G*N),

SKig = —ﬁ(w?’ — 15GHK + 25G?L),

SQ1 =C,

SQo = F,

5Qs = 1—10(10EG —2DH + CK),

1
SQ4= 1—0(5DG —2CH).
Next in order to prove the impossibility of the polynomial identity P(SK;, SQ j) =
0 we use Table 1 in which the sign ” + ” indicates that the respective parameter is
contained in the expression of the semi-invariant SK; or SQ;, and the sign 7 —”
indicates that the respective parameter is missing from the expression of the semi-

invariant SK; or SQ;.
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Parameters of system (8)

Semi-invariant | C | D | E | F |G| H|K|L| M| N |P|Q|R|S
SK e e e e e e R Mt M M M e M e
SKy - —-]—-1- - ==+ —=]—|-
SK; — === R
SKy - =1 -1-
SKj5 - =1 -1-
SKs - =1 -1-
SK7 - =-1-1-
SQ:
SQ2 — | = | -]+
5Qs3 + |+ |+ |-
S5Qq4 + |+ |- |-

4|+ +

||+
||+

+
|
|
|
|
|
|
|
|
|
|
|
|
|

+]+
+]+

We observe that the parameter S is contained only in semi-invariant SK5 and
hence the identity P(SK;, SQ;) = 0 must be homogeneous in SK5. This means
that this semi-invariant could be removed from the list due to the parameter S
and we denote this couple by (SKj5,S). Examining the remaining table after the
removal of the line corresponding to the semi-invariant SK5 and of the column
corresponding to the parameter S, by the same reason we get the couple (SKg, R)
which allows us to remove the line corresponding to the semi-invariant S Kg and the
column corresponding to the parameter R. In the same way, we obtain the couples
(SK77 Q>7 <SK27 P>7 (SK107 N>7 <SQ37 E>7 (SQ47 D>7 (SQ27 F>7 <SQ17 C>7 <SK37 M>7
(SKis, L), (SKy, K), (SK1,G). It follows that the set of comitants listed in Theorem
1 are polynomial independent. So if by the removal from it of any comitant it ceases
to be a rational basis. This proves that the set of comitants listed in Theorem 1 is
a minimal rational basis of GL(2,R)-comitants for system (1). O

2.2 The case K; Z0 (S; #0)

Theorem 2. The set of GL(2,R)-comitants

{Kla K27 K57 K67 K77 K8> K177 KlSa K21> le Q27 Q57 Qﬁ} (11)

is a minimal rational basis of GL(2,R)-comitants for system (1) of differential equa-
tions with nonlinearities of the fourth degree on M ={a € A | Ko # 0}.

Proof. Firstly we will show that the set of comitants { K1, Ko, K5, K¢, K7, Kg, K17,
Kis, Ko1, Q1, Q2, Qs5, Qg} is a rational basis of GL(2,R)-comitants when Ky # 0.

The proof of this theorem is completely the same as the proof of previous theo-
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rem. Let the GL(2,R)-comitant Ky # 0. By using the transformation:

1 0Ks(a,w) 1 0K (a, w)
3Ks(a,w) owy 3Ky (a,w) Ows (12)
V= —weT + WY,
system (1) can be brought to the system:
du  KyQa+2Qs —KsQ1 +2K2Qs  4K3 —5Kq
@~ 2k, 7 9K Ut TR, T
4K5Kg — 2K 1 K, —30K2K5 + 6K2Kg + 45 K7 Kg — 30K K
n 262 L8 3, 4 55+ 28+3 [£4€ 1821 2.2
K3 Y%
—30K5KgKs + 15K1K§ + 20K22K18 — 4K22K21 + 20K7 K9 3
+ 7 uv” 4+
5K3
S8K2K5Ks — 9K7K2 — AK3 K17 — 4K2KgKo1 + 8K1 KgKa1 4
+ 5 v ) (13)
4KD
dv KQQQ — 2Q6 4 4K22 + 20K7 3
- - iwa b, K 2 T4
7 Qiu + e v 1w+ 5K, u°v +
—6KsKg + 3K 1K 20K2K5 + 6K5Kg — 30K7Kg + 20K, K
n 2 6-12- 188 2.2 S5 + 6K Kg . 7188 + 1821 08
+30K2K6K8 — 15K K2 — 20K3 K13 — 16 K3 Ko — 20K7 Koy ”

20K}

According to [5, Lemma 4] it follows that the set of comitants (11) forms a rational
basis of GL(2,R)-comitants for system (1). The minimality results from the expres-
sions of semi-invariants of comitants (11), calculated for system (8), which are the
following:

SK, =G,

SKy=P,

SKs=—1/10(LP — KQ + 2HR — 10GS),

SKg=1/30(3KP —4HQ + 10GR),

SK; = —1/15(3HP — 5GQ),

SKg=—2/9(Q* — 3PR),

SKi7 = —1/30(30NP? — 10M PQ + 2LQ* + 4ALPR — 3KQR + 2HR*—
—3KPS +4HQS — 10GRS), (14)

SKig =1/30(6MP? —4LPQ + KQ* + 3KPR — 2HQR—
—6HPS +10GQS),

SKo = —1/27(2Q* — 9PQR + 27P%S),

SQ1=C,
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SQ2 = F,

SQs =1/3(3EP — DQ + CR),

SQe¢ =1/6(3DP —2CQ).

Next in order to prove the impossibility of the polynomial identity P(SK;, SQ;) =

0 we use Table 2 in which the sign ” +” indicates that the respective parameter is
contained in the expression of the semi-invariant SK; or SQ;, and the sign 7 —”
indicates that the respective parameter is missing from the expression of the semi-
invariant SK; or SQ;.

Table 2

Parameters of system (8)
Semi-invariant | C | D | E | F |G| H | K| L | M| N
SK; e e
SKy e el e e e
SKs i e e s
SKg i e e s
SKz i e e s
SKy - === 1-|-1=-1-1-1-
S 4 -
SQ:2 ot Rt i M o M e M M R
SQs == -1=-1=1-1=
SQs S B e e e M e M M

~
QO
=y
@)

4
|

++
_|_

|

|
++
+

|||+
|+ ]+

4|+ +

€
|

++
++

In the same way as in the proof of Theorem 1 we obtain the couples (SKi7, N),
<SK18>M>> <SK57L>> <SK67K>> <SK77H>> <SK1>G>7 <SQ27F>7 <SQ57E>7 <SQ6>D>>
<SQ170>7 <SK87R>7 <SK27P>><SK2175>‘

From Table 2 it follows that the comitants (11) are polynomial independent. [
2.3 Thecase Q; Z0 (R; Z0)

Theorem 3. The set of GL(2,R)-comitants

{K1, K2, Qu, Q2, Q3, Qu4, @5, Qs, Q7, Q19, Q20, Q21, Qu3} (15)

is a minimal rational basis of GL(2,R)-comitants for system (1) of differential equa-
tions with nonlinearities of the fourth degree on M ={a € A | Q1 #0}.

Proof. Firstly we will show that the set of comitants {K7, Ks, Q1, Q2, @3, Q4, Qs5,
Qs, Q7, Qr9, Q20, Q21, Q43} is a rational basis of GL(2, R)-comitants when ¢ # 0.
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The proof of this theorem is completely the same as the proof of Theorem 1. Let
the GL(2,R)-comitant @)1 #Z 0. By using the transformation:

u = 1 an(av w) x+ 1 8@1(&, w)
2Q1(a,w) Owy 2Q1(a,w) Ows Y (16)
V= —WoT + WY,
system (1) can be brought to the system:
du Qo Q7
a2 't
4K. — 2 — 12 — 10K
n 2Q1 5Q4u4 n 0Q1Q3 Q12QG 0 1Q7u3v n
5Q1 5Q7
12Q%Qs5 — 6K 15 -30
. QiQs 2Q1Q7 +3 Q4Q7 Q1Q20 w202 4
5Q3
n —20Q1Q3Q7 + 2Q1Q6Q7 + 5K1Q% + 20Q2Q19 — 4Q3Qxn wwd +
5Q7%
4 — 2 4Q°
n Q1Q7Q20 Q45Q7 Q1Q43U47 (17)
407
% = —Qlu + %U — K1u4 +
4K2Q1 +20Qs 3  15K1Q7 —30Q1Q3 —12Q1Q6 o »
—2x TR Su 4 5 u?v? 4
5@1 5@1
12Q3Q5 — 6K2Q1Q7 — 10Q4Q7 + 20Q1Q20 5
+ 3 uv” +
5Q7
+20Q1Q3Q7 +8Q1Q6Q7 — 5K1Q2 — 20Q3Q19 — 16Q3Qx A
20Q% '

According to [5, Lemma 4] it follows that the set of comitants (15) forms a rational
basis of GL(2,R)-comitants for system (1).

The minimality results from expressions of semi-invariants of comitants (15),
which are the following;:

SKi =G,
SKy =P,
SQ1=C,
SQ2 = F,

SQs = 1/10(10EG — 2DH + CK),

SQ4 =1/10(5DG — 2CH),

SQs = 1/3(3EP — DQ + CR), (18)
SQs = 1/6(3DP — 2CQ),
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SQ7; = —1/2(D* — 4CE),

SQ19 = 1/10(10E*G — 4ADEH + D?K +2CEK — 2CDL + 2C*M),

S5Qo0 = —1/20(—10DEG + 2D?*H + 4CEH — 3CDK + 2C?L),

5Qg = —1/6(—3DEP + D?Q 4 2CEQ — 3CDR + 6C29),

SQu3 = 1/20(10DE*G — 4D*EH — ACE’H + D*K + 6CDEK — 4CD*L—
—4C%EL +10C%*DM — 20C3N).

Next in order to prove the impossibility of the polynomial identity P(SK;, SQ;) =
0 we use Table 3 in which the sign ” +” indicates that the respective parameter is
contained in the expression of the semi-invariant SK; or SQ;, and the sign 7 —”
indicates that the respective parameter is missing from the expression of the semi-

invariant SK; or SQ;.
Table 3

Parameters of system (8)

Q
S
=
~
Q
S
~
™~
S
=
S
Q
=
nn

Semi-invariant
SK;
SKs
SQ
SQ:2
SQs
SQy
SQs
SQs
SQ
SQ19
SQ2
SQa
SQus3

In the same way as in the proof of previous theorems we obtain the cou-
ples <SQ27F>7 <SQ21>S>7 <SQ57R>7 <SQ67Q>7 <SK27P>7 <SQ437N>7 <SQ19>M>>

(SQ20, L), (5Q3, K), (SQ4, H), (SK1,G), (SQr7, E),(SQ1,C).
From Table 3 it follows that the comitants (15) are polynomial independent. [

|
|
|
|
_l_
|
|
|
|
|
|
|
|
|

|
|
|
|
|
|
|
|
|
|
+
|
|
|

+
|
|
|
|
|
|
|
|
|
|
|
|
|

|
|
|
+
|
|
|
|
|
|
|
|
|
|

+
|
|
|
|
|
|
|

[ +]+
[ +]+

-1 =1=-1-1-1-1T=-1+[+]+[+
-[+1+1+

| ]
| ]

+
€
€

|

|

|

|

3 Rational bases of GL(2,R)-invariants

3.1 The case I3 #0
Theorem 4. The set of GL(2,R)-invariants
{Ily 127 I37 J17 J27 J37 J47 J67 J197 J207 J43} (19)

is a minimal rational basis of GL(2,R)-invariants for system (1) of differential equa-
tions with nonlinearities of the fourth degree on M ={a € A | I3 # 0}.
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Proof. Firstly we will show that the set of invariants {Iy, I, I3, Jy, Jo, J3, J4, Jg,
J1g, Ja0, Ju3} is a rational basis of GL(2,R)-invariants when I3 # 0.
By using the transformation:

I Quew) 1 9Qu(aw)

v I3(a,w) Own I3(a,w) Ows ’
(20)
v 0Qs(a,w) et 0Q5(a,w) .
8’(01 8’(02
system (1) can be brought to the system:
dt 2 215 515
—101J7 — 2013J5 + 1213 Jg 3 —61513Jy — 1515 J4 — 30139 9 9
U v + u v 4
512 513
—413? + 5[22J1 + 20151303 — 21513Js + 20[§J19 w4+
5I§1
I3 4151, 412
n 5Jy + 41 3?0-1- 3']431)4, (21)
dv Il 4 4[3J2 — 20J4 3
g 1, 372 “Pd
7 3u+2v Jiu® + A u v +
151 1 121 —61>1. 101 201
+ 5I5J1 + 30 32J3 + 3J6u2212 n 61515J9 + 10 §J4+ 0 3J20u113 +
513 513
—1613 — 5120y — 201513.J5 — 81213.Js — 2013J19 4
v-.
2015

From system (21), it follows that any GL(2,R)-invariant of system (1) with
Is # 0 can be represented as a rational function of invariants (19). So the set of
GL(2,R)-invariants (19) forms a rational basis for system (1) with I3 # 0.

To prove the minimality we write the expressions of invariants (19). By using the
notation U = $(EQ — DR+ 3CS) and V = $(3EP — DQ + CR) for the invariants
(19) we have:

I = F,
I = %(—D2 +4CE),
Iy= — CU*+ DUV — EV?,
Ji = GU® — HU*V + KU®V? — LU?V3 + MUV* - NV?,
Jo = PU3 — QU?V + RUV? — SV3,

1
Jy = 1—0[(10EG —2DH + CK)U? + (-6EH + 3DK — 3CL)U*V+
+(3EK —3DL +6CM)UV? 4+ (—~EL+2DM — 10CN)V?],
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1
Ja = 15l(6DG ~ 2CH)U® + (~10EG — 3DH + 4ACK)U*V +
+ (8EH + DK — 6CL)U?V? + (—=6EK + DL + 8CM)U*V?3+
+ (A4EL — 3DM — 10CN)UV* + (—2EM + 5DN)V?),

1

Jo = Gl(8DP — 20Q)U? + (—6EP — DQ + 4CR)U?V +
+ (4EQ — DR — 6CS)UV? + (—2ER + 3DS)V?3], (22)
Jig = i[(mE?G —4DEH + D*K +20EK — 2CDL + 2C*M)U+

10
+ (-2E?H + 2DEK — D?L — 2CEL + 4CDM — 10C%N)V],
1
Jao = 55|(10DEG — 2D?H — 4CEH + 3CDK — 2C*L)U>+
+ (=20E*G + 2DEH + D*K + 2CEK — 5CDL + 8C*M)U?*V +

+ (8FE*H — 5DEK + D*L + 2CEL + 2CDM — 20C*N)UV?*+
+ (—2E%K + 3DEL — 2D?>M — ACEM + 10CDN)V3],

1
Jy3 = %[(1ODE2G —4D*FEH — ACE*H + D3K + 6CDEK — 4CD?L — 4C?EL+
+10C%2DM — 20C3N)U + (-20E3G + 10DE*H — 4AD?EK — 4CE* K+
+ D3L+ 6CDEL — 4CD*M — 4C*EM + 10C*DN)V].

Next, we write the expressions of the highest power of S in the invariants (22),
denoted by EI; and EJ;

EI, = F,

1
EI, = 5(—D2 +4CE),

Ely = —C3,
EJ, = C°G,
EJy = C3P,

EJ3 = 1—1003(10EG —2DH + CK),

BJ = —%05(—517(; +2CH), (23)
EJs = —%03(—3DP +2CQ),

EJig = 1—100(10E2G —4DEH + D?K +2CEK — 2CDL + 2C*M),

EJy = —2—1003(—10DEG +2D?H + 4CEH — 3CDK + 2C*L),

1
EJys = —2—00(—10DE2G +4D?EH + 4CE*H — D*K — 6CDEK +4CD?*L+
+4C%*EL — 10C2DM + 20C3N).
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In the following table the sign ” + ” indicates that the respective parameter is
contained in the expression of the highest power of S in the invariants (22) and the
sign ” —” indicates that the respective parameter is missing from the expression of
the highest power of S.

Table 4
Parameters of system (8)

Invariant |C | D | E | F |G| H|K|L|M|N|P|Q|R
L i e e s o At Mt At M et e Mt M M
I + [+ +-1-T-1T-1-1=-1T=-1-1T-1-
I3 + === = —1|—-1 — i B B
J1 + |-+ —-—]1—-—1—|—|-
Jo + - -] -] —-—|—-| |-+
B |+ |-+ [+ == 1-1-1-1-
Ji |+ |+ -1+ +[-1-1=-1-1-1-1=
o |+ |+ - |-1-1-1-1-1=-1=-1+[+1-
Jig + |+ |+ ||+ |||+ |+ ] =]
Jao + |+ |+ ||+ |||+ == ||
Ju3 + |+ |+ ||+ |||+ |+ ]+ ||

According to Table 4 we obtain the couples (Js, Q), (J2, P), (Jus, N), (J1g, M),
<J207L>7 <J37K>7 <J47H>7 <J1>G>> <II>F>7 <I27E>7 <J27O>

From Table 4 it follows that the invariants (19) are polynomial independent. [J
3.2 The case I, # 0

Theorem 5. The set of GL(2,R)-invariants
{Ily 127 I47 :]vla '727 ‘737 :]:17 j57 :];37 !7207 !721} (24)

is a minimal rational basis of GL(2,R)-invariants for system (1) of differential equa-
tions with nonlinearities of the fourth degree on M ={a € A | I, # 0}.

Proof. Firstly we will show that the set of invariants {Lh, I, I, jl, jg, jg, j4, (75,
Je, Jao, Jo1} is a rational basis of GL(2,R)-invariants when I # 0.
By using the transformation:

w 1 9Qus(a,w) e 1 0Qus(a,w)
Iy(a,w) ow Ii(a,w) Ows 4
(25)
. 0Q19(a, w) ot 9Q19(a, w) 7
8’(01 Owg

system (1) can be brought to the system:

du I I Al Jy + 5J; —1015.Jy — 2014J5 + 121,.J;
uw I 2 4o + J4u4+ 0l J1 — 2014 J5 + 4J6ugv+

at 2" e b1 512
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- - L~ N
| SDIudy + 1510 + 121205 +30L T 5 5

513
512, + 2015145 — 2051, Jg — 412 J; 4T3 + 1204 + 41514.J5
+21 2434246 421uv3+ 4 245 24201)4,(26)
51 AT
dv L~ 4 AL, —20Jy 5 15L0J1 +30I4J5 + 121,Js o o
b Lo — eve ~es
i 4U + 2v Jiu® + 5L u v + 512 u“v° +
61y 04Ty + 10104 — 1212.J5 + 201,.J5
n 612142 + 1012J,4 . iJs5 4+ 20 4J20uv3+
513
—513J) + 201514 J3 + 8Io Iy Js 4+ 1613 2
+ 1 [T
2017

From system (26), it follows that any GL(2,R)-invariant of system (1) with
I, # 0 can be represented as a rational function of invariants (24). So the set of
GL(2,R)-invariants (24) forms a rational basis for system (1) with I, # 0.

To prove the minimality we write the expressions of invariants (24). By using

1
the notation U = 1—0(2E2H — 2DEK + D*L + 2CEL — 4CDM + 10C?N) and

1
V= ) (10E?G —4DEH + D?K +2CEK —2C DL+ 2C?M) for the invariants (24)
we have:

I = F,

I = %(—DQ +4CE),

I, = —CU?+ DUV — EV?,

Ji = GU® — HU*V + KU3V? — LU?V® + MUV* — NV?,
Jo = PU3 — QU?V + RUV? — SV3,

Js = %0[(10EG —2DH + CK)U® + (=6EH + 3DK — 3CL)UV +
+(BEK —3DL +6CM)UV? + (—EL +2DM — 10CN)V?],
Jy = 1—10[(5DG —2CH)U® + (—10EG — 3DH + 4CK)U*V +
+ (8EH + DK — 6CL)U?V? + (—=6EK + DL + 8CM)U*V?3+
+ (4EL — 3DM — 10CN)UV* + (—2EM + 5DN)V?], (27)

Js = %[(3]513 —~DQ+CR)U + (-EQ + DR — 3CS)V],

Js = SlBDP ~20Q)U* + (~6EP — DQ + ACR)U*V +

+ (4EQ — DR — 6CS)UV? + (-2ER + 3DS)V?3],
Joo = 2%[(10DEG —2D?*H — ACEH + 3CDK — 2C*L)U3+
+ (=20E%G + 2DEH + D*K + 2CEK — 5CDL + 8C*M)U?V +
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+ (8E?H — 5DEK + D?L + 2CEL 4 2CDM — 20C*N)UV?+

+ (—2E%*K + 3DEL — 2D*>M — ACEM + 10CDN)V3],

Jo1 = é[(?)DEP — D?Q — 2CEQ + 3CDR — 6C*S)U+
+ (—6E?P +3DEQ — D*R — 2CER + 3CDS)V].
Table 5
Parameters of system (8)

Invariant |C | D | E | F |G| H|K|L| M| P |Q|R|S
I, - =-1=-T+1=-1=-1=-1=-1=-1=-1-1-1-
I + ]+ +]-1-1-1=-1=-1=-1-1-1-1-
Iy + |- == =1 - - | = — - = = | =
i + ===+ =-1=-]=-|=-|=-1-1-1-
Jo + = =|-|=-|=-1=-]=-|=-|+]-|-1-
J3 A R e e e e e
Ji ++ == |+|+| == =-|=-1-|-]-
J5 ++ |+ === === |+]|+|+]-
Jo e e e e e e e e e e e
J20 A R e e e e
J2 el Bl el e e e e et e Bl e

Next, we write the expressions of the highest power of NV in the invariants (24),
denoted by EI; and EJ;

EI, = F,
1
El, = 5(—D? +4CE),

EI, = C°,
EJ, = VG,
EJy=COP,

EJs = 1—1006(10EG —2DH + CK),

By = —%010(—51)@ +2CH), (28)
EJs = éCz(BEP — DQ+ CR),

EJs = —%06(—3DP +20Q),

EJyy = —2—1006(—10DEG +2D?H + 4CEH — 3CDK + 2C*L),

~ 1
EJy = —602(—3DEP + D?Q +2CEQ — 3CDR + 6C*2S).
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In Table 5 the sign ” +” indicates that the respective parameter is contained in
the expression of the highest power of N in the invariants (27) and the sign ” — 7
indicates that the respective parameter is missing from the expression of the highest
power of V.

According to Table 5 we obtain the couples <jgl, S>, <j5, R>, <j@, Q>, <jg, P>,
<£07L>7 <j£)>7 K>7 <j;l7H>7 <‘}17 G>7 <Ila F>7 <127 E>7 <‘727 C>

From Table 5 it follows that the invariants (24) are polynomial independent. [J

The aim of constructing systems of the form (6), (13), (17), (21), (26) the minimal
rational basis of GL(2,R)-comitants (4), (11), (15) and the minimal rational basis of
GL(2,R)-invariants (19), (24), is to use them in the qualitative study of systems (1),
for example in establishing the invariant center conditions (center-focus problem) [6].

For the center-focus problem, when system (1) satisfies the conditions I; = 0, I > 0,
by a linear transformation and time scaling system (1) can be brought to the form

dx
i y+ gzt + 4hady + 6ka’y? + Alzy® + my?,

d
d_l; = —x+na' + dpady + 6gz’y? + dray® + sy, (29)

For this system the first two Lyapunov quantities have the form:

Gs —T7gh — 18hk — 3gl — 18kl — 3hm — Tlm + Tgn + 3kn + 8hp + Tnp+

= 1_6(
+ 39q — 3mq + 18pq — 8lr + 3nr + 18qr — 3ks — Tms + 3ps + Trs), (30)

1
Gy = M(12112193h + 92952gh° + 57951692 hk + 234576h3 k 4+ 866556ghk? +

+ 436752hk> + 55419¢%1 + 199032gh%1 + 414072¢%kl + 635472h° ki+

+ 7209009k21 4 393984k31 4+ 132776ghl? + 572976hkI> + 18888¢l>+

+ 165168k13 + 109545¢% hm + 390963 m + 340704ghkm + 272052hk>m+
+ 134135¢%Im + 158040h%Im + 390264gkim + 299772k*Im + 182280h!*m+
+ 6423213m + 33831ghm? + 58644hkm? + 38277glm? + 60048kIm>+

+ 3807hm? + 1161Im> — 121121¢3n — 7470gh*n — 351561¢%kn+

+ 139428h%kn — 321066gk>n — 72792k3n — 48588ghin + 254376 hkin—

— 32318¢1%n + 125508k1%n — 65376g°mn + 29970h%*mn — 123066gkmn—
— 36774k*mn + 94068hlmn + 6035412mn — 14175gm?*n — 5589km?n—

— 35181ghn® + 648hkn? — 23859¢in® + 15660kin® + 5589hmn>+

+ 14175lmn? — 1161gn3 — 3807kn> + 230349 hp — 973443 p+

+ 313896ghkp + 347400hk>p + 40242¢%1p — 162048h%1p + 428040gkip+
+ 487080k 1p — 80320hi*p — 1152003p + 46452ghmp + 113256 hkmp+
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+ 149092glmp + 279240klmp + 2970hm?p + 27666Im>*p — 324699¢>np—
— 118440h%np — 662136gknp — 330300k>np — 146544hinp — 547281 np—
— 125730gmnp — 123552kmnp — 14175m>np — 31050hnp — 276661n>p—
— 1161np — 144360ghp* — 107184hkp® + 5928¢lp? + 149616kip®—

— 40008hmp? + 54728Imp? — 267810gnp? — 292836knp® — 60354mnp>—
— 73408hp> + 115201p> — 64232np® — 30849¢° ¢ + 252324gh*q—

— 49158¢°kq + 703080h2 kq + 73008¢k>q + 128304k> ¢ + 310056¢hlg+

+ 1324944hklq + 102468¢1% g + 684072k1%q + 25665¢°mq + 155844h>mq+
+ 100188¢gkmq + 121392k*mq + 438120hlmq + 2928361*mq + 15201gm?q+
+ 35802km?2q + 3807m3q — 200160ghng + 75384hkng — 185496glng+

+ 143784kIng + 66744hmng + 123552lmng — 64179gn%q — 35802kn’q+
+ 5589mn?q — 431796 pq — 454320h%pg — 923256gkpg — 530064k pg—

— 550560hlpg — 1496161 pg — 122928¢gmpq — 143784kmpq — 15660m>pg—
— 351144hnpq — 279240lnpq — 60048n>pg — 538980gp? g — 684072kp*g—
— 125508mp?q — 165168p3q + 7740ghq® + 401760hkq® — 15084glq>+

+ 530064klq> + 189540hmq?® + 330300imq?® — 259758¢nq® — 121392kng®+
+ 36774mng® — 713160hpg® — 487080Ipg® — 299772npq? — 189432¢¢> —

— 128304kq® + 72792mq® — 393984pq> + 168018¢° hr + 666504ghkr+

+ 6149520k r 4+ 191146¢%1r + 104256h21r + 749928gklr + 713160k 1r+

+ 173568hi%r + 73408131 + 126756ghmr + 251208hkmr + 184020glmr+
+ 351144kImr + 22194hm?r 4 31050im>r — 219297¢%nr — 36504hnr—

— 443952gknr — 189540k*nr 4+ 20016hlnr + 4000812nr — 93582gmnr—

— 66744kmnr — 5589m%nr — 22194hn?r — 2970In%r — 3807n3r—

— 49776ghpr + 99936hkpr + 193328¢lpr + 550560klpr — 20016hmpr+

+ 146544impr — 419316gnpr — 438120knpr — 94068mnpr — 173568hp*r+
+ 803201p?r — 182280np>r — 364176¢%qr — 239760h>gr — 755784gkqr—

— 401760k2qr — 99936hlqr + 1071841%qr — 91080gmqr — 75384kmqr—

— 648m2qr — 251208hngr — 113256ingr — 58644n2qr — 1012968gpqr—

— 1324944kpqr — 254376mpqr — 572976p>qr — 614952hq?r — 3474001¢%r—
— 272052n¢°r — 436752¢°r + 93816ghr? + 239760hkr? + 197256¢lr>+

+ 454320k1r? + 36504hmr? + 118440lmr? — 173106gnr? — 155844knr? —
— 29970mnr? — 104256hpr? 4+ 1620481pr? — 158040npr? — 518724gqr? —
— 703080kqr? — 139428mgr? — 635472pqr? + 973441r® — 39096nr>—

— 23457613 + 11250¢% s + 200274gh?s + 96999¢% ks + 518724h% ks+

31
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+ 236754gk% s + 189432k3 s + 282868ghls + 1012968hkls + 104322¢1% s+

+ 538980kl%s + 114479¢*ms + 173106h>ms + 308670gkms + 259758k*ms+
+ 419316hims + 26781001%ms + 34470gm?s + 64179km?s + 1161m>s—

— 98214ghns + 91080hkns — 107026gins + 122928kins + 93582hmns+
+125730lmns — 34470gn%s — 15201kn’s + 14175mn?s — 83769¢% ps—

— 197256h%ps — 98592gkps + 15084k%ps — 193328hlps — 59281%ps+

+ 107026gmps + 185496kmps + 23859m>ps — 184020hnps — 149092Inps—
— 38277Tn%ps — 104322gp?s — 102468kp?s + 32318mp?s — 18888p>s+

+ 159288ghqs + 755784hkqs + 98592glqs + 923256klqs + 443952hmqs+

+ 662136lmgs — 308670gngs — 100188kngs + 123066mngs — 749928 hpgs—
— 428040Ipgs — 390264npgs — 2367549 s — 73008kq>s + 321066mq>s—

— 720900pq®s — 114479¢%rs — 93816h%rs — 159288gkrs — T740k>rs+

+ 49776hirs + 1443600%rs + 98214gmrs + 200160kmrs + 35181m>rs—

— 126756hnrs — 46452Inrs — 33831n’rs — 282868gprs — 310056kprs+

+ 48588mprs — 132776p*rs — 666504hqrs — 313896lgrs — 340704nqrs—

— 866556¢°rs — 20027491 s — 252324kr?s + 7T470mr?s — 199032pr?s—

— 9295273 s 4+ 114479ghs® + 364176hks> + 83769gls® + 431796kl s>+

+ 219297hms? + 324699Ims® — 114479gns? — 25665kns® + 65376mns>—
— 191146hps® — 40242lps® — 134135nps® — 96999gqs? + 49158kqs>+

+ 351561mgs® — 414072pgs® — 168018hrs? — 230341rs?> — 109545nrs>—

— 579516¢rs® — 11250¢s> + 30849ks> + 121121ms® — 55419ps®—

— 121121rs3). (31)

By using system (21) with Is # 0, Iz # 0 and I; = 0, the first two Lyapunov
quantities have the form:

_ 3[22]3J2J19 + 2[2[§J20 + 2]§J2J3 + 7[§J43 + 4[22J6J20 + 21513 J6 43

G
8 Ig[g’ )

(32)

G (1209615 I3 J1 Jo + 4562881513 JoJ1g + 18721513 Jo J1g+

= ST
+ 22536015 I3 Jo J% — 1296015 I3.J1 Jo J3 + 4387515 I3 Jo J g+

+ 11424181303 J1g + 37964812 18 Jog — 3931215 I3.Jy Jog+

+ 33588015 I3 J19Jog — 8424015 I2.J1 J19.Jog + 11340015 I3 J2g Joo+
+ 12800151373 Jog — 4622415 I3.J3 J19.Jog — 6825615 15 .J5 T2+

+ 972015 I3 Jo J19 Ja0 — 2592015 I2 J5y 4 31916815 I3 JoJ3—



RATIONAL BASES OF GL(2,R)-COMITANTS ...

— 11232151301 JoJ5 + 15588015 I3 Jo J3.J19 — 1296018 Ty Jo J3.J19+

+ 6075015 12 Ty J3J % + T616.13.J5 J5 — 2203215 15 J3Jog—

— 3888015 I3.J1 J3Jog — 8424015 I3 J3.J19.Jog — 3456018 J2.J3Ja0+

+ 3240015 J5.J3.J2, — 1080015 I3 Jo.J3 + 4050015 I3.JoJ2 Jig—

— 5184014 I3 J2 Jao 4 1620018 Jo.J3 + 1382412313 J,+

+ 795601315 JyJ1g + 8910015 I3 J4J % + 345615 I3.J3 J4+

+ 374418 T2 JyJ1g — 2246415 I3.J5J 4 Jag — 2592015 J19.Jo T4 J20—

— 3888014 I3.Jy 2y + 3931215 I3 J3.J4 + 8424015 I2 J3.J4J 19+

+ 1944015 I3J2Jy + 112659215 I3 Ju3 — 4399215 15y Jyz+

+ 45954015 IS JygJss — 13284013 1371 J1gJus — 18225015 I3 J2g Juz+

+ 2579215 13 72 Jy3 + 374418 7, J3 Jy3 — 2030415 12 J3 J19J 43—

— 5400013 I3 Jo Jog Jy3 — 2592015 J1 JoJog Juz + 8748015 I3 Jo 19 Jog Ja3—
— 17496012 I3 J3) Jyg — 1800721513 J3Jyz — 7128015 137y J3.Jy3—

— 47304012 I3 J3 J 19 J43 — 792013 I3.J3 J3.J 43 4 648015 I3JoJ3. o0 Jyz3—
— 16524015 I3 J3 043 + 4118415 I3 o JyJu3 + 5184015 I3.J5 4 J19 Ja3—

— 14256015 12 Ja0J4Jus + 2592015 Jo J3.Jy Js3 — 642241515 JoJ 35—

— 2592015 I3.J1 Jo 25 — 396901513 JJ19. 5 — 2203201515 JogJ 35—

— 502201313 Jo J3J 3y — TA52013 130, J%, + 2322015 T3, — 691218 I3.J1 Jo Js+
+ 1420815 I3 Jo Jg J1g — TASSIS Ty Jo Jg J1g + 6840015 12 Ty Jg J 20+

+ 62937613 I3 JgJao + 2246415 1371 JgJog + 3641761315 JgJ1gJoo+

+ 2592015 J1 Jg J19J20 4 6642013 13 Jg T2 Jao + 1523218 J3 Jg Jog—

— 6912015 Jy Jg J2q + 6480015 JgJan — 20481513 Ty J3 Js+

+ 8496015 I3.J19.J2J3J6 + 9158415 12 J3JgJog + 12312015 I3.J3.J6J19.J20+
+ 3456018 JJ3 Jg 4+ 3240015 J2 Jg Jao + 2419215 I3 T4 Js+

+ 37441512 T4 J J1g — 2592015 I3y Jg J7g — 2246415 I3.J3.J4.J6—

— 2592015 J19.J3.J4J6 + 3603841513 Jg Jy3 — 4118415 I2.J1 JgJa3+

+ 28425613 I3 JgJ19Jug — 5184015 I3.J1 Jg J19 a3 — 24301515 JoJ % Jyz+
+ 761615 I3.J2 JgJu3 — 4665615 I3.J5Jg Jog Jus + 1944015 I3.Jg T2 Juz+
+ 158415 I3 J3Jg Juz — 2592015 J1 J3.Jg Jy3 — 1198801513 J19.J3.J6Jy3—
— 4860014 I3.J3 Jo Jyz + 1497615 Jo 4 Jg Juz — 5184015 Joo 4 Jg a3 —

— 135361512 JoJgJ 35 — 421201313 JgJogJ 35 — 5184015 I3y Js 25—

— 264601513 J6.J2; + 2284815 I3.Jo 2 J1g + 3532815 1272 Jog+

+ 9244815 1302 J19.J20 + 1523218 J5J3.J3 4 6912015 J3.J3 Jog—

— 691215 I3.J4J2 — TASSIS J4J2 J1g + 6336015 I5.J3 J43—

33
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— TASSI5 Jy JZ Ju3 + 4060815122 JigJuz + 1584015 I3 J3.J2 T3+
+ 3046415 T3 Jog + 1523215 I35 Jy3). (33)

We conclude that the number of terms in expressions (32) (6 terms) and (33)
(126 terms) is less than the number of terms in expressions (30) (20 terms) and
(31) (346 terms), respectively. Moreover, the expressions (32) and (33) given via
invariants, can be used for any system of the form (1) with I3 # 0, Iy # 0 and
I = 0, while the expressions of the form (30) and (31) can be used only for system
of the form (29).
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