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1 Introduction and Problem Formulation
Consider a stochastic discrete system L with finite set of states

X ={mz1, z2, ..., zp}.

Assume that the dynamics of the system is modeled by a Markov process with given
stochastic matrix of probabilities transitions P = (p;;); ;_15 where

n
Spy=1li=Tnm 0<p,;<l ij=TLn
7j=1

The probability Py, (x,t) of system’s passage from the state z;, to an arbitrary state
x € X by using t transitions is defined and calculated on the basis of the following
recursive formula [2]

Py (2,7 4+1) =Y Py (y,7)pye, T=0-1, (1)
yeX

where Py, (2i,,0) =1 and Py, (z,0) =0, Vo € X\ {z;,}. We call these probabilities

state-time probabilities of system L. Formula (1) can be represented in the matrix
form as follow

m(r+1)=xn(r)P, 7=0,t—1. (2)

Here n(7) = (m1(7),m2(7),...,mp(7)) is the vector, where an arbitrary component
¢ expresses the probability of the system L to reach the state x; from z;, at the
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moment of time 7, i.e. m(7) = Py, (2;,7). At the starting moment of time 7 = 0
the vector 7(7) is given and its components are defined as follows: 7;,(0) = 1 and
7;(0) = 0 for arbitrary ¢ # ig. It is easy to observe that if for given starting vector
7(0) we apply formula (2) for 7 =0,1,2,...,¢ — 1, then we obtain

m(t) = m(0)F",
where P! = P x P x --- x P. So, an arbitrary element pgi)@j of this matrix expresses
the probability of system L to reach the state z; from z; by using ¢ units of times. It

is easy to see that for given starting representation of the vector m(0) the following
properties holds

domi(r)=1, 7=0,1,2,.... (3)
i=1

The correctness of this property can be easy proved using induction principle with
respect to 7. Indeed, for 7 = 0 the equality (3) holds according to the definition.
If we assume that (3) holds for every 7 < ¢ then we obtain the correctness of this
formula for 7 =t 4 1 as follows

Zﬂ'i(t +1) = Zzpwj,wiﬂ'j(t) = Zﬂ'j(t) prj,xi = Zﬂj(t) =1
i—1 =1 i—1 j=1

i=1 j=1

So, formula (3) holds. In order to analyze the asymptotic behavior of the state-time
probabilities of the system using formula (3) we will assume that there exists the
limit

lim P! = Q.

t—oo

If this limit exists then there exists the following limit

7 = lim 7(t) = 7(0) lim P' = 7(0)Q,
t—o0 t—o00

where an arbitrary component 7; of the vector m = (m,ms,...,m,) expresses the
probability that the system L will occupy the state x; after a large number of
transitions when it starts transitions in the state z;,. The vector m will be called
the vector of limiting state probabilities. Based on the mentioned above property
we may conclude that

n

> mi=1

j=1

for an arbitrary given starting vector 7(0). This means that the matrix Q = (¢x,y)
satisfies the condition

qu,y: 1, VrelX,
yeX

where ¢, > 0, Vz,y € X, ie. Q = (¢zy) is a stochastic matrix. An arbitrary
element ¢, , of this matrix expresses the probability that the system will occupy the
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state y after a large number of transitions if it starts transitions in the state z. The
matrix @ is called the matrix of limiting states probabilities of the Markov process.

An important class of discrete Markov process represents ergodic Markov chain.
For this class all rows of the matrix of limiting states probabilities () are the same, i.e.
Gry = Quy, VZ,y,v € X. In this case the limiting state probabilities 7;, j = 1,n,
does not depend on the state in which the system starts transitions. The vector m
of limiting state probabilities can be found by solving the system of linear equations

T=7nP

i 7Tj =1. (4)
j=1

The first condition 7 = 7P in this system is obtained from (2) when 7 — oo and
the second one reflects the property that after a large number of transitions the
dynamical system will be in one of the states x; € X. It is well known that for
ergodic Markov chains the system (4) has a unique solution [2,4]. The necessary
and sufficient conditions for the ergodicity of Markov processes are given in [2,4].

In general system (4) may have a unique solution also when the limit tlim P! does
—00

not exist. This case may correspond to periodic Markov process and a component
mj of vector 7 that satisfies (4) can be treated as the probability of the system L
to occupy the state x; at the random moment of times during a large number of
transitions. In the following we can see that the definition of the matrix of limiting-
state probabilities () can be extended for an arbitrary Markov process, however in

the case when tlim P! does not exist the elements of the matrix @ have another
— 00

interpretation.

In this paper we describe an approach for determining the matrix of limiting
state probabilities in Markov processes and propose a polynomial time algorithm
for calculating of this matrix. We show that the running time the algorithm is
O(n*), where n is the number of the states of the discrete system.

2 The main results

The aim of this section is to ground a polynomial time algorithm for determining
the limit matrix ) for an arbitrary discrete Markov process with given stochastic
matrix P. We describe such an algorithm which is based on the idea of z-transform
and classical numerical methods.

2.1 The Main Approach and the General Scheme of the Algorithm

Let C be the complex space and denote by M(C) the set of complex matrices
with n rows and n columns. We consider the function A : C — M(C), where

A(z)=1—-2P, zeC.

We denote the elements of the matrix A(z) by a; (%), i,j = 1,n, i.e.
aij(2) = 0, — 2pij € C[Z]
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where

1 ifi=j .
5i7j:{ 0 ifit; i,7=1,n.

It is evident that the determinant A(z) of the matrix A(z) is a polynomial of
degree less or equal to n, (deg(A(z)) < n, A(z) € Clz]). Therefore if we denote
D = {z € C| Ap(z) # 0} then we obtain that |C\D| < deg(A(z)) < n and for
an arbitrary z € D there exists the inverse matrix of A(z). So, we can define the
function F': D — M(C) where

where .
M j(z) = (1) 4 4(2)

and A; j(z) is the determinant of the matrix obtained from A(z) by deleting the row
i and the column j, i, = 1,n. Therefore

M;i(z) € Clz], deg(M;i(2)) <n—1, i,j=1,n.

Note that A(1) = 0 because for the matrix A(1) holds the property

n

Z(5ij —pij) = Z5ij - Zpij =6; —1=0,i=1,n.
j=1 j=1

Jj=1

This means that 1 € C\D and therefore A(z) can be factored by (z —1). Taking
into account that Fj ;(z) is a rational fraction with the denominator A(z) we can
represent F; ;(z) uniquely in the following form

m(y) o k(y)
Fij(z) = Bij(2)+ > >~ ij=1n, (5)
yeC\Dp k=1 (=)
where m(z) is the order of the root z of the polynomial A(z), z € C\D, and
a;k(y) € C, Yy € C\D, k = 1,m(y), 4,5 = 1,n. In this representation of Fj ;(z)
the degree of the polynomial B;;(z) € C[z] satisfies the condition

deg(Bi ;(2)) = deg(M;i(z)) — deg(A(z)),

where deg(M;;(2)) > deg(A(z)), otherwise B; j(z) = 0.
To represent (5) in a more convenient form we shall use some elementary prop-
1

(1—_ 2P k= 1,2,.... It is well known that in

erties of the function vg(z) =
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the case k = 1 the function 11(z) admits the series expansion vy(z) = Z 2t

In general case (for an arbitrary k > 1) the following recursive relation holds

dvg(z
vp+1(2) = %, k =1,2,.... Using these properties and induction principle we

o0
can obtain the series expansion of the function vy (2), Vk > 1: vp(2) = 3. T_1(t)2!
where Tj_1(t) is a polynomial of degree less or equal to (k — 1). -

Based on mentioned above properties we can make the following transformation
in (5) we can make the following transformation:

k 00 t
) ai,j,k(y)ZTk_l(t) <§) =

t=0

t m(y)—1 1 k+1
) Z Z <— —> i jk+1(Y) k().
y

Y

We can observe that in the relation above the expression

m(y)—1 1 k+1
Z (-g) i j k+1(Y) T (1)

k=0

represents a polynomial of degree less or equal to m(y) — 1 and we can write it in
m(y)—1
the form > f; j,k(y)tk, where (3; ; . represent the corresponding coefficients of this

m(y)—1
> ﬁ,-vj,k(y)tk for polynomial. Therefore if in the expression above we substitute
k=0

m(y)—1 1 k+1
S <_§) @; j k+1(y)T(t) then we obtain
k=0

m(y)—

Fij(2) +ZZ > Z ﬁwk

t=0 yeC\D k=0
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0o m(y)—

= Wi,j(Z) + Z t Z Z ﬁz,] kY), 4,7 =1,n, (6)

t=1+deg(B;,;(2)) yeC\D k=0

where §; ;x(y) € C, Vy € C\D, k = 0,m(y) — 1, 4,5 = 1,n, and W;;(z) € C[z
is a polynomial of degree that satisfies the condition deg(W; ;(z)) = deg(B; ;(2)),
i,j=1,m.

Note that for the norm of the matrix P we have ||P| = max z pi; = 1, and

i=1,n M j=1

therefore ||zP|| = |z|||P|| = |z|. Let |z| < 1. Then for F(z) we have

o0

F(z)=(I-zP)"' =) Pz

t=0

This means that

“)—‘
S

—~
N

SN—

o0
Z) - Zpi,j(t)zt, i,J =
t=0
From definition of z-transform and from (6) — (7) we obtain

(y)—
pijt)= ) Z ﬁmk ), Vt > deg(Bi (), i.j = T,n.

yeC\D k=0

Since 0 < p; ;(t) <1, i,j =1,n, VYt > 0, we have
Y| > 1, ¥y € C\D, fi;5(1) =0, Vk > 1.
This involves «; (1) =0, Vk > 2.

Now let us assume that A(z) = (z — 1)™MT(2), T(1) # 0. Then the relation
(5) is represented as follows:

@ija(1) ) i k(y
EJ(Z) = ZJ_ T + BZ'J(Z) + Z “J,
ye(C\D)\{1} k=
i) Yz
- 5 — 1 T(Z) Y Z?] - 17”7

where Y; j(2) € C[z] and
deg(Yij(2)) = deg(Bi;(2)) + deg(T(2)) = deg(Bi;(2)) + deg(A(z)) —m(1) =

=deg(M;;(z)) —m(l) <n—1-m(l) <n-—-2, i,j =
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In the following we will denote

Y(2) = (Yij(2); jotm> a1 (1) = (i1 (1)) j—17-
Then the matrix F'(z) can be represented as follows:

1

S-1 ai(1) + L Y (2). (8)

T(z)

From this formula and from definition of the limiting-state matrix ) we have

F(z) =

Q=—a(1), (9)
i.e @ in the inverse matrix of (I — zP) corresponds to the term with the coefficient
1

1—2
From (8) and (9) we obtain formula

Q=lim(1—2)(I - 2P)7 L,

In the following we show how to determine the polynomial A(z) and the function
F(z) in the matrix form.

2.2 Algorithm for Determining the Polynomial A(z)

Let us consider the characteristic polynomial
n
K(z)=|P—=zI|= Zykzk.
k=0

In this polynomial the coefficient of the term with maximal degree of variable z is
Vp = | — I,| = (—=1)"™ # 0. This means that deg(K(z)) = n and we can represent
K (z) in the form

K(z) = (—1)"(z" — 12" — 2" 2 — ... — ).
If we denote ag = —1, then it is easy to see that the coefficients v can be represented
as follows:
ve = (=1)"an_g, k=0,n.

In [1,5] it is shown that the coefficients «y can be calculated basing on Lever-
rier’s method using O(n3) elementary operations. This method can be applied for
determining the coefficients ay, in the following way:

1) We determine the matrices

P = (pi,j(k))i,jzﬁv k=1mn,
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where P®) = P x P x -+ x P;

2) Then we determine the traces of these matrices:

sp = trP®) =3 "p; k), k=Tn;
j=1

3) Finally we calculate the coefficients

1 k-1
ak:E sk—Zajsk_j , k=1n.
=1

If the coefficients oy are known then we can determine the coefficients of the

polynomial A(z) = 3 By2"*. Indeed, if z € C\{0} then
k=0

1
P—-I

A() =T = 2P| = (=2)" |P -

n 1 n
= (=1)"" Z Ve g = (=" Z vk = Z(—l)"z/n_kzk =
k=0 k=0

n n

(=) (=1)" a2 = Z(—ak)zk.

e
Il
o
e
Il
o

For z = 0 we have

Therefore finally we obtain

A(z) = Z(—ak)zk, Vz e C.
k=0

This means By = —ag, kK = 0,n. So, the coefficients G, k& = 0,n, can be
calculated using a similar recursive formula

1 k-1 ) k-1
By = —ap = e Z%Sk—j =7t Zﬁjsk—j , k=1,n,
=1 =1

50:—040:1,

We can use the following algorithm for determining the coefficients [y.
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Algorithm 1.1: Determining the coefficients of the polynomial A(z)

1) Calculate the matrices P*) = (pij(K)); jetme k=115

2) Determine the traces of the matrices P*) :

Sk :tTP(k ij,] = 7 n;

3) Find the coefficients

k-1
1
Po=1, fe=—+ skt Y Bisw—j | k=T

Jj=1

2.3 Polynomial Time Algorithm for Determining the Function F'(z)

Consider
T'(2) = (z — 1)T(2)

and denote N = deg(T'(z)) = n — (m(1) — 1). We have already shown that the
function F'(z) can be represented in the following matrix form:

N—

—_

R*) Lk
z
k=0

where
N-1

1 1 . .
— m( R M, 1,5 =1,n.
k=0

We will make some transformation using the identity I = (I — zP)(I — zP)~. We
have

N—1 N-1 N—-1
T'(2)] = (I—2P) Y Z"R® =" FRW _ N " A (pRW) =

k=0 =

N—-1

= RO + 3" 2H(RW — prE-DY _ N(PRIN-D),
k=1
N
Let T'(z) = Y B;2* and substitute this expression in obtained above re-

lation. Then we obtain the following formula for determining the matrices
R®, k=0N—-1:

O =pg1; R® =g 1+ PRV =T N_—1. (10)
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So, we have

where
N—

~ S RO =T

k=0

H

Based on these formula we can develop algorithm for determining the matrix Q.

2.4 Polynomial Time Algorithm for Determining the Matrix
of Limiting-State Probabilities Q

Consider
N-1 N-2
T(z)= Y ws Y y ax(1)
k=0 k=0
Then according to relation (8) we obtain
N-2
(k) k
. z
Vij(z) Fo(2) = Yij g::o %ij T
T'(z) " z—1 T(z) A
This involve
N-1 i N-2 i N-1
>R = Vig(@) =yl TE) + (2= D 3w =uiy 3wt
= k=0 k=0
N-2 —2 N-1 N-1 N-2
k k—1) k
Y = Y Dy =
k=0 k=0 k=0 k=0

N—-2
k—1 N—-2 _
= (vowi ;YD + Y eV =y F e (vl D)
k=1

If we equate the corresponding coefficients of the variable z with the same expo-
nents then we obtain the following system of linear equations:

(0) _ * (0)
Rij =70Y; = Yij

k k—1 k - .
RE,)—%?/”+Z/Z(] )_yz(,j)’k:1’N_2’ i.,j=1,n.

(N=2)

N—1
RE’] ) = fYN 1y2’] + y 9
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This system is equivalent to the following system:

uo =0yt — B,

(k)

, k—1 —
N 2 N

Here we can see that there exist the coefficients ugkj), (k) ¢ C,k=0,N—-2
such that

yl(];) —ugj)y”—i—vfj), k=0,N—-2,1,j=1,n.

From the first equation we obtain

ug’oj) =70, vgg) = —R(g), L, 7 =1,n.

From the next N — 2 equations we obtain

(k)

k—1
yz‘y_’yyz‘]—i_y( )

k * k—1) k—1 k
= R =y ol Vul ol - R =

= (ye + s Dyt + WY —RY), k=T N =2, i,j =Tn,

which involve the recursive equations

ultd = a7V oy, o = R k=T N2, 4 =Tn.

In a such way we obtain the direct formula for calculation of the coefficients:

87

j: 17n7

k k
:Z% ZRH, k=0,N—2, i,j=1n.
r=0 r=0
If we introduce these coefficients in the last equation of the system then we obtain
N-2) N—2 X N-1) . .
uz('7j )yw + Ui(,j ) = _/VN—lyij + RZ(J )7 1) = 17” <~
N-1
< Y Z/y?“ = Z Rf?) L,j=1Ln <
r=0
N=L
Z Rz’7j R
= * r=0 2,] i —1n
yz,] N—1 T(1)7 7] s by
>
r=0
where R;; = z R”, ;J = 1,n. Finally, if we denote R = (R;;); ;_1 then
1
Q=R

(11)
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Based on result described above we can describe the algorithm for determining the
matrix Q.

Algorithm 1.2: Determining the Limiting-State Matrix Q

1) Find the coefficients of the polynomial A(z) = Bz using Algorithm 1.1;

n
k=0

2) Divide m(1) times the polynomial A(z) by z — 1, using Horner scheme and
find the polynomial T'(z) that satisfies the condition 7'(1) # 0. At the same time
we preserve the coefficients 3, k = 0, N, of the polynomial T7(z) = (z — 1)T'(2)
obtained at the previous step of the Horner’s scheme;

3) Determine T'(1) according to the rule described above;

4) Find the matrices R*®), k =0, N — 1, according to (10);
N-1

5) Find the matrix R = Y. R®);
k=0

6) Calculate the matrix @ according to formula (11);

It is easy to check that the running time of Algorithm 1.2 is O(|X|*). Indeed,
step 1) and step 4) of the algorithm use O(|X|*) elementary operations and each
of remainder steps 2) - 3) and 5) - 6) use in the worst case O(|X|?) elementary
operations.

3 Numerical examples

In this section we give some numerical examples which illustrate the main details
of the algorithms from previous section.
Example 1. Consider the discrete Markov process with the stochastic matrix

of probability transactions P = ( 01 > We can see that P™ = < 10 >,

10 0 1
p2tl — < (1) (1) ) , ¥n >0, i.e. the Markov chain is 2-periodic.
So, in this case the limit lim P" does not exist, but there exists the matrix

n—oo

which can be found by using algorithm described above. If we apply this algorithm
then we obtain:

(01 s (1 0Y) _ _ 2 o
J)P_<1 0>,P —<0 1>,31—trP—0,32—trP =2;

1
fo=1, fr=—s1=0, B2 = —5(32 + Bis1) = —1;

2) We divide the polynomial 3222 + 12 + By by z — 1 using Horner’s scheme
-110 (1

11-1]-1]0
1]-1]-2
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and obtain m(1) =1, N=2; g5 =1, =0, f5=-1; vo=—-1, 1 =—1;
3)T(A) = +mn=-2%

4) RO = g1 = ( é

S = N
524
=
Il
sy
=%
~
_l_
Y
524
Il

7N
_ O
S =
N———

0
1
5) R= RO 4+ RO — <

1 1711 0.5 0.5
6)Q—_T(1)R_§< 11 ) B ( 0.5 0.5 )
In such a way we obtain the limit matrix @ = < 8; 82
considered process is not ergodic because the matrix P contains zero elements
VYn > 0. The rows of this matrix are the same and the vector of limiting
probabilities 7% = (0.5,0.5) can be found also by solving the system of linear

equation (4).

) , however the

Example 2. Consider the Markov process with the stochastic matrix

P = < 82 82 > We can see that in this case the Markov process is ergodic.

We can find the matrix @) using our algorithm:

(05 05 o (045 055\
P_<0.4 O.6>’ P _<0.44 O.56>’
s1=trP =0.540.6 = 1.1, sy = trP? = 0.45+ 0.56 = 1.01;

1 1
Go=1, 1 =—s1=-11, By = —5(82 + 6181) = —5(1.01 —1.1- 1.1) =0.1;

01]-11 |1
1101] -1
1101]-0.9

Go=1, B =-11, 5 =0.1; yo=—1, 1 =0.1; T(1) =y + 7 = —0.9;

0) — gx7 — Lo (1) _ g+ ©0) _ —-0.6 0.5 .
=t (0 1>’R A+ PR (0.4 05 )’

R=R"+ R <0.4 05 ) =T =54 5 )

4/9 5/9
4/9 5/9
elements of the matrix P(™ are non zero when t — co. So, this is ergodoc Markov

We have Q = < ) . The rows of this matrix are the same and all

4
process with the vector of limiting probabilities 7] = g As we have shown this

vector can be found by solving system (4).
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Example 3. We consider a non ergodic Markov process with the stochastic matrix
of probabilities transactions

1 0 0
P=| 0 1 0
1/3 1/3 1/3

In this case the solution of the system of linear equations (4) is not unique. If we
apply the proposed algorithm we can determine the matrix ). According to this
algorithm we obtain:

100 100 1 0 0
p_| 00| p_ O 0| p |0 1 0 |
111 441 13 13 1
333 999 27 21 27

s1=1trP ="7/3, sy =trP?>=19/9, s3 = trP*=155/27; By = 1,

fr=—s1=—7/3, o =—(s2+0151)/2=5/3, B3 = —(s3+ 152+ P251)/3 = —1/3;

1/35/3]-7/3 1
1 -1/3]4/3] 1
1-1/3] 1 | 0
1] -1/37]2/3

Bo=-1 B =4/3, B3=-1/3; =1, m=—1/3; T(1) =y +m = 2/3;

-1 0 0 1/3 0 0
RO=pgir= 0o -1 0 |, RY=p31+PRO = 0  1/3 0 |;

0 0 -1 —-1/3 -1/3 1

—2/3 0 0 ) 1 0 0

R=R® 4+ RM = 0 -2/30):Q=——-R=| 0 1 0

“1/3 —1/3 0 ra) 1/2 1/2 0

So, finally we have

1 0 0
Q= o 1 o0
1/2 1/2 0

In this case all rows of the matrix () are different. It is easy to observe that for the

considered example there exits lim P = Q.
n—oo
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